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Short-Time Tensile Properties of Type 316 
Stainless Steel at Very High Temperatures 


An evaluation program was conducted on Type 316 stainless-steel sheet material to de- 


termine the effects of residual cold-work and welding on the room-temperature and 
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Division, Wilmington, Mass. Mem. ASME 


elevated-temperature mechanical properties to 1800 deg F. Short-time tensile and 
tensile-creep elongations tests were run to determine the stresses required to produce 
elongations up to 10 per cent in 2 min. 
the elongation with no loss in strength. The effect of cold-work on the annealed material 


The effect of welds in tension was to lower 


was to increase appreciably the strength properties, thus allowing for higher design 


stresses. 


The results of a few tests indicate that Type 316 stainless steel retains some 


strength properties up to 2300 deg F. A definite stress-strain relationship exists in 


Introduction 


UPERALLOYS and refractory metals are usually con- 
sidered for severe high-temperature service. The disadvantages 
include high cost, lack of availability, and the difficulty of fabrica- 
tion. Also, many of the superalloys suffer drastic loss of strength 
beyond their intended temperature range of application because 
of deteriorating solid-state reactions such as overaging and cor- 
rosion. 

The somewhat unique short time-temperature histories in 
missile design allow for the consideration of materials originally 
not intended for very high-temperature service. Examples of 
these are the austenitic stainless steels. 

These alloys, such as AISI Type 316 were originally developed 
because of their excellent corrosion resistance and creep re- 
sistance at elevated temperatures. Even though the low-tem- 
perature properties are considerably lower than high-strength 
steels and superalloys, the austenitic stainless steels have out- 
standing advantages for very high-temperature service. The 
austenitic stainless steels experience no significant transforma- 
tions and are relatively stable in the temperature range from 
room temperature to melting at about 2500 F. Likewise, the 
strength properties are lost very gradually with rising tempera- 
tures which makes designs of these alloys relatively insensitive 
to sharp or unpredictable temperature changes. 

Practical characteristics of these alloys are very favorable. 
The austenitic stainless steels are readily available in large quan- 
tity and in a variety of sizes and shapes. Compared to refractory 
metals and superalloys they are extremely low in cost. No pro- 
tective storage facilities are required because of their excellent 
corrosion resistance. The techniques of fabrication are well 
known and present no serious difficulties. 

In the temperature range below about 1800 F, strain-harden- 
ing (or cold-work) is the only means available for increasing the 
strength properties of Type 316 stainless steel. Other investiga- 
tors,** have reported a significant increase in the strength of 


! This work was performed under Air Force Contract No. AF-04- 
(645) 305. 

? Frank Cuff and Nicholas Grant, “Effect of Cold Work on the 
Creep Rupture Properties of a Series of Simple 18-8 Stainless Steels,”’ 
Journal, Iron and Steel Institute, vol. 186, 1957, pp. 188-197. 

*D. N. Frey and J. W. Freeman, ‘‘Fundamental Effects of Cold 
Working in the Creep Resistance of an Austenitic Alloy,”’ Trans. 
AI ME, vol. 191, 1951, pp. 755-760. 

Contributed by the Metals Engineering Division and presented 
at the Winter Annual Meeting, New York, N. Y., November 27- 
December 2, 1960, of Tue Amertcan Socrety oF Mecuanicat En- 
GINEERS. Manuscript received at ASME Headquarters, April 5, 
1960. Paper No. 60—WA-11. 
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which the 0.2 per cent yield stress is very close to the tensile stress. 


austenitic steels as a result of strain-hardening, or elastic stresses 
left in the lattice after deformation. Frey and Freeman® studied 
the effects of cold-work on the creep resistance of another aus- 
tentic alloy, N-155. Their results show that cold-work is effective 
in raising the elevated-temperature strength up to the tempera- 
tures at which recovery, or relaxation of internal stresses, oc- 
curs. Increasing the amount of cold-working lowers the tem- 
perature at which recovery occurs. This suggests that an op- 
timum amount of cold-work strengthening is available at each 
anticipated service temperature for comparable service life. Re- 
covery and recrystallization processes are time dependent* and, 
therefore, time at temperature is important in determining op- 
timum cold-work for particular service applications. Also, for 
the alloy N-155, Frey and Freeman? found that strain-hardening, 
is retained with no apparent losses up to rolling temperatures of 
1400 F. Specimens were rolled to a constant reduction at rolling 
temperatures up to 2200 F and x-ray line broadening‘ was used 
to detect recovery. 

Experience indicates that appreciably higher design stresses 
could be utilized for short times at high temperatures if strain- 
hardened (or cold-worked) material could be used instead of an- 
nealed material. In many fabrication processes, such as spinning, 
“Flo-turning,” and sizing, cold-work is normally imposed on the 
materials. By carefully controlling the fabrication procedure and 
subsequent thermal treatment, a desired and tolerable amount 
of cold-work may be retained to enhance the high-temperature 
strength of the resulting structure. Also, it is possible that struc- 
tural components for short life at very high temperature can be 
designed to accommodate a greater plastic flow than more con- 
ventional limits. For instance, compared to the commonly used 
0.2 per cent yield stress, higher stress is associated with 2 per cent 
plastic flow. 

An evaluation program was undertaken for Type 316 stainless 
steel to determine: 


1 The merits of developing missile structural components with 
residual cold-work. 

2 The higher stresses required to produce an allowable 2, 4, 
or 8 per cent plastic flow in short times at high temperatures. 

3 The stress-strain relationships up to 2300 F. 

4 The effect of welds on the properties at high temperatures. 


Procedure and Results 


Material and Specimens. Specimens for the evaluation program 
were taken from a single 0.058-in-thick sheet of Type 316 


‘C. 8. Barrett, “Structure of Metals,”” McGraw-Hill Book Com- 
pany, Inc., New York, N. Y., 1952, pp. 435-438, ete. 
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Fig. 2 Typical stress-strain curves, Type 316 stainless-steel sheet 


stainless steel. The specimen design used throughout this work 
is shown in Fig. 1. All specimens were vacuum-annealed at 2000 
F for 15 min and cooled in less than 15 min. Examination of 
the microstructure revealed a typical annealed, equiaxed struc- 
ture with no excessive grain growth. 

As shown in Fig. 1, the specimens were initially 28 in. long with 
a standard '/,-in-wide reduced section and a 2-in. gage length. 
The cold-worked specimens were produced by loading annealed 
specimens in tension until the desired degree of cold-work was 
obtained, usually 5 or 10 per cent plastic elongation. Incremental 
strain measurements, every '/; in. over the 2-in. gage length re- 
vealed uniform strain. Measurements of reduction of area agreed 
with the elongation measurements up to 10 per cent elongation. 

Specimens containing welds in the test section were prepared 
using inert gas-shielded arc welding equipment commonly em- 
ployed in the fabrication of actual missile and aircraft components. 

The chemical analysis of the sheet was the following: 

Cr Ni 
tested 12.15 
16.00 11.00 
to 


to 
14.00 


Mn 
1.23 


2.00 


Cc 
0.07 


Mo 
2.20 
2.00 
3.00 

P 
0.027 

030 
Max 


Max 
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Tensile Tests. Room-temperature and elevated-temperature 
conventional tensile tests were performed using a Baldwin FGT 
tensile machine which employs a mechanical loading system with 
fully variable strain-rate control. Strain measurements were 
accomplished using a mechanical-electrical linear transducer 
attached to the specimen at the gage marks of a 2-in. gage length. 
Stress-strain curves were plotted autographically from which the 
yield stresses were determined. The autograpbic stress-strain 
recording permitted strain-rate control. In these tests, the 
strain rate was held at 0.005 in/in/min until the yield stress was 
reached. Strain rate above the yield stress was increased to ap- 
proximately 0.05 in/in/min to maximum load. Total elongations 
were determined either at maximum load or at fracture, as indi- 
cated in the results. The values of the elastic modulus where 
presented were determined from the slope of the recorded stress- 
strain curve in the linear portion. 

Tests were performed at room temperature, 1400 F, 1600 F, 
and 1800 F. In the elevated-temperature tests, the flat speci- 
mens were long enough to be placed entirely through the furnace 
and supported by a yoke-and-pin assembly at each end outside 
the furnace. Temperatures were measured by using a thermo- 
couple attached directly to the specimen in the gage length. Ap- 
proximately 30 min were required to reach testing temperature 
and complete each test. Shorter heating times were not possible 
because of the furnace technique of heating and because of the 
bulky extensometer. 

Results of the engineering tensile-property investigation are 
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Table 1 Tensile properties of type 316 stainless steel, 0.058-in-thick 
sheet, parallel to rolling direction, at indicated temperatures 


Tensile Elongation 
Strength (%, 2in.) 
2%, psi) | (psi) 


Modulus of | 
Elasticity 


Specimen 


Condition ! Yield 
Number 


| Strength 


ROOM TEMPERATURE 

Annealed 33,800 
12 Annealed 30, 100 
Annealed 35, 000 
Te 35, 400 
35, 200 
35,400 

34,700 
34,800 
34, 500 
“35, 100 
35,000 
34,500 
34,400 
35, 000 
35, 100 
35,000 
35, 300 
34, 100 
34, 500 

"34,700 
34, 100 
“34, 100 
34, 500 


—— 
63,000 | 


Annealed 
Annealed 
Annealed 
Annealed 
__ Annealed 
Annealed 
Annealed 


34,800 


55,300 
55,500 | 


titi i 


| | 


Average 


“10% 


Tall specimens sanesied, 2,000°F., 15 minutes followed by test cool, prior testing or to cold working. 
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Fig. 3 Variation of yield stress with temperature for Type 316 stainless- 
steel sheet in various conditions 


presented in Table 1. Typical stress-strain curves are shown in 
Fig. 2 for all combinations of specimen conditions and test tem- 
peratures. The curve shapes are representative of austenitic 
stainless steels. It is apparent that no sharp yield point exists 
as in many ferrous alloys. The 0.2 per cent offset yield stress was 
denoted on each curve by a vertical dash. The variation of 0.2 
per cent offset yield stress with temperature for the various con- 
ditions is presented in Fig. 3. The variation of tensile strength 
is likewise shown in Fig. 4. The points represent the average of 
two or more tests, and the spread is within the point symbol on 
the graphs. Examination of the results revealed the pronounced 
delay in plastic yielding due to the presence of cold-work. This de- 
lay is more pronounced at lower temperatures than at higher 
temperatures. At room temperature, the yield stress is increased 
from 35,000 psi to approximately 70,000 psi by the presence of 10 
per cent cold-work, an increase of 100 per cent. At 1600 F, the 
yield stress is increased from approximately 13,500 to 20,000 psi, 
an increase of 48 per cent. This effect is probably brought about 
by the recovery and partial recrystallization of the structure at 
elevated temperatures. 

It has been reported that the recrystallization process in 
austenitic stainless steels proceeds at a low rate in the tempera- 
ture range considered.* This is illustrated by the fact that a 15 
per cent increase in yield stress can be accomplished by the pres- 
ence of 10 per cent cold-work at 1800 F for a 30-min exposure. 
Presumably, shorter times would allow for even higher strengths. 
Thus it is significant that an austenitic stainless steel in the 
strain-hardened condition, especially Type 316, can support 
higher loads for short times at high temperatures than in the 
commonly used annealed condition. 

Short-Time Creep Elongation Tests. Strength-property results from 
the engineering evaluation of a structural material are usually 
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employed in the design of structural components. Some of the 
criteria for design and analysis, such as the 0.2 per cent yield 
stress are arbitrary guides to the useful limits of strength. Where 
performance and environmental conditions can accommodate 
excess plastic flow (such as in short-life missiles), it becomes 
necessary to determine the stress-strain curves in the plastic re- 
gion, or more specifically, to determine the load capacity of a 
material for short times with large plastic strain. The tests de- 
scribed herein were limited to 2 min under load with up to 10 per 
cent elongation. 

The same type of specimens that were used for tensile tests, 
shown in Fig. 1, were used for the short-time creep tests. A 
standard type creep frame was employed for mounting and load- 
ing the specimens. Specimens were heated as quickly as possible 
in a resistance-wound furnace preheated to test temperature. 
Temperatures were measured by using a thermocouple attached 
directly to the specimen. Heating times were generally less than 
5 min, after which the specimens were stabilized at temperature 
for 1 to 2 min. Load was applied immediately by releasing the 
loading beam which was preloaded to produce the desired stress. 
The load was held for 2 min, after which it was released com- 
pletely. The time under load was selected as similar to the con- 
ditions prevailing in typical missile components. Plastic strain 
was measured at room temperature after the test. A 2-in. gage 
length was marked on the specimen prior to testing. Plastic 
strain is reported as the percentage elongation of the 2-in. gage 
length. No extensometer was used to minimize the heating time. 

The results of the short-time creep elongation tests are pre- 
sented in Table 2 and in Fig. 5. From the results, it can be seen 
that stresses closely approaching the tensile strength of the alloy 
can be supported for a 2-min period with elongation less than 10 
per cent. It should be noted that thermal expansion and elastic 
strain are not included in the strains tabulated in Table 2 and 
shown graphically in Fig. 5. For example, these would add nearly 
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2 per cent to the total strain at 1800 F, the largest additional 
elongation due to thermal expansion. It also should be noted that, 
if the results of these tests are compared to standard tensile-test 
results, e.g., 0.2 per cent offset yield stress, the 0.2 per cent is de- 
termined by a continuous loading path. Considerably larger 
strains would result if the load were held constant at the yield- 
stress level for 2 min at 1600 to 1800 F. 

As would be predicted from the tensile properties, the effect of 
residual strain-hardening is to increase greatly the load-carrying 
capacity of the alloys. 

From Figs. 3, 4, and 5, some interesting comparisons can be 
drawn as presented in Table 3 which shows the load-carrying 
capacity for 2 min with an allowable 2, 4, or 8 per cent plastic 
strain. 

Clearly, the increased strength properties available by cold- 
working 5 to 10 per cent are from 20 to 100 per cent higher than 
the annealed properties in the temperature range from RT to 
1800 F. Higher design stresses are possible if cold-work can be 
fabricated in a structure. If plastic flow can be tolerated, a 
structure can be designed to yet higher stresses for short times. 
For cold-worked specimens at 1800 F even higher design stresses 
would probably be possible for faster heating rates and shorter 
times at temperature. 

Weld Tensile Tests. Sections from the original sheet of material 
were welded by the inert-gas shielded-arc process and cut into 
samples identical to those used for the tensile study, Fig. 1. It 
was necessary to grind the excess weld metal from the sides and 
faces of the specimens to produce a uniform gage length. The 
specimens were annealed at 2000 F for 15 min after welding to 
relieve residual stresses prior to grinding. 

The testing procedure was identical to that employed in the 
conventional tensile tests. Results are presented in Table 4. 
The variations of the 0.2 per cent offset yield stress and the tensile 
strength with temperature are presented in Figs. 3 and 4. The 
reason for the unusual variation in the curve in Fig. 4 is not 
known. The weld specimens were not of equal quality or uni- 
formity in cross section because of difficulties encountered in 


35 1105 
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Fig. 5 Plastic strain resulting from a constant stress for a 2-min period at 
elevated temperatures for Type 316 stainless-steel sheets, annealed, and 
cold-worked conditions 
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grinding. This might account for some of the variation. Strength 
properties in general seem to be slightly higher than an- 
nealed properties, as would be expected from the weld structure. 
The most significant difference is the loss of ductilty in the weld 
section, illustrated in Table 5. Although the loss is high com- 
pared to the annealed results, the weld elongations are all above 
5 per cent. It can be said that welding does not affect the 
strength properties of annealed 316 stainless steel so long as 
some loss of ductility can be tolerated. 


Table 2 Plastic in 2 min for short-time creep-elongation 
tests, Type 316 stainless sfeel, 0.058-in-thick sheet, parallel to rolling 
direction, at indicated temperatures 


Plastic 
Elongation 
(%, 2 in.) 


Specimen 
Number 


Condition 


1400° F 


Annealed 


Annealed 
Annealed 


Annealed 


___Annealed 24, 
Annealed 


A 26,000 | 


MOO 


5% C. W. 26, 000 


Annealed 
Annealed 


: 


om 


@ 


Annealed | 


| Annealed 


Annealed 


_Annealed 


Table 3 Stress required for plastic strain tn 2 min 


— 
Creep Stress (psi) 4" Tensile Stress 


0.2 % Yield 


Elongation 
Condition [Stress (psi) 


(%, 2 in.) 


1400° F 


20,600 | 23,100} 26,600 


26, 300 | 28, 400 
29,800! 31,600 


Annealed 
5% C. W. 
10% C. W. 
Welded- 
Annealed 


30, 810 
30,600| 32,620 
33,200 | 34,190 
32, 200 


| 
| 


| 


1600° F 


Annealed 
5% C. W. 
10% C. W. 

Welded - 


13, 400 | 15, 200 | 16, 750 
17, 980 15,600 | 17, 100 | 18, 700 
19,680 16, 900 | 18, 500 | 20, 400 
15,100 - 


14,040 


| 


1800° F 


9, 490 
10,240 
10,990 
11,200 


6.900] 8, 900 


Annealed 
5% C. W. 7,800; 8,900 | 10,000 
9,900 | 11,100 


10% C. 9, 000 | 
| Welded- | 


| 
| Annealed | | 


Table 4 Weld tests: Tensile properties of Type 316 stainless-steel sheet 


specimens 0.058 in. thick, parallel to rolling direction, containing welds 
in the test section 


Test Yield Stress Tensile Stress Elongation | 


Specimen Temperature 
Number (* F) 


(0.2%, psi) _(psi) 


B-14 


= 
|Ave rage 


Annealed at 1950° F After 


4g, Prior to Grinding 
35, 40 4,200 _ 
35, 500 | 81,700 


_|__17, 000 


6000 


Anneal 


5% 


Annealed 


nealed 
% C. W 


Average | 35,450 | 77, 950 
A-24 7,700 31,400 
| 33, 000 


10,400 
12, 000 


11, 200 


Table 5 Comparison of average elongation at fracture for various 
temperatures of welded and unwelded annealed Type 316 tensile speci- 
mens 


—Elo 


5% C. W. 


10% C. W. 
10% W. 
Annealed 


_ Annealed 


Temperature, deg F 


Unwelded 
70 
66 
82 
62 


ation, per ont, 2 in.— 


28 
18 
18 

9 


0,000 


000 


,000 
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Very-High-Temperature Tensile Tests to 2300F. A limited num- 
ber of tests were conducted to explore the stress-strain relation- 
ship and strength properties of Type 316 stainless steel to tem- 
peratures up to 2300 F. The tests were performed on annealed 
bar stock from two different analyses designated as Lot 1 and 
Lot 2. The chemical analyses of the two lots were: 
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: 
3 5 . 
dimes 
15, 570 6s 
j 30,170 67 } 
| | 19, 300 ‘ 18 
e | Stress | 19, 370 
(psi) 19, 930 73 
nhs | 20, 980 | 64 
| 18, 750 
2, 000 
4 | 22, 000 3.25 | 
4.000 4. 50 | 
6. 70 } 62 
| 1. 55 48 
| 
= 
| 10% | 29,000 | 1. 23 
‘ 5% C.W 30, 000 
_| 5% C. W. all 31, 000 9. 70 
_10%C.W. 000 3. 50 
10% C. W. Tr, 000 — 
10% C. W. _33, 000 7. 30 | 
10% C. W. 34, 000 13. 65 | As Welded 
ae. 40, 700 74, 900 20 
1600° F ta. | 64,100 
D-i4 _ 1. 00 | 
F-13 $5,000 3. 30 
-9 __ 10% C. W. | 16, 000 1.10 | 
- -14 Annealed 17,000 ~ 6. 
E-12 | 5% C. W. 17,000 3. 60 “T16.5 
F-21 | 10% C. W. 17, 000 2. 30 ] | 
F-20 17,000 __1. 80 Average | 1460 | 19, 300 32, 700 18.25 
E-8 5% C. W | 19, 000 9. 50 B-2 1600 15, 79, 000 
F-18 B-12 1600 15, 200 18, 500 19,5 
F-19 10% C. 19, 100 5. 20 & T 
C-3 C. 20, 000 __7. 20 Average 1600 15, 100 18, 750 17.5 
10% Cc. W. 20, 000 + } 
___108C.W. | 20,500 13. 00 B-18 1800 
Average | 1800 | 3, 300 | Pp | 8.75 
F- 7000 | 1. 30 | 
E-15 8000 | 4. 60 | 
E-2 if 8000 2.20 
F-i7 1.25 RT 
D-11 T 8000 1. 20 1400 
D-6 9000 4. 40 
E-9 10% C. W. 9000 1.95 
D-10 10% Cc. W. 9000 ros 
F-10 5% C. W. 10 | 7. 60 
C-2 10% C. W. 11, 000 7, 50 
A-5 10% C. W. 11, 000 7. 40 
4 


i Cr Ni Mo Mn _ Si Cc P 8 Because of the temperature limitations of conventional holders 

‘LL. 17.81 13.17 2.23 1.54 0.56 0.042 0.027 0.017 2d extensometers, it was necessary to design a special specimen 
Lot and strain-indicating device for use at temperatures above 1800 F. 

2.. 16.00 12.15 1.80 1.58 0.46 0.090 0.028 0.013 The specimen design is illustrated in Fig. 6 and the complete test 
setup is shown in Fig. 7. The test bar was */, in. in diameter by 
24 in. long containing a reduced section at the center. The re- 
duced section was 0.505 in. in diameter by 2'/, in. long including 
a '/s-in. radius at either end. Thus the design was such that 
the strain could be detected by the shoulder movement of the bar. 
The 24-in. bar extended entirely through the furnace and elimi- 
nated the need for high-temperature “grips. Extension rods, 
welded to the shoulders of the reduced section, transmitted strain 


45,000 


DENOTES 0.2% 
OFFSET YIELD 


STRESS (psi) 


0.001" +4 
STRAIN (IN/IN) 


Fig. 7 Experimental setup for determining complete stress-strain curves Fig. 8 Typical stress-strain curves to 1800 deg F, Type 316 stainless- 
te 2300 deg F steel bar stock 


Table 6 Tensile properties of Type 316 stainless-steel bar stock at very high temperatures 


| | Test Yield | Tensile} | Percent | Modulus of 


Specimen| Lot [Temp | Strength Strength Elongation | Reduction | Elasticity Remark 
No No. |(* F) | 0. 2% Offset! (psi) | (%, 2in.) | of Area | E (10° psi) 


61.5 4 


62. 78.7 
5. 5 


0 


4, 300 


4,730 5 - Tested in argon atmosphere 


3, 900 95. Tested in argon atrnosphere 


3,010 


2, 350 2,42 Nickel-platinurn plated 0.001 in. 


2, 300 1 2, . | . Tested in argon atmosphere 
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: LoT 2 
10,000 
| 
=> 
& 
. 
5 1 |R.T. | 34,400 62, 50 
+ 4 + 4 = 
7 33, 600 81, 500 25.7 | 
| 12 2 R.T 42, 500 86, 000 29.4 | 
i 1 | 1400 16, 400 32, 900 79.0 87.8 15.6 
+ - + + +—- —-—-— — 
+ il 2 |1600 15, 600 19, 500 78.5 81.7 | 15.6 
1 | 1800 7, 950 9, 000 113. 99.5 12.9 
S-4 i 1800 8, 690 9, 600 124.0 99.7 13.9 | 
| S-6 | 4 {2000 5,030 | 124.5 99+ 10,2 | 
} S-i3 | 2 |2000 
| | 2 |2200 | 
i + 
$-9 2 | 
ful + 
| S-10 | 2 
4 
> 


DENOTES 02% 
OFFSET YIELO 
STRESS 


STRESS (psi) 


l 
STRAIN (IN/IN) 


Fig. 9 Typical stress-strain curves to 2300 deg F, Type 316 stainless- 
steel bar stock 


© YIELD STRESS, LOT | 
YIELD STRESS, LOT 2 
© TENSILE STRENGTH, LOT | 
v TENSILE STRENGTH, LOT 2 


ove i 1 
° 1400 1600 1800 2000 2200 


TEMPERATURE (°F) 


2400 


Fig. 10 Variation of yield stress and tensile stress with temperature for 
Type 316 stainless-steel bar stock 


YOUNG'S MODULUS (ps1) 


TEMPERATURE (°F) 
Fig. 11 Variation of Young’s modulus with temperature for Type 316 stainless-steel bar stock 


outside the furnace. A mechanical-electrical transducer at- 
tached to the rods provided for autographic recording of the 
stress-strain curves. A conventional ASTM high-temperature 
technique was employed in tests up to 1800 F. All tests were 
exposed for approximately 30 min prior to testing. A strain rate 
of 0.005 in/in-min was used to yield and 0.05 in/in-min to failure. 

In some tests, as indicated in Table 6, a protective argon at- 
mosphere was employed at high temperatures; and in one case, a 
specimen was plated with platinum to about one mil thickness. 
The effect on strength properties was not conclusive; however, 
the effects of inhibiting corrosion was visibly obvious. A special 
Inconel muffle was used for the argon atmosphere. 

The results of the tests are presented in Table 6 and graphically 
in Figs. 8, 9, 10, and 11. Comparison of the results for Speci- 
mens 3 and S-4 in Table 6 reveals no significant difference in the 
results from tests performed using the two techniques at the same 
temperature. 
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The number of tests was limited and not sufficient to provide 
conclusive strength-property data. However, it is shown that 
definite stress-strain relationships exist up to 2300 F for Type 316 
stainless steel. The modulus of elasticity at 2300 F is approxi- 
mately 6 psi. 

Tensile strengths of approximately 9000 psi at 1800 F to 2500 
psi at 2300 F provide a significant margin of safety for structures 
subject to very high temperatures for short times (e.g., overheat). 
For shorter times at temperatures and faster strain rates than 
those tested it is likely that higher strength properties would be 
available. By comparison many of the more expensive cobalt 
and nickel-base alloys have tensile strengths of only 5000 psi or 
less at 2300 F. 


Conclusions 


1 In the austenitic 316 stainless-steel alloy, a pronounced 
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delay in plastic flow can be brought about by the presence of 
residual strain-hardening (or cold-work) in the structure. At 
room temperature the 10 per cent cold-worked material had a 
yield stress 100 per cent higher than the annealed material. 
At 1600 F, the increase in yield strength was 48 per cent. 

2 Structural components can be fabricated with residual cold- 
work and higher design strengths using controlled working and 
thermal cycles. 

3 For short times, on the order of 2 min, at high tempera- 
tures, stresses approaching the tensile strength can be sustained 
with less than 10 per cent elongation. 

4 The effect of welding is to lower the ductility appreciably; 
however, strength properties are, in general, not lowered. 

5 A definite stress-strain relation exists for the Type 316 stain- 
less-steel alloy to 2300 F with a tensile strength of approximately 
2500 psi. 
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DISCUSSION 
Robert A. Bareiss® 


The authors have demonstrated that, for environments com- 
bining a short time at load with a high ambient temperature, de- 
signers might well consider using one of the more common and 
readily available structural materials such as Type 316 stainless 
steel. The work appears to be well done and is certainly well re- 
ported. 

The authors may wish to give further consideration to their 
third conclusion, namely that “for short times i 
temperatures, stresses approaching the tensile strength can be 
sustained with less than 10 per cent elongation.”’ It does not 
seem appropriate to compare directly the creep and tensile 
strength data reported here since there is a wide variation in the 
time at temperature for the two test conditions. In the case of the 
tensile tests, the time to reach temperature and complete a test 
was approximately thirty minutes while, for the creep tests, this 
time was about eight-nine minutes. Since time at temperature 
has an important bearing on strength through stress relief and 
recrystallization processes, it might not be unreasonable to as- 


'Vice President, Lessells and Associates, Inc., Boston, Mass. 
Mem. ASME, 
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sume that higher tensile strengths would be obtained for an eight- 
nine minute test duration. 

Those desiring to obtain more data of this nature may wish to 
refer to another report® showing creep data for times as small as 
10 seconds on a number of materials including stainless Type 321 
and 410. 


The data reported in the paper were for a missile re-entry time- 
temperature cycle and, as pointed out by Mr. Bareiss and in the 
paper, the effect of time and temperature is not evident. Since 
the paper was written, high heat rate equipment has been de- 
signed and constructed that will record and contro! all variables 
for heating rates up to 1000 F per second. Tests have been con- 
ducted recently on the original and one additional heat of stain- 
less steel. 

Time at 

tempera- Yield strength (0.2 per cent offset) at 
ture, sec temperature, psi 
1400 F 1600 F 


annealed 
34,000 15,600 14,050 


Materials 


RT 1800 F 


Composition in 
paper 


7,700 


10 per cent cold work 
Composition in 69,500 30,250 19,700 9,850 
paper 


69,500 29,700 17,100 8,500* 


annealed 
Composition 34,700 16,600 
different from 
above 
10 per cent cold work 
30 66,000 27,300 
* Slightly lower strain rates (standard 0.005 per minute ) probably 
accounted for lower strengths. 


The data clearly indicate that the times at temperature from 
30 seconds to 30 minutes (1800 seconds) does not affect the high- 
temperature strength of cold-worked Type 316 stainless steel. 
Evidently for 10 per cent cold-work and at temperatures up to 
1800 F for up to 30 minutes’ soak time, recrystallization and grain 
growth does not lower the strength. These short-time heating 
data clearly indicate that the two-minute creep curves in the 
paper would apply also to heating time of 30 to 1800 seconds. 


*J. S. Ives, Jr., “Ultra-Short-Time Creep Rupture,"” WADC 
Technical Report 59-762 Part IT. 
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Tensile Properties of AIS! Types 304 
and 347 Stainless Steels at Moderate 
Temperatures for Section Sizes Ranging 
From Bars to Extremely Large Forgings 


The tensile properties of AISI types 304 and 347 annealed stainless steels were in- 
vestigated for the temperature range from 75 to 800 F. Several lots of materials were 
studied in each of several section sizes ranging from bar stock to extremely large forgings. 
A considerable variation in properties, particularly yield strength and elongation, were 
observed between different lots of a given type of steel of a given size category. These 
variations correlated with variations in the annealed hardness and are attributed to the 
use of different annealing treatments by the suppliers. At equivalent hardness levels the 
properties obtained from the various section sizes were comparable. Within any given 
lot or forging the properties were quite uniform for equivalent specimen orientations. 
The transverse ductility of the large forgings was considerably less than the longitudinal 
ductility. However, this relatively poor ductility did not lead to notch sensitivity or 


W. H. PRYLE 
E. T. WESSEL 


Westinghouse Research 
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embrittlement problems. 


Introduction 


N RECENT years many new applications have been 
found for austenitic stainless steels; in particular, in the nuclear- 
reactor field. Current design trends make it imperative to have 
precise data on mechanical properties, primarily yield strength. 
ASME Code! permits designers to utilize a relatively large per- 
centage of the yield strength. There are also instances in which 
consideration [1]* must be given to the possibility of localized 
yielding because of high thermally induced stresses. For these 
reasons, it is important to know what sort of variations in proper- 
ties can be expected in different lots of a given type of steel and 
in different section sizes. This work to be described on AISI 
types 304 and 347 stainless steel was undertaken in an effort to 
describe these possible variations and to acquire reliable design 
data. At the time this investigation was started few data [2] 
were available for the temperature range of interest (room tem- 
perature to 800 F); although there are extensive data for 
temperature above 1000 F. The present paper summarizes 
portions of recent work concerned with the tensile properties, 
particularly yield strength, of these steels in the 75 to 800 F tem- 
perature range. Various lots and sizes ranging from */,-in-di- 
ameter bar stock to an 85-in-diameter by 21-in-thick forging were 
investigated. 


Material 


All of the material was commercially produced stainless steel 
acquired under equivalent purchase specifications which called 
for annealed material with a minimum yield strength (0.2 per 
cent offset) of 30,000 psi at room temperature. The size of the 
sections from which samples were taken can be divided into three 
general categories. 

1 ASME Code, Section 8, Table UHA23. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Metals Engineering Division and presented at 
the Winter Annual Meeting, New York, N. Y., November 27-Decem- 
ber 2, 1960, of Tae American Society or MecHANIcaL ENGINEERS. 
Manuscript received at ASME Headquarters, April 5, 1960. Paper 
No. 60—WA-9. 
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Bar Stock. This phase included steel from 12 heats and four dif- 
ferent suppliers. Seven heats were type 304 and five were type 
347. The stock size ranged from */, to 2 in. in diameter. 

Intermediate-Size Forgings. Six forgings from four different sup- 
pliers were studied. Five of these forgings were type 347 and 
one was type 304. The sizes ranged from 9 to 12*/, in. in diame- 
ter. 

Large Forgings. Three large forgings from different suppliers 
were investigated. The largest forging (type 347) was produced 
from a 33-ton ingot forged to a slab 83 by 92 by 21 in. thick. The 
other two forgings (type 304) were 46 in. in diameter by 14 in. 
thick. 

All of the pertinent information, i.e., chemistry, grain size, hard- 
ness, stock size, and so on, for all three size categories are given in 
Table 1. On the basis of previous experience with metals having 
a large capacity for work-hardening, a tensile specimen with en- 
larged heads was used to eliminate straining outside the gage 
length. The specimen was 0.357 in. in diameter with a 1'/,-in. 
gage length. The orientation of the specimens with respect to 
the original material from which they were taken is given along 
with the test results. 


Experimental Results 


Bar Stock. All test specimens were oriented with their axis paral- 
lel to the length of the bars. The smaller diameter bars yielded 
specimens from the central region of the bars while the larger 
diameter bars yielded samples from both the dead center and mid- 
radius regions. A minimum of two samples per heat was tested 
at each temperature level: 75, 400, 600, and 800 F. 

The temperature dependence of the strength and ductility of 
the type 304 steel is shown in Figs. 1 and 2. Corresponding data 
for type 347 are given in Figs. 3 and 4. Each point shown repre- 
sents the average value for the respective heat.* In both types of 


* For publication purposes it is not practical to present the com- 
plete data. However, the detailed test results are available in tabular 
form and will be supplied upon request to the authors. 
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Symbo! Heat 
a" 


Ductility % 


100 200 300 400 500 600 700 800 
Test Temperoture, °F Test Temperoture,°F 


Effect of temperature on yield and tensile strength of AlSi type Fig. 2 Effect of temperature on ductility of AISI type 304 stainless-steel 
stainless-steel bar stock bar stock 


Table 1 Chemistry, grain size, hardness, and other data for materials tested 
TYPE 304 STAINLESS STEEL - BAR STOCK- 


Diameter ASTM Hardness Rockwell 
Chemistry Bar Stock Grain Size "B" 


s Si Ni Cr 

0.019 0.54 9.29 16.19 . 3/4" : 78.3 
0.017 0.50 9.66 18.55 . 81.7 
0.026 0.53 9.10 18.76 81.8 
0.025 0.50 9.22 18.50 . . 79.0 
0.018 0.59 9.40 18.48 74.6 
0.013 O.46 9.91 18.15 76.0 
0.015 0.58 9.48 18.47 , . 86.7 


TYPE 347 STAINLESS STEEL - BAR STOCK 


Dia. Hardness 
Bar Rockwell 
Stock bos 


Mn 
0.051 1.63 13/16" ; 89.0 
0.08 1.5% 15/16" 81.6 
0.047 +1.69 J e é 80.8 
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Symbol Heot = 
a 
i 90 
80 $ =. 
Red 
70 
60 
© 60 
8 Tensile Strength 50 
50 
wo 
a 60 80 7. 
| 
3 
30 50 > Total Elongation _ 
30 
: Heat Cc Mn P 
A 0.06 1.40 0.020 
B 0.044 0.72 0.023 
; c 0.054% 0.70 0.025 
D 0.058 0.74% 0.022 
E 0.050 1.58 0.028 
‘a F 0.042 0.75 0.029 
G 0.050 1.5% 0.021 
Heat 
: 
J 
K 
L 


Tensile Strength 


Stress, psi x 
Ductility % 


| 

100 abs 700 800 Test Temperature,°F 
Test Temperature, °F Fig. 4 Effect of temperature on ductility of AISI type 347 stainless-steel 


Fig. 3 Effect of temperature on yield and tensile strengths of AISI type oad 
347 stainless-steel bar stock 


Table 1 Chemistry, grain size, hardness, and other data for materials tested (Continved) 
TYPE 347 - INTERMEDIATE SIZE FORGINGS 


Hardness 
Rockwell 
Chemistry 

Si Ni Cr 


62 11.15 18.10 


0-9 Mixed 
Structure 
11.44 18.01 


63 

-46 11.54 17.92 
46 11.54 17.92 
59 10.55 18.03 


TYPE 304 - INTERMEDIATE SIZE FORGINGS 


Chemistry 
Si Ni Cr 
-59 9.21 18.24 


10.% 17.67 83" Dia. x 
18" Thick 


TYPE 304 - LARGE FORGINGS 
1.46 56 9.10 16.40 -- ‘ 45-5/8" 0.D. 


=z 35" 
1.63 . 9.60 16.60 -- 45-5/8" Dia. 


x 14" Thick 


"less than .01% 
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i 
100 
30 
90 x 
80 Reduction in Area 
80 
2 
60 
50 Total Elongation 
40 te 
= 30 
Symbol Heot 
Symbol. Heat 20 
10 e"." 
10 
ob 
M .03% 1.73 .013 .015 77-9 
N 1.85 -011 .016 76.9 
-O47 1.33 .013 .025 -58 .025 9" 2 74.8 
P -O47 1.33 .013 #.025 -58 -025 9" 1-2 73.2 
Q -058 1.86 .013  .O14 65 1-2 74.8 
Grain Hardness 
Diameter Size Rockwell 
: Forging ASTM 
Heat Cc Mn P Ss Cb Ta Co 
-028 1.07 -017 * * -- 12-3/4" 1-2 3.2 
TYPE 347 - LARGE FORGING 
| 
i 


steel, strength decreases with increasing temperature. The most 
rapid loss of strength occurs between 75 and 300 F. Ductility 
also decreases with increased temperature. The rate of decrease 
of ductility is less pronounced in the type 347 steel. 

As is readily seen for both types, there is an appreciable varia- 
tion of strength and ductility between heats. In general, the 
heats with the higher strengths have correspondingly lower duc- 
tilities. Yield strength and total elongation exhibit a greater de- 
gree of variation than do tensile strength and reduction in area. 
In all cases the degree of variation between heats in terms of all 
properties remains relatively constant over the entire temperature 
range that was studied. The largest single variation between 
heats in the room-temperature yield strength of the type 304 
steels where heat G is nearly two times stronger than heat E. 
In any given heat there was no significant difference in properties 
between samples taken from the center and mid-radius regions of 
a bar. 

In order to trace the source of these variations, a statistical 
analysis was made to correlate these variations with the possible 
influential variables. The only positive correlation that was ob- 
tained was with hardness, Figs. 5 and 6. It is recognized that the 
hardness of any particular heat is the composite result of the 
many metallurgical factors involved; i.e., chemistry, grain size, 
degree of alloying elements in solution, size, shape and distribu- 
tion of second phases, and the annealing treatment. However, 
no positive correlation of the variations in properties with any 
single one of these factors was apparent. There is a tendency for 
heats with a high combined C and Si content to have somewhat 
higher yield strengths at a given hardness level, but within the 
compositional limits that prevailed no other correlation with 
chemistry was apparent. 

The relationship of hardness to the conventional criteria of 
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Fig. 5 Effect of hardness on tensile properties of AISI type 304 austenitic 
stainless-steel bar stock 
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tensile strength and ductility are shown in Fig. 5 for type 304 and 
in Fig. 6 for type 347. The open points on these curves are all of 
the data obtained from the as-received (annealed) bar stock. As 
would be expected, strength increases with increased hardness. 
The yield strength is affected to a greater extent than the tensile 
(ultimate) strength. Correspondingly, ductility decreases with 
increased hardness. Both total and uniform (strain at ultimate) 
elongation are affected to a greater degree than reduction in area. 
From these data it is apparent that the variations in tensile prop- 
erties from heat to heat, as well as those within a heat, can be re- 
lated to hardness. 

It was believed that a large amount of the variation in proper- 
ties (hardness) in the different commercial heats could be traced 
to variations in the annealing treatments used by the suppliers. 
In order to evaluate this possibility a specimen from each heat of 
the as-received bar stock of types 304 and 347 was reannealed by 
heating 1 hr at 2100 F (in helium atmosphere) and oil quenching. 
Samples of several heats of type 304 were also annealed at 1850 F 
for 1 hr. After reannealing, all samples were tested at room tem- 
perature. These results are illustrated in Figs. 5 and 6 (closed 
points). The reannealing treatments resulted in a general reduc- 
tion in the hardness level and a large decrease in the variation in 
hardness. A correspondingly large decrease in the magnitude of 
the difference in tensile properties also occurred. The minimiza- 
tion of the variation in tensile properties by reannealing is some- 
what more pronounced in the type 304 material than in the type 
347 steel, essentially because the 304 steel displayed the greater 
initial variation. 

The effect of the reannealing treatments in reducing tensile- 
property variations is best illustrated by considering the effects 
on yield strength. In the type 347 steel, the variation of room- 
temperature yield strength of the as-received stee] was 45 per cent. 
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Fig.6 Effect of hardness on tensile properties of AISI type 347 austenitic 
stainless-steel bar stock 
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After all heats were reannealed at 2100 F, this variation was re- 
duced to 16 per cent. The 75 per cent variation of yield strength 
in the as-received type 304 steel was reduced to 10 per cent after 
reannealing at 1850 F and to 9 per cent for the 2100 F annealing 
treatment. 

Even though the variation in yield strength and other tensile 
properties can be minimized by a consistent annealing treatment, 
some spread in hardness can still be anticipated from heat to heat 
as a result of the inherent variations in the other factors which 
control hardness. Since the remaining variation was relatively 
small, no attempt was made to correlate it with any of these other 
factors. The reannealing experiments did, rather conclusively, 
demonstrate that differences in annealing treatments is the prime 
source of the large variations in properties that were observed in 
the as-received material. 

Intermediate-Size Forgings. The second part of the investigation 
pertained to intermediate-size forgings ranging from 9 to 12%/, in. 
in diameter. Five forgings were type 347 and one was type 304. 
The type 304 forging and one of the type 347 forgings were tested 
over the temperature range from 75 to 800 F, whereas the re- 
mainder of the forgings were tested at room temperature only. 
All samples were oriented with their length transverse to the axis 
ofjthe forging. Material representing both the center and */; 


radius position of each forging was tested. The average results 
are given in Table 2. 

As was found in the bar stock, it is evident that as temperature 
increases, the yield, ultimate, and fracture strengths decrease. 
Ductility also decreases with increasing temperature. In com- 
paring the room-temperature tensile properties of the various 
type 347 forgings, Table 2, it is seen that there is considerable 
variation in properties from one forging to another. However, 
the variation in these forgings is not any greater than it was for 
the bar stock. Again, the prime source of the variation in proper- 
ties is attributed to the use of different annealing treatments. 
Within any given forging the properties were relatively con- 
sistent as compared to the large variations observed between 
forgings. There is a tendency for the central regions of any 
given forging to be less ductile than the outer regions. This is 
particularly pronounced in heats P and Q. In general, this tend- 
ency for poorer ductility in central regions is characteristic of all 
large steel sections, particularly when the specimens are oriented 
in a direction transverse to the primary working direction. 

The variation in properties from one forging to another again 
could be best correlated with hardness. The variation of room- 
temperature yield strength with hardness is shown in Figs. 7(a) 
and 7(b) where the open triangles represent data from the inter- 


Table 2 Results of constant strain rate tensile tests of annealed type 347 intermediate-size forgings. Strain rate—360 per cent per hr (1 X 10-* 


sec’). 


Nom. Strength (psi) 


(Load/Original Area) 


True Stress Elong. Red. 


Hardness Test 
Rockwell Temp. 


Cy 


Proportional 
Limit Yield 
0.01% Offset 


0.5% 
Yield 


Ultimate 


at Fracture Uni- 


Load form 
Final Area 


Total in 
Area 
(%) 


Heat N - Grain Size ASTM No. 2, 10" Dia. x 8" Thick Forging, 1-5/8" Dia. Center Hole 


35570 
34350 


41300 
37300 


43300 
39300 


81650 


44.6 
54.2 


47.7 
61.0 


43.7 - 
50.3 - 


135570 
139080 


Heat P - Grain Size ASTM No. 1-2, 9" Dia. x 9-1/4" Thick, No Center Hole 


30150 
32550 


37200 
35400 


39200 
37300 


80250 
78400 


155825 
116400 


52.4 


62.0 5h. 


4 . 2/3 radius 
44.0 39.9 


- center 


Heat O - Grain Size ASTM No. 2, 9" Dia. x 9-1/4" Thick, No Center Hole 


31350 
31350 


37200 
34150 


36900 
36200 


80400 
79000 


164575 
140 300 


52.7 
53-6 


62.3 
58.0 


. 2/3 redius 


57.2 
center 


Heat Q - Grain Size ASTM No. 1-2, 11" Dia. x 5" Thick, No Center Hole 


29550 
27750 


35775 
29750 


Heat M - Grain Size ASTM 


37500 
31250 


75925 
73650 


54.6 
37-3 


175000 
144000 


60.7 
38.7 


. 2/3 radius 
. center 


Oh 


53.9 . 2/3 radius 
center 
mid-radius 
- 2/3 radius 
center 
mid-radius 
. 2/3 radius 
center 
mid-radius 


215500 
239075 
157350 
139300 
146575 
137375 
117900 
107500 


w 


Dorn 


12-3/4" Dia. x 7-3/4" Thick, 1" Center 


Dor oro Fw 


Journal of Basic Engineering 


223600 
170325 
219825 
146625 
110000 
107000 
130275 
112725 
119325 


Avg. 
Avg. 
Avg. 
Avg. 
Avg. 
Avg. 
Avg. 
Avg. 
Avg. 


2/3 radius 
center 
mid-radius 
2/3 radius 
center 
mid-radius 
2/3 radius 
center 
mid-radius 


BRB KE 
HAM 
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| 
77-9 75 || — agg Avg. 2/3 radius 
76.4 75 || 
= 
Cis 
75-4 75 || 62.0 - Ave 
DE «No. 0-9 Mixed Structure, 11-1/2" Dia. x 5" Thick, No Center Hole 
> 78 75 32950 39900 =: 42250 85350 251800 
78 75 33750 37500 39400 82000 
76 75 31350 39700 41050 82100 
77 400 28350 31450 33200 63650 
400 29950 32450 34150 59950 
. 78 400 28250 32250 33550 61400 
79 800 23575 29675 32000 60825 
76 800 19750 26750 28250 54500 
77 800 24000 27200 28450 57025 — 
Heat S - Grain Size ASIM No. 1-2, ei Hole 
& 75 43900 51000 53100 96650 - 
8 75 43350 48865 51775 96100 . 
gl 5 41550 50275 52570 96950 - 
ss 400 27000 30500 32000 74500 - 
t 400 26400 31150 33050 74250 - 
8 400 28000 31300 32700 75400 . 
800 20975 26188 27675 70400 
é 800 22625 25325 26625 69050 - 
F 800 22800 25550 26900 71050 - 


All Values for Room Temperature Tests 

© As Received Bor Stock 

@ Reaonnealed (2100°F) Bar Stock 

| Reannealed (1850°F) Bar Stock 

4 As Received Forgings (intermed 

4 As Received Forgings wei. 

(Large) 


SEITE 


Yield Stress, psi x (1000) 


Ga 66 68 70 72 74 76 78 80 82 84 86 88 90 92 


Hardness, Rb 


Fig. 7(a) Effect of hardness on 0.2 per cent yield strength of AISI type 
304 austenitic stainless steel 
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Fig. 7(b) Effect of hardness on 0.2 per cent strength of AISI type 347 
austenitic stainless steel 


mediate-size forgings. There appears to be a tendency for the 
intermediate-size forgings to exhibit a slightly higher yield 
strength than the bar stock at equivalent hardnesses. This trend 
applied for both the 304 and 347 types of steel. Correspondingly, 
these forgings have slightly poorer ductility than the bar stock. 

On the basis of these data obtained on intermediate-size forg- 
ings, it appears that their behavior is quite similar to that ob- 
served for the bar stock. Substantial variations in properties, 
particularly yield strength, occur from one forging to another. 
However, the situation does not appear to be any worse in these 
larger section sizes than it was in the bar stock. The larger sec- 
tion sizes did exhibit some variation of ductility within a given 
forging; however, it is relatively small in comparison to the dif- 
ferences which exist between forgings. 

Large Forgings. Two relatively large forgings of type 304 ma- 
terial were investigated. One of these, heat T, was a ring 45 
§/,in. OD X 35-in. ID X 14 in. thick. Tangential test samples 
were taken from two segments cut from the periphery of this ring. 
The second type 304 forging, U, was a disk 45%/, in. in diameter 
by 14 in. thick. Three core drillings were trepanned from this 
disk in the axial direction; one from dead center, one at '/, ra- 
dius, and another at '/; radius. Three test samples were taken 
at different axial positions from each of these trepanned pieces. 

All tests for these two forgings were conducted at room tem- 
perature and the results are given in Table 3. The tangential 
tensile properties obtained from the type 304 ring forging, T, 
were quite uniform. They were also essentially equivalent to the 
bar-stock properties in terms of both strength and ductility. In 
comparison to the intermediate size 304 forging S, this large ring 
forging T has lower strength and greater ductility. However, this 
difference is primarily the result of an appreciable difference in the 
general hardness levels of two forgings. 

The properties obtained from the three core drillings of U forg- 


Table 3 Results of constant strain rate tensile tests of annealed AlSi type 304 large forgings. Strain rate—360 per cent per hr (1 X 10 ~*sec~'). 


Nom. Stre i 
Test Proporti 
Tezp. Limit Yield 
oF 0.01% Offset 


Orig. Area 


Herdness timate 
Rocaevell Yield 


True Stress £1 

at Fracture Uni- Total 
Load form 

Area 


Red. 
in 
Area 


Method of Specimen Preparation 
and Desisnation 


3 Specimens Taken From zach 


Hes= T - Grain Size ASTM No. 1-2, 2 pieces of Ring Forging 45-5/8" Dia. O.D. x 35" I.D. x 12" Thick 


Piece Cut From Periphery of 
Large Ring Forging 


31350 
26950 
31350 
26950 
31350 
30150 


33600 
33550 
34350 


327 
34350 


83300 
62600 
62800 


83600 
62600 
62600 


34950 
34950 


U_+ Grain Size ASTA No. 1-2, 45-5/6" Dia. 


“ Thick Forging 


72.7 
74.3 
72.6 


74.2 
73-1 
72.7 


RIS KIS 
owo OWwO 


Method of Specimen Preparation 


25400 


29500 
30400 
29200 


TT300 
75300 
76900 


60200 
76600 


339000 
26500 
0460 
33200 


31570 
30550 


79500 
TT900 
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and Designation 


SPS 
NOR AHO 
~w oO eu @ 
AWAY 
VAD 


383 
ERS 
NAO 


e 
C - Dead Center 
D - 7-1/4" From Center 
E - 13-17/32 From Center 
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| 
| 
| 
4 
| 
| | 
| | | 
| 
{ 
T 
Syecises 
om 
a. 75 35530 82.9 
75.2 75 3100 291550 82.2 
i | 
Bez 73.1 75 3 x0 83.8 = 
3-3 73.5 75 36300 300000 82.7 ——. 
Saket 74.2 75 25360 31160 211300 
73.1 75 21900 166700 
76.6 75 25400 31000 214500 
2-1 76.5 75 36200 40600 219400 
j ya 72.5 75 24000 30500 186500 
79 75 26660 32050 78650 194600 
76.3 75 26000 34600 201000 
13.6 75 26050 32460 78600 198700 


ing were quite consistent. No difference in results was observed 
between samples taken from the dead-center drilling and those 
from the mid-radius drilling. Similarly, there was no observable 
difference in properties of samples from various positions in the 
axial direction of the forging. In comparison with the type 304 
bar stock, this U-forging had somewhat less ductility. This 
difference arises from the fact that the bar-stock specimens were 
oriented in a direction parallel to the primary working direction 
while the U-forging specimens were oriented transverse to the 
primary working direction. With the exception of differences in 
properties arising because of differences in hardness levels, the 
large U-forging and the intermediate S-forging are comparable. 

In addition to those two large type 304 forgings, one very large 
forging of type 347 steel was studied. An 83-in-diameter by 18 in. 
thick disk was machined from a forged slab (92 85 X 21 in.) 
that was formed from a 33-ton ingot. Core drillings from dif- 
ferent radial positions in the disk were available for study. With 
these drillings it was possible to investigate possible variations of 
properties as a function of: 


1 The specimen location with respect to the radial direction 
of the disk. Two core drillings (K and G) were from near the 
center of the disk, one (H) was from the mid-radius position, and 
another (J) was near the outer periphery. 

2 The specimen location with respect to the axial direction of 
the disk. In each core drilling specimens were taken from both 
the interior and surface regions. 

3 The orientation of the specimen with respect to the direc- 
tions of working and the dimensions of the finish forged slab. 
Specimens were taken for all three orientations at each radial and 
axial position. These are identified as follows: 


Longitudinal—specimen axis in the 92-in. direction 
Transverse—specimen axis in the 85-in. direction 
Thickness—specimen axis in the 21-in. direction 


200 


\ 


Fracture, Avg. Transverse and Longitudinal, 
Surface and Center (All Drillings) 


N 


Fi 


rocture, Avg. Thickness 
er (All Drillings) 


Ultimate, Avg. Thickness, Tronsver 
nd Longitudinal, —— 
Surface ond Genter (All Driltings 
1 


02% Yield, Avg. Thickness, Transverse ond] 


Longitudinal, Surface 
and Center (All Drillings) 


x) 


Stress, psi x (1000) 
@ 3 
° 


an 


75 400 600 
Test Temperature, °F 


Fig. 8 Comparison of tensile properties of core drillings, large type 347 
forging 
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Tensile tests were conducted over the range from room tempera- 
ture to 800 F. A minimum of two specimens was tested at each 
temperature. The longitudinal and thickness orientations were 
studied for each axial location in each core drilling (radial posi- 
tion). The transverse orientation was studied in one core drilling 
only since it was expected that the particular cross-working forg- 
ing procedure that was used would not result in any appreciable 
difference between transverse and longitudinal properties. 

The complete tensile data for this very large forging are too 
extensive to publish, but the pertinent results are summarized in 
Figs. 8 and 9.‘ It is apparent that the yield and ultimate 
strengths are not affected by either specimen orientation, or its 
radial or axial positions in the forging. The fracture strength is, 
however, dependent on both orientation and axial location. 
Little difference was noted as a function of the location in the 
radial direction. Specimens orientated in the thickness direction 
exhibited lower fracture strengths than the transverse or longi- 
tudinal samples which had equivalent yield and ultimate 
strengths. Thickness-oriented specimens from the center regions 
(axial direction) had lower fracture strength than similarly 
oriented samples from the surface regions. Corresponding dif- 
ferences in ductility occurred as seen in Fig. 9. The loss of duc- 
tility in the thickness orientation is attributed to the presence of 
inclusions and/or second-phase stringers which are unfavorably 
oriented for plastic flow. Such defects were observed in a study 
of the microstructure. 

In general, the difference in properties between the core drill- 
ings (different radial locations) when compared at equivalent 
axial locations and specimen orientations were essentially negligi- 
ble with one exception. The drilling from the outer periphery had 
slightly poorer ductility than the other drillings. This was most 
apparent for specimens taken from the surface region and that 


* Complete data in tabular form are available and will be furnished 
upon request to the authors. 
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Fig. 9 Comparison of ductility of core drillings, large type 347 forging 
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| 


were oriented in the thickness direction. However, the magnitude 
_of this difference in ductility is relatively small compared to the 
major difference shown in Fig. 9. 

Because of the relatively poor plain tensile ductility exhibited 
by thickness-oriented specimens taken from the center (axial 
direction) of the forging, additional tests were conducted to 
evaluate the seriousness of the situation. Notched tensile tests 
were run using samples taken from the central regions (axial 
direction ) of the periphery drilling, J. All three orientations were 
studied. A rather severe notch with a theoretical elastic stress- 
concentration factor of 10.8 and an estimated strain rate at the 


root of the notch of 1 in/in/see was used. The results of these 
tests are illustrated in Fig. 10. As was true for the unnotched tests 
the thickness orientation exhibits lower fracture strength and 
ductility than the longitudinal or transverse orientations. It 
is significant, however, that the material is still capable of 
moderate amounts of plastic deformation prior to fracture even 
in the presence of these embrittling factors of a sharp notch, high 
local strain rates, and extremely low temperatures. Hence, par- 
ticularly for the temperature range of interest, the relatively poor 
plain tensile ductility of the thickness oriented specimens is not 
adversely affected by the presence of sharp notches and high 
local strain rates. 


220 Charpy V-notch impact tests were also conducted. These 
samples were oriented and taken from the same region of the 
200;- Fracture Strength same core drilling as were the notched tensile samples. These 
180k (transverse and longitudinal) ~ results are shown in Fig. ll. The energy required for fracture 
remains relatively constant in the range from 800 to0 F. A 
3 ae moderate loss in toughness occurs at subzero temperatures which 
— y-Frocture Strength corresponds with loss of ductility in the notch-tension tests. 
gm 120 Thickness However, the embrittlement at low temperatures is not very 
a severe and probably arises from the fact that some of the speci- 
e a my men undergoes a martensitic phase transformation when strained 
Stress ot First Evidence of Yielding at transformations are common to the 
” 60 ron Longitudinal and Thickness— austenitic stainless steels. ae 
> From these notched-test data it is apparent that, although the 
thickness orientation exhibits relatively low conventional tensile 
20) + ductility as compared to the transverse or longitudinal orienta- 
tions, it is not very notch sensitive when tested under rather 
severe embrittling conditions. Hence, the comparatively low duc- 
c tility is not likely to present any problems in normal applications 
5% where notches are present. 
2 GH x The current design trends also require that the designer have 
o2 g quite accurate knowledge of the modulus of elasticity. The 
7 3 2 literature reveals a considerable amount of variation in the results 
a~ of different investigators [3, 4, 5,6]. These data, as well as some 
results from the present investigation, are shown in Fig. 12 for type 
347 stainless steel. These data were obtained from specimens 
2 40 4 taken from the central region (axial) of core drilling K and were 
2 Longitudinal ond Tronsverse — 
10 Thickness a |@ Roberts and Nortcliffe (3) 
-400 -200 200 400 600 6800 @) Gorotalo, Malenock, Smith (5) 
Temperature, °F |@ Frederick (6) 
Fig. 10 Notched-tensile date for type 347 large forging > Se Dota this 
7” 
Specimens Oriented in Thickness 
23 
~ 22 
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Test Temperature, °F 
Fig. 12 Variation of modulus of elasticity with temperature for type 347 
Fig.11 Charpy V-notch impact results for large type 347 forging austenitic stainless steel 
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oriented in the thickness direction. A Martin’s optical ex- 
tensometer was used on a 3-in-gage-length specimen. Four runs 
were made on each specimen at each temperature. Extreme care 
was taken to maintain consistent temperatures and rates of 
loading. It is believed that these data which were obtained under 
very carefully controlled conditions are the most accurate possible 
with the techniques and equipment available. Nevertheless, 
the relatively large variations in results between different sources 
of data certainly suggest that more investigation is necessary and 
that caution should be exercised when using currently available 
data for critical design purposes. 

The correlation of yield strength to hardness that was ob- 
served for the bar stock and intermediate-size forgings also pre- 
vails for the large forgings. These data for all three size cate- 
gories are shown in Fig. 7(6) where the solid triangles represent 
the large forgings. While there is a reasonably good general cor- 
relation of yield strength to hardness, it must be recognized that 
there can be an appreciable variation of yield strength at a given 
hardness level. 


Summary 


The tensile properties of annealed AISI type 304 and 347 
stainless steel were determined for the temperature range from 
75 to 800 F. Several lots of material were studied in each of three 
size categories. The sizes ranged from bar stock, to intermediate- 
size forgings, to very large forgings. In the forgings the effects 
of specimen location within the forging and specimen orientation 
with respect to the primary working directions were also studied. 

In all instances the effect of increased temperature was to de- 
crease both strength and ductility. This effect prevailed for all 
size categories and is most pronounced in the range from 75 to 
300 F. 

In any one size category a large difference of tensile properties, 
particularly yield strength and elongation, was observed between 
the various lots of a given type steel. This difference remained 
constant over the entire temperature range that was studied. 
The variation in properties correlated quite well with variations 
in hardness. The primary source of these variations was traced 
to differences in the annealing treatments that were given to the 
various lots of steel. When the various lots of a given type of 
material were given a consistent reannealing treatment, the 
variation in tensile properties was greatly reduced. 

Within any given lot of steel, the tensile properties were quite 
uniform. In the forgings it was possible to obtain samples from 
various locations. The properties were relatively consistent, in- 
dependent of the location from which the samples were taken. 
There was one exception. In the large forgings there was a varia- 
tion in ductility through the thickness of the forging. The central 
regions tended to exhibit poorer ductility than the surface regions. 
However, this difference only prevailed for specimens that were 
oriented such that their axis coincided with the thickness direc- 
tion of the forging. 

At any given location in a forging, the tensile ductility was 
found to be dependent upon the orientation of the specimen al- 
though the yield and ultimate strengths were not affected. In the 
one large forging in which all three orientations were investigated 
it was found that the ductility of specimens oriented in the thick- 
ness direction was about '/; of that of those oriented in either 
the transverse or longitudinal directions. However, notched- 
tensile and impact tests revealed that the poorer tensile ductility 
of this orientation did not lead to notched sensitivity or embrittle- 
ment problems. 


Conclusions 
1 A substantial variation in tensile properties, particularly 
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yield strength and elongation, prevails between different lots of 
either AISI type 304 or 347 annealed stainless steel. 

2 The variation in tensile properties correlates with varia- 
tions in the as-annealed hardness. 

3 The prime source of these variations is attributed to dif- 
ferences in annealing treatments. 

4 In order to obtain reasonably consistent properties from 
one lot of a given type of steel to another, it would appear 
nev vssary to specify the annealing treatment and/or the annealed 
hardness. 

5 An appreciable strength advantage, without a serious loss of 
ductility, could be realized by utilizing the higher hardness levels. 

6 In general, the properties of large forgings are comparable 
to those obtained in bar stock. 

7 The ductility of large forgings in the direction transverse 
(perpendicular) to the primary working direction is considerably 
poorer than the longitudinai direction. 

8 The relatively poor transverse ductility of large forgings 
does not lead to problems of notched sensitivity of embrittlement 
in the temperature range of interest (0 to 800 F). 
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A statistical study* of the results of the bar stock phase of this 
investigation revealed the following aspects which, upon further 
development, could have considerable potential for predicting 
the yield strength at elevated temperatures from a knowledge of 
room temperature yield strength and/or room temperature hard- 
ness. The effect of temperature on yield strength was found to be 
expressible as 


YS = kTx* 
where 


Ys 0.2 per cent offset yield strength 
k constant 

Tk absolute temperature (degrees Kelvin) 
b constant 


The values of k and b were found to vary considerably between the 
two types of steel. A similar variation, but of lesser magnitude 


* Conducted by Robert Hooke, Mathematics Department, 
Westinghouse Research Laboratories. 
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YS, 156 Bhn Type 347 


YS, 148 Bhn Type 347 


Predicted Measured Predicted Measured _ Predicted 
75 57,500 52,800 45,400 44,700 35,900 28 , 500 
400 46 ,030 43 ,000 37 ,300 37,000 27 ,600 22,900 
600 42,800 39 , 200 36,700 34,000 25 , 400 20, 
800 , 600 36,100 33 ,600 31,600 25 ,000 18,300 


prevailed between different heats of a given type of steel. Further 
consideration suggests that there may be some basic mechanism 
that provides a relationship between k and b. 

It was also found that yield strength is related to the Brinell 
hardness number “B.”’ A fairly strong linear relationship was 
found connecting log YS with B. Also, b and k can be separately 
expressed lineariy in terms of B. Application of the least squares 
method gave the following estimates: 


Type 304 Type 347 
b = —1.331 + 0.00506 B b= —1.448 + 0.00669 B 
k = 10° (3.570 — 0.01664 B) k = 10°(—0.751 + 0.00768 B) 


Thus from a knowledge of B the coefficients k and b may be de- 
termined. The yield strength YS is then obtained from the rela- 
tionship 


YS = kT,’ 


The above table illustrates the comparative values of measured 
YS and the YS predicted from a knowledge of B. 

While these results are not spectacular, they do indicate the 
feasibility of being able to predict the YS at a given temperature 
from a simple room temperature hardness measurement. Further 
considerations in the determination of the coefficients k and b and 
the possible introduction of some variable other than B may im- 
prove the predictions. In any event, these results do illustrate 
that the YS can be predicted much better from a knowledge of 
hardness (B) than without it. 


DISCUSSION 
W. L. Fleischmann® 


As usual, the authors have done a very systematic laboratory 
investigation which explains the differences in the tensile prop- 
“erties of annealed austenitic stainless steel. They arrived at 
three major conclusions: 


1 The prime source of these variations is attributed to 
differences in annealing treatment. 

2 In order to obtain reasonably consistent properties from 
one lot of a given type of steel to another, it would appear neces- 
sary to specify the annealing treatment and/or the annealed 
hardness. 

3 An appreciable strength advantage, without a serious 
loss of ductility, could be realized by utilizing the higher hard- 
ness levels. 

The discusser wishes to elaborate on these points from the 


* Consulting Engineer, KAPL Specifications and Design Practices, 
General Electric Company, Schenectady, N. Y. Mem. ASME, 


498 / DECEMBER 1961 


point of view of the engineer who wishes to take advantage of 
the data of that report. 

Control of the hot working operations and of the subsequent 
annealing treatments are necessary to obtain consistent me- 
chanical properties in the austenitic stainless steels. However, 
rather than specifying the final annealing treatment, it appears 
more desirable to establish limits for the mechanical properties 
especially for the significant and sensitive property, the yield 
strength. By including a maximum value for the yield strength 
in the specification, the final heat-treatment is controlled by an 
attribute measurable by the consumer. By this method, the 
consumer does not assume any responsibility for correct proc- 
essing but rather places the burden to meet the requirements of 
the specification upon the mill. 

The second point the authors made is that in the temperature 
range between room temperature and 800 F advantage of stain- 
less steel with higher yield strength than that obtainable in the 
annealed condition can be taken. Such an advance which is 
perfectly feasible requires that fabricators using the austenitic 
stainless steel in the hot cold-worked condition appreciate the 
fact that such material softens more readily in thermal treat- 
ment than the annealed stock. Thus certain limitations in the 
fabrication of components using hot cold-worked material have 
to be imposed. 

In summary, the work of Wessel and Pryle points the way to 
better utilization of expensive material, and it is hoped that the 
results of such work will lead to additional classes of austenitic 
stainless steel in the ASME Boiler and Pressure Vessel Code. 


Authors’ Closure 


The authors are indebted to Mr. Fleischmann for his timely 
discussion. The point suggesting the inclusion of a specification 
for the maximum allowable yield strength in lieu of an annealed 
hardness is well taken. This alternative is particularly favorable 
from the designer’s or consumer’s viewpoint since it rightfully 
places the burden of responsibility upon the steel producer. 

Regarding the second point which Mr. Fleishmann discusses, 
the authors did not intend to imply that the steels be used in the 
as-hot-worked condition. Rather, it was suggested that the 
higher hardness levels (higher strength) of apparently annealed 
material might be employed. Steel ‘“G”’ of Fig. 1 and steel “H” 
of Fig. 2 are examples of the hardness and strength levels that 
the authors had in mind. As-hot-rolled hardness and yield 
strengths would be of the order of 98 Rg and 80,000 psi. These 
two particular steels had, in all appearances, a fully recrystal- 
lized microstructure which is generally indicative of having been 
annealed. However, in spite of any possible confusion relative 
to the terminology of “annealed,’’ Mr. Fleishmann’s words of 
caution to the steel fabricators are certainly appropriate. 
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Effect of Combined Stress on Yield and 
Fracture Behavior of Zircaloy-2 


The yielding and fracture characteristics of Zircaloy-2 as a function of stress state 
were investigated at room temperature through the medium of thin-walled cylindrical 
specimens under internal pressure and axial tension. Stress states from uniaxial 
longitudinal tension to uniaxial tangential tension were examined. Two tests at ele- 
vated temperature were performed at a single stress ratio. 

It was found that the fracture ductility lessened with increasing biaxiality. A mini- 
mum in ductility was found at balanced biaxial tension where the fracture ductility, as 
expressed by the effective strain, was 29 per cent. The yielding and plastic flow proper- 
ties were found to be highly anisotropic. Two methods were used to express the plastic 
flow data: a graphical approach and a theoretical analysis based on a theory proposed 
by R. Hill, either one of which is suitable to express the flow properties of Zircaloy-2 


R. L. MEHAN 


Knolls Atomic Power Laboratory, 
General Electric Company, 
Schenectady, N. Y. 


under various states of combined stress. 


Introduction 


1s well known from past work [1, 2]' that the 
yield and fracture behavior of a metal is affected by the state of 
stress. For isotropic materials various theories are available that 
describe fairly well the initiation of yielding and subsequent 
plastic flow to the point where this flow becomes unstable as a 
function of stress state, but the situation is not as satisfactory 
from the standpoint of fracture. For anisotropic materials, par- 
ticularly those with a high degree of anisotropy, the picture is 
confused with respect to both yielding and fracture. Although 
several plastic flow theories have been proposed [3, 4, 5], little 
experimental evidence is available to test them. 

The present investigation was undertaken in order to better 
understand the yield and fracture characteristics of Zircaloy-2 as 
a function of stress state. Zircaloy-2 is a zirconium-tin alloy 
widely used in reactor cores as fuel element components and as 
other structural parts. It is known to be highly anisotropic. Be- 
cause of the importance of these Zircaloy-2 components, and the 
necessity that they perform satisfactorily without failure, it was 
considered desirable to ascertain how Zircaloy-2 behaves under 
states of combined stress. 

The technique chosen to obtain the desired states of stress in- 
volved the use of a thin-walled cylinder under internal pressure 
and axial tension. States of stress from uniaxial longitudinal 


1 Numbers in brackets designate References at end of paper. 
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at the Winter Annual Meeting, New York, N. Y., November 27-De- 
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Nomenclature 


tension to uniaxial tangential tension were studied at room tem- 
perature. The effect of temperature was examined at one stress 
state, that of internal pressure, at temperatures of 600 and 720 F. 

When dealing with uniaxial stress situations, the strain-harden- 
ing is customarily expressed in terms of the axial plastic strain. 
For multiaxial stress situations, this simple representation of the 
strain-hardening is no longer applicable; one must employ some 
function of all three principal plastic strains. What function of 
the principal plastic strains would constitute a proper and ac- 
curate measure of the strain-hardening is not now known, but 
this function is defined in this investigation as the “equivalent 
strain.’’ Several specific functions of the principal plastic strains 
have been proposed to represent the strain-hardening. One of 
these is the absolute value of the numerically largest principal 
plastic strain |e,|. Another is the effective strain 


_v2 


3 


Both of these quantities represent the strain-hardening quite 
well, and therefore both may be regarded as good approximations 
to the equivalent strain. The first is easier to compute, but the 
second is more widely employed and is believed by many to be a 
more accurate measure of equivalent strain than the first. Out 
of deference to custom, effective strain will be used as the measure 
of equivalent strain when dealing with the subject of ductility 
under multiaxial stress. However, the simple measure of equiva- 
lent strain (numerically largest principal plastic strain) will be 
used in analyzing the plastic flow behavior, in order to reduce the 
very large amount of numerical calculation. 


é = nominal strain, in./in. d’,, = final mean diameter, in. Subscripts 

€= true strain, in./in. f = original length, in. a,t,r = axial, tangential, and radial 
S = nominal stress, psi U = final length, in, directions, respectively 

o = true stress, psi = original thickness, in. 

P = external load, Ib t’ = final thickness, in. p = plastic strain 

p = internal pressure, psi A = original area, in.* rz, YY, rr 

d = original internal diameter, in. A’ = final area, in.* zz ™ Principal stresses 

a externas 3 = effective stress or strain 
d,, = original mean diameter, in. \ = plastic flow parameter ys 

d’ = final internal diameter, in. F, G, H, ‘ F 0 = (following a stress) yield 
d’, = final external diameter, in. L, M, N 2 ey Gas strength 
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Material and Test Procedure 


The material used in this investigation was reactor-grade 
Zircaloy-2. The chemical analysis of the Zircaloy and the proce- 
dure used to fabricate the test specimens appear in Tables 1 and 2, 
respectively. Specimens shown in Fig. 1 were machined from the 
Zircaloy-2 tubing. After machining, all specimens were heat- 
treated for '/. hr in vacuum at 775 C followed by a furnace cool. 
The microstructure after heat-treatment is shown in Fig. 2 at a 
magnification of 100. 


(BOTH ENDS) 


0.375 (REF.) 


5.79 
5.77 


Fig. 1 Test specimen machined from Zircaloy-2 tubing 


Element Per cent 
Tin 1.44 
Iron 0.13 
Chromium 0.12 
Nickel 0.043 


Testing was performed with a 10,000-lb Instron machine and a 
17,000-psi-capacity hydraulic Amsler Pendulum Dynamometer, 
the former for application of tensile loads and the latter for in- 
ternal pressure. Special adapters were used which allowed the 
simultaneous application of a tensile load and internal pressure. 

To conduct a test, the specimen was first carefully measured 
with micrometers to find its internal and external diameter. The 
wall thickness was obtained by difference. In the cases when 
stress-strain data were to be obtained, four A-8 SR-4 strain gages 
were placed on each specimen, two in the axial and two in the 
tangential direction. Each set of gages, axial and tangential, was 
wired with two external dummy gages to make up two separate 
strain gage circuits. The active and dummy gages were wired in 
series so that the average strain was obtained. Standard Baldwin 
Type-M strain indicators were used as read-out instruments. 
Unless the effect of lateral sensitivity was appreciable, corrections 
to strain readings were not made. 

The expressions for the average nominal stress in both the axial 
and transverse directions for a thin-walled cylinder under internal 
pressure and external load are 


(1) 
and 
Ss, = (2) 


If d,, and ¢ are known, the value of P/p for a particular ratio of 
S,/S, can be calculated. Because of the constant-head motion 
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Fig. 2 Microstructure of Zircaloy-2 after machining and heat-treatment 


Table 2 Fabrication procedure for Zircaloy-2 test specimens 


Fabrication process Dimensions after fabrication 
Vacuum melting me Ingot No. PM59-D14 
Forging 1740 F X 6'/:-in. billet 
Machining 33/s-in.-OD, */s-in.-ID tube 
Extrusion (22:1 ex- 

trusion ratio) 1470 F_—(0..875-in.-OD, 0.50-in.-ID tube 
Specimen machining aaa To Fig. 1 


feature of an Instron, the rate of application of the external load 
(P) could not be varied, so the internal pressure (p) was con- 
tinuously adjusted manually to its predetermined calculated 
value with respect to the external load. This was accomplished 
in the following way. One operator called off load values at cer- 
tain intervals (say 25 Ib) and another operator continuously ad- 
justed the internal pressure to correspond to its predetermined 
value, at the same time recording the data. A third operator was 
necessary if strain gage readings were to be obtained. 

This procedure was followed to fracture if no strain gages were 
used. If stress-strain information was being obtained, the test 
was interrupted and the specimen was unloaded after a small 
amount of plastic strain had been obtained (0.5 to 0.7 per cent); 
the specimen was measured and then reloaded to fracture. 

The values of the true fracture strains were obtained by measur- 
ing the final diameter and final wall thickness. These measure- 
ments were used to compute the true tangential and radial 
strains: 


é,=In— (3) 


t 
e, = In—. 4 
; (4) 


The axial strain was obtained from the constant volume condi- 
tion, that is, 


= 0. (5) 


For purposes of comparison, the fracture strain was expressed as 
a true effective strain, given by the expression: 
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— €,)* + (e, — €,)* — €)*. (6) 


Similarly, the fracture stress was expressed as the true effective 
stress: 

1 

V2 (¢, + (¢, = + (¢, (7) 


The two tests at elevated temperature were performed with 
water as a pressurizing medium. Because only the ratio S,/S, 
= 0.5 was investigated at elevated temperature, no axial load 
was necessary. Heat was supplied by a Nichrome wound furnace. 
Fracture strains were measured in the usual manner. 


Test Results and Discussion 


Fracture Behavior. The values of the fracture strains and frac- 
ture stresses for Zircaloy-2 are shown in Table 3 and Fig. 3. 
(For comparison purposes, the rupture ductility of 1020 steel [1] 
and 75S-T6 aluminum [6] is also shown in Fig. 3.) Representa- 
tive appearances of the fractures as a function of stress ratio are 
shown in Fig. 4. 

The test results show that the fracture ductility, expressed as 
effective strain, decreases from the uniaxial] longitudinal value 
(S,/S, = ©) with increasing biaxiality until a minimum at 
balanced biaxiality (S,/S, = 1) is reached. Thereafter the duc- 
tility increases. No values were obtained at the uniaxial tan- 
gential value (S,/S, = 0). It should be noted that the minimum 
value of ductility at balanced biaxiality, 29 per cent, is still a 


large number, even though a decrease of over 50 per cent was 
obtained from uniaxial longitudinal tension. 

As seen in Fig. 3, the general behavior of 1020 steel and 75S-T6 
aluminum is similar to that of Zircaloy-2: The ductility falls with 
increasing biaxiality. However, Zircaloy-2 shows an increase in 
ductility after balanced biaxiality. This behavior is absent in 
75S-T6 and occurs only slightly in 1020 steel after a stress ratio 
S,/S, = 0.5. In addition, the minimum ductility in Zircaloy-2, 
29 per cent, is considerably higher than that obtained for either 
steel or the aluminum alloy. 

80 T T 


70> 
\e 1020 STEEL ,REFERENCE | 


ZIRCALOY-2, 
60 720°F 4 


w 


O ZIRCALOY-2, 
600°F 


ZIRCALOY-2, 
\ ROOM TEMPERATURE | 


EFFECTIVE STRAIN, % 


75S-T6 ALUMINUM, 
~ REFERENCE 9 


Fig.3 Fracture ductility of Zircaloy-2, 1020 steel, and 75S-T6 aluminum 


as a function of stress state 


1 


Fig. 4 Appearance of fractured Zircaloy-2 test specimens 
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we 
a 
V2 
3 
\ 
\ 
\ 
\ 
: 
| 
0 1.0 05 
So/St 
we 


no. S./S: €: 
9 Room —24.4 36.1 60.5 
6 —39.3 30.8 70.1 
l 2.0 —9.4 30.2 39.6 
8 2.5 —16.8 29.2 46.0 
14 2.5 —13.8 29.0 42.8 
12 1.0 12.6 29.0 16.4 
10 1.0 14.5 28.6 14.1 
13 0.5 38.6 29.9 -8.7 
15 Room 0.5 33.0 32.9 -0.1 
20 600 0.5 31.3 27.6 -—3.7 
21 720 0.5 27.8 64.4 36.6 


@ 25 
80 


Table 3 Values of fracture stresses and strains 


STRESS RATIO (Se 


60.8 104,000 104,000 
70.3 116,000 116,000 
41.4 36,700 1900 117,900 106 , 000 
46.5 38 , 800 2180 127 ,500 115,000 
43.6 39, 200 2140 122,800 110,000 
29.1 149 ,000 6250 134,000 147,000 
28.7 147 ,000 6100 128 ,000 145,000 
40.4 134,000 4250 67 ,000 119,000 
34.1 99 ,000 6200 49 , 500 
64.5 


0.5 ie) 


T T 
SPECIMEN 9 SPECIMEN !4 
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t 
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06 0 o2 O60 o2 04 O06 O 02 04 O6 
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Fig. 5 


Also shown in Table 3 and Fig. 3 are the fracture ductilities for 
the two elevated-temperature tests performed at a stress ratio of 
S,/S, = 0.5. The ductility at 600 F is slightly lower than the 
room temperature value, while that at 720 F is considerably 
higher. The slight decrease obtained at 600 F may be merely a 
matter of experimental scatter, but the increased value at 720 F 
is in line with the observed rapid increase in uniaxial ductility 
with increasing temperature above 600 F [1]. 

An examination of Table 3 shows that at stress ratios of S,/S, 
= 0.5 the axial strain is quite close to zero (within experimental 
error) except in the case of the 720 F test. A value of zero is pre- 
dicted by classical isotropic flow theory and, in spite of the 
anisotropic characteristics of Zircaloy-2, this value seems to hold 
except for the single exception of the 720 F value. In this case 
a large, positive axial strain was computed. Such behavior is 
probably related to the temperature dependence of anisotropic 
fracture as shown by elliptical fracture cross sections in uniaxial 
tensile tests. The question is examined in more detail in the 
Appendix. 

Yielding and Plastic Flow Behavior. The stress-strain relationships 
obtained from strain gage measurements are shown graphically 
as a function of stress ratio in Fig. 5. Only small values (about 
0.7 per cent) of plastic strain were examined because of the in- 
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Plastic flow behavior of Zircaloy-2 as a function of stress state 


herent limitations of SR-4 strain gages at large plastic strains. 
For two stress ratios, S,/S, = © and S,/S, = 0.5, true stress- 
true strain curves were obtained for larger values of plastic strain. 
These are shown in Fig. 6. Changes in diameter and length were 
measured simultaneously by means of a micrometer and an 
extensometer, respectively. 

A correction factor is included in the data shown in Fig. 5. 
It was noted that when internal pressure was applied in a par- 
ticular test, excluding only the case of S,/S, = ©, the measured 
tangential strain (obtained by micrometer measurements) was 
twice the indicated strain shown by the gages. This occurred in 
almost all cases. Where measured tangential strain disagreed 
with indicated strains, the indicated strains were increased by a 
factor of 2.? 

It will be noted that the data in Fig. 5 show large deviations 
from those values expected for isotropic materials. For example, 
at a stress ratio of S,/S, = 1 isotropic flow theory predicts that 

? This discrepancy between micrometer and gage strain measure- 
ments was identified during analysis of the data following completion 
of the experiments and disassembly of the test apparatus. Efforts to 
positively identify the source of the discrepancy were unsuccessful. 
Therefore all the strain gage data were corrected in such a way that 


agreement would be obtained with the micrometer measurements at 
the single point where both types of measurements were taken. 


Transactions of the ASME 


Stress 
Specimen ratio, 
64 | | 
48 
32 
64 
a8 
32 
04 060 02 04 
| 


Stress 
Specimen ratio, 
no. 

6 @ 


g 


TRUE STRESS, PSi «10° 


3 


4 


6 12 
TRUE STRAIN, % 


Fig. 6 Plastic flow behavior to large strains at two stress ratios 


the yield strengths in the axial and tangential direction are equal. 
This is obviously not the case. Similar deviations are noted at 
other values of S,/S,. 

The data shown in Fig. 5 must be analyzed by some technique 
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Table 4 Plastic strains in the three principal directions, yin./in. 


—Stress level (S,) and associated plastic strains-————————_—_-_———. 


47 ,500 
4,700 


= 


2 
2 


49 ,000 
1,125 
—450 
—675 
1,125 

50,000 
1,900 
—750 

—1,150 
1,900 


in order to put them into more useful form, particularly for solv- 
ing problems. The process of analysis can be carried out in either 
one of two ways: A graphical approach can be used, or the data 
can be expressed by some theoretical equation containing ex- 
perimental constants. For the present data both approaches will 
be used. The “effective strain,” 


= V (erp — + — + (Crp — (8) 
which has been previously used in this report when discussing 
fracture behavior, requires a very large amount of numerical cal- 
culation. Consequently, in analyzing the data in Fig. 5, the 
numerically largest principal plastic strain |e,| will be used.’ 
The two quantities are very nearly the same in the present case, 
regardless of the stress state. 

In Table 4 the values of the three principal plastic strains and 
the largest absolute value of plastic strain at various stress levels 
are shown as a function of stress ratio. These values were ob- 
tained directly from Fig. 5. From Table 4 (and Fig. 6 for the 


* The conventional plastic strain can be used instead of the true 
plastic strain because the two quantities are essentially equal for these 
small strains. 
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Si(psi) 34,300 36,500 38,500 40 ,000 45,000 | 
Cap 250 500 750 1,000 2,850 
tp —180 —300 —500 —700 —1,950 —2,950 
Crp —70 — 200 —250 300 —900 —1,750 
jep| 250 500 750 1,000 2,850 4,700 
9 Si 30, 500 33, 200 35,000 36, 500 40,000 45,000 
Cap 250 500 750 1,000 2,000 4,600 
etp —150 — 250 —400 —550 —1,000 —2,300 
erp —100 —250 —350 —450 —1,000 —2,300 
|ep| 250 500 750 1,000 2,000 4,600 
11 0 Si 38,000 43 ,000 45,500 46,000 
Cap —25 —150 — 280 —350 
> €tp 0 250 500 570 
Crp —25 —100 —220 —220 
\ep 25 250 500 570 
17 0 S: 48, 200 50,200 51,200 52,500 
Cap —225 —350 — 425 —525 
250 500 750 1,000 
Crp —25 —150 —325 —475 
lep| 250 500 750 1,000 
12 1 47,500 52,000 55,000 57,500 60,000 65,000 , 000 72,500 
Cap 250 500 750 1,000 1,350 2,400 = 5,000 
Cup 0 0 0 0 0 300 1,700 
erp — 250 — 500 —750 —1,000 —1,350 —2,000 —6,700 
|ep| 250 500 750 1,000 1,350 2,400 6,700 
10 1 8, 47 ,000 52,400 55,800 58, 400 62,000 64,000 
Cap 250 500 750 1,000 1,200 1,475 
€tp 0 0 0 0 0 75 |__| 
Crp —250 —500 —750 —1,000 —1,200 —1,550 a 
\ep| 250 500 750 1,000 1,200 1,550 
13 0.5 Si 64,800 67 ,500 70,000 72,500 74,000 
Cap 0 —30 —110 — 220 —640 
€tp 500 880 1,440 2,240 3,240 
Crp —500 —850 —1,320 —2,020 —2,600 
ley] 500 880 1,440 2,240 3,240 
15 0.5 Si 60,000 62,500 65 ,000 67 , 500 70,000 72,000 
Cap 0 0 0 —60 — 200 —340 
Cp 240 380 600 720 1,480 2,400 
€rp —240 —380 —600 —600 —1,280 —2,160 
ley! 240 380 600 720 1,480 2,400 
8 2.5 35,000 40,000 42,000 44,000 46,000 48 ,000 
Cap 125 350 400 550 750 975 
tp —15 —75 —125 175 —250 —360 
: erp —110 —275 275 —325 —500 —615 
lep| 125 350 400 550 750 975 
14 2.5 35,000 40,000 42,000 44,000 46,000 48,000 52,000 
€ap 200 450 650 800 1,100 1,450 2,700 
: Ctp —50 —175 —225 — 250 —350 — 500 —1,050 
Crp —150 —275 —425 —550 —750 —950 —1,650 
|ep| 200 450 650 800 1,100 1,140 2,700 
vs €, FOR So/S; *0.5 
| €, FOR So/S 
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Fig. 7 Graphical presentation of nominal stress required for various amounts of plastic strain as a function 


of stress ratio 


1 per cent values) it is possible to construct Fig. 7, which shows 
the relationship between stress and strain for various biaxial 
ratios. If an isotropic material were being considered and if the 
von Mises condition for plastic flow were used, this figure would 
correspond to a family of ellipses. 

From Fig. 7 it is possible to tell what stress is needed for a cer- 
tain amount of plastic flow up to 1.0 per cent (extrapolated). At 
a stress ratio of S,/S, = 1.0, for example, an axial or tangential 
stress of 58,000 psi is needed for 0.1 per cent equivalent plastic 
strain, where the plastic strain is defined as the absolute value of 
the largest of the three principal strains. However, from Fig. 7 
alone it is not possible to tell the relative magnitudes of the 
various principal plastic strains. Another item of information is 
necessary for this. 

The graph necessary to determine the magnitudes and signs of 
the principal strains is shown in Fig. 8 where the ratio e,,/e,, is 
plotted versus stress ratio. For purposes of comporison, isotropic 
behavior is also shown. In using this graph, the quantity le,»| is 
always negative. Note should also be made of the different curves 
for values of |e,| above and below 0.1 per cent. 

The plastic flow data obtained in this investigation are es- 
sentially condensed in Figs. 7 and 8, in which form they are usable 
for design problems. As an example of their use, the values of the 
principal strains at various stress levels will be computed from 
Figs. 7 and 8 for a stress ratio of S,/S, = 0.5 and then compared 
with that originally obtained. 

From Fig. 7, values of axial and tangential stress are read off 
the line labeled S,/S, = 0.5 for various values of |e,|. From Fig. 
8 it is seen that the value of ¢,,/e,, is equal to zero for strains less 
than 0.1 per cent and equal to 0.2 for strains greater than 0.1 per 
cent. Keeping in mind that e¢,, is always negative and using the 
constant volume condition, Equation (5), it is possible to con- 
struct Table 5. The values of the axial and tangential strains 
listed in the table may be compared with those originally ob- 
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Fig. 8 Strain ratio versus stress ratio for various amounts of plastic flow 


Sq/ 


tained from strain gage data at the same stress levels. This com- 
parison is shown in Table 6. 

These results are typical of those obtained when comparing re- 
computed with original data at all stress ratios. The errors at 
large strains average about 5 to 10 per cent of the magnitude of 
the strain and at small strains‘ have an absolute value of about 
50 yin/in. Part of this error is due to the scatter of the test 
results themselves and the subsequent averaging of the values. 


‘ Relative error cannot be computed when the strain is zero. 
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Table 5 Principal strains computed from Figs. 7 and 8 


Cap/€rp 


Cap 


Table 6 Comparison of original and recomputed strain data 


Axial stress, Axial plastic strain, per cent 
psi Original Recomputed 
0 
0 
0 
—0.004 
—0.008 
—0.02 
—0.038 
Not 
obtained 


* Average of two tests. 


Extrapolation to higher values than 0.2 per cent should be per- 
formed with extreme caution. Contained in Fig. 7 is a dotted 
curve at the 1.0 per cent level of |e,|, obtained from the two tests 
at stress ratios of S,/S, = © and S,/S, = 0.5. Although the 
dotted curve in Fig. 7 may be used as an approximation to biaxial 
behavior at higher values of strain, the results probably are some- 
what inaccurate. For example, the indicated axial contraction at 
S,/S, = 0.5 cannot increase indefinitely, since the fracture strain 
shows only a very slight negative axial strain. 

In addition to the graphical approach just discussed, it is also 
possible to fit the data to some theoretical equation containing 
experimental constants. This approach will be used with a theory 
for anisotropic yielding proposed by Hill [5]. 

From fundamental! considerations Hill proposed the following 
equation, similar to the von Mises condition, for anisotropic 
yielding: 


F(S,, S,,)? + GS,, S,,)" + H(S,, S,,)? 


+ 2LS,,2 + 2MS,,* + 2NS,,? = 1. (9) 


In the present case all stresses are principal stresses so the shear 
stresses drop out. Equation (9) then reduces to 


F(S,, — S,,)* + G(S,, — S,.)* + H(8,, — 8,,)* = 1. (10) 


When we apply Equation (10) to a tube and change the co-ordi- 
nates accordingly, we have 


F(S, — S,)* + GS, S,)? + H(S,—S)*=1. (11) 


For a thin-walled tube, the radial stress is approximately zero and 
the final expression is 


P(S,)* + G(S,)! + H(S, = 1. (12) 
It will be noted that for the isotropic case F = G = H = 1/28,?, 
and Equation (12) reduces to the familiar von Mises equation. 

To apply this equation to anisotropic plastic flow, it is necessary 
to express the anisotropy constants F, G, and H in terms of the 
initial yield strengths in the three principal directions. Accord- 
ing to Hill, this may be done in either of two ways—directly from 
the yield strengths or indirectly from plastic strain considerations. 

The anisotropy constants, according to Hill, are related to the 
three principal yield strengths by means of the following equa- 
tions: 
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Tangential plastic strain, 
per cent 
Original* Recomputed 


Tangential 
stress, psi 


1 
2H = — — 
Sao? Sx? 

Again it will be seen that if the three yield strengths are equal 
(isotropic behavior), F = G = H = 1/2S,?. To apply Equations 
(13), it is necessary either to determine the three principal yield 
strengths experimentally or to determine two of them and assume 
the third is related in some way to the other two. 

Another way of determining the anisotropy constants is to use 
the system of equations Hill develops relating differential strains, 
stresses, and the anisotropy constants. 

de, [H(S, S,) + GS, S,)] 
de, = dd\[F(S, — S,) + H(S, — S,)] 
de, = dd(G(S, — S,) + F(S, — 8,)]. 
For the thin-walled-tube case, the equations reduce to 
de, = dd[H(S, — S,) + GS,] 
de, = dd\[FS, + H(S, — 8,)] 


de, = dd[—GS, — FS,). 


(14) 


(15) 


From (15) it is possible to determine the ratio of the anisotropy 
constants as a function of strain ratio for three stress states: 


(for S, = 0) 


(for S, = 0) 


(for S, = S,). 


de, F 


To apply Equations (16), all that is necessary is to substitute ex- 


perimental values for the various strain ratios and from them 
obtain the values of the ratios of the anisotropy constants. By 
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per cent Sa, psi Sy psi | = etp erp 
0 25,000 50,000 0 0 0 
0.025 30,000 60 ,000 0 0.025 —0.025 
0.05 32,500 65 ,000 0 0.05 —0.05 
0.075 33 , 500 67 ,000 0 0.075 —0.075 
0.1 34,000 68 , 000 0 0.1 —0.10 
0.15 35,000 70,000 2 —0.025 0.15 —0.125 
0.2 36 ,000 72,000 2 —0.033 0.2 —0.167 
1.0 40 ,000 80,000 2 —0.167 1.0 —0.834 
50,000 0 0 
60 ,000 0.022 0.025 
65 ,000 0.056 0.05 
; 67 ,000 0.082 0.075 
: 68 ,000 0.102 0.1 
70,000 0.148 0.15 
72,000 0.22 0.2 
80,000 1.0 1.0 
ous 
1 1 1 
So? Sn? 
1 1 1 
Sa + Sa? Sa? (13) 
de, 
de, 
(16) 
de, 


THEORETICAL CURVE BASED 
ON HILL'S ANALYSIS FOR 
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Fig. 9 Yield curve for 0.05 per cent plastic strain as obtained from Hill's 
analysis 


using Equations (13), it is possible to express the anisotropy con- 
stants as yield ratios and then substitute in Equation (11). 

To apply these theoretical predictions of Hill to the case of 
Zirealoy-2, a simplification is possible for equivalent plastic 
strains less than 0.1 per cent. In these cases the axial strain is 
zero for stress ratios of S,/S, = 0.5, and the relationship between 
the anisotropy constants can be obtained directly. Using Equa- 
tions (15) and letting S, = 1/2S,, we have 


de, = 0 = d\S,(—H + G@) 
de, = ddS,(2F + H) (17) 
de, = ddS,(—G — 2F). 


Equation (17) can only be satisfied if H = G. Using this relation 
between H and G and substituting in the last two equations of 
(13), it is possible to conclude that the yield strengths in the radial 
and tangential direction are equal: 


S.? Sao? So? 


Ba?" Bat 


and S» = Sw». This, then, is a prediction of Hill’s theory: If 
the axial plastic strain is zero for S,/S, = 0.5, two of the three 
principal yield strengths are equal. 

From the identity (below |e,| = 0.1 per cent) between the tan- 
gential and radial yield strengths, it is possible to express the 


anisotropy constants as functions of the yield strengths from 
(13): 


) 
So? 28 ao? (28 @?)( Sao?) 
@=— 


(18) 


Finally, Equation (18) is substituted into Equation (12). The 
final expression in terms of the axial, tangential, and radial 
stresses is: 
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8S, Ss, \? 

(3) Sao? (19) 
It is seen that Equation (19) is quite similar to the biaxial von 
Mises condition, except that the yield strengths in both the axial 
and tangential directions are present. Equation (19) is shown 
graphically in Fig. 9 as a dimensionless ratio, using experimental 
values of Sao and S» at 0.05 per cent plastic strain. For purposes 
of comparison the isotropic case is also shown. 

The experimental points obtained from Fig. 5 are shown in Fig. 
9. The values were obtained as previously discussed in the 
graphical approach. As can be seen, agreement between theory 
and experiment is excellent except at a stress ratio of S,/S, = 
1.0. 

Having obtained the results shown in Fig. 9, it is now of in- 
terest to determine if (1) the same results would be obtained by 
using the strain data from Equation (16), and (2) the experimental 
and calculated strains agree. To do this, actual values of the 
strain ratios in (16) are needed. 

In obtaining these ratios the original data shown in Fig. 5 were 
used at the largest strains available (~0.8 per cent) at each stress 
ratio. The figures obtained from each specimen are as follows: 


Average 


1.69, 1.00 1,34 
G 69, 1: “ 


L150, 3.50 2.54 
F 
€ G 
=—-= 2.94, 2.08 2.51 
H 


In view of the necessary identity, 
H F G 


and the considerable scatter involved, the following values are 
not unreasonable: 


The values of H, G, and F from the above are 
H=G=1 
F = 0.4. 


It can be seen, therefore, that the ratio H/G = 1, which was ob- 
tained more directly before, is also in qualitative agreement with 
the strain data. Equation (19) and Fig. 9 follow from this as be- 
fore. 

In considering the experimental and calculated strains, it is 
necessary to substitute the numerical values of H, G, and F into 
Equation (15). If this is done, we have: 


= A(2S, 8, 
e, = (1.48, — S,) (20) 


From Equation (20), the strain ratios at various values of stress 
ratios may be formulated. These are shown in Table 7. 
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From the values in the table the quantity e,/e, may be plotted 
versus stress ratio as was previously done in Fig. 8. Fig. 10 is 
identical to Fig. 8 except that the predirected ratios from Hill’s 
theory have been added. As can be seen, the results are in quali- 
tative agreement with the experimental results. 
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Fig. 10 Strain ratio versus stress ratio 


From the foregoing, it seems that Hill’s theory agrees at least 
qualitatively with the experimental results on Zircaloy-2. The 
data, unfortunately, are not complete or precise enough to eval- 
uate Hill’s predictions fully. It was not, of course, the intent of 
this investigation to verify various plasticity laws. All that can 
be said is that the theory is not unreasonable. 


Conclusions 


The following conclusions may be drawn: 


1 The fracture ductility, defined as effective strain, is 65 per 
cent in uniaxial tension (S,/S, = ©) and decreases with increas- 
ing ratio of tangential to axial stress. A minimum of 29 per cent 
is reached at balanced biaxial tension and then the ductility again 
increases up to the limit of stress ratios investigated (S,/S, = 
0.5). 

2 A temperature of 720 F and a stress ratio corresponding to 
internal pressure (S,/S, = 0.5) increase the fracture ductility. 
A temperature of 600 F at the same stress ratio has either no 
effect or causes a slight reduction in the fracture ductility. 

3 The yielding and plastic flow of Zircaloy-2 is highly aniso- 
tropic. Either a graphical approach or a theoretical analysis 
based on work by Hill is applicable in analyzing the data. 
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Temperature Dependence of Anisotropic Fracture in 
Uniaxial Tension Tests 

A material which is anisotropic in its strength properties, such 
as Zirealoy-2, wil! also show anisotropic behavior in its uniaxial 
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Fig. 11 Ellipticality ratio versus test temperature for Zircaloy-2 tensile 
specimens 
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Fig. 12 True strain ratio versus test temperature for Zircaloy-2 tensile 
specimens 


fracture characteristics. This is shown by elliptical fracture cross 
sections in tensile tests and is due to the fact that the strain ratios 
in two of the three principal directions are not equal to unity. 

Information is available on the anisotropy of fracture strains of 
annealed Zircaloy-2 tensile specimens [8]. Although the fabrica- 
tion history, as far as per cent hot and cold work is concerned, is 
not entirely similar to that of the Zircaloy-2 cylindrical speci- 
mens used in this investigation, the working is similar in nature, 
and, as an approximation, is comparable. 

In Fig. 11 the ellipticality (ratio of major to minor diameter) 
for Zircaloy-2 tensile specimens is shown as a function of tem- 
perature. From past work [9] it is known that the minor diame- 
ter of the fracture surface is parallel to the plate surface. From 
Fig. 11, letting the z-direction be the rolling direction, the y-direc- 
tion the one transverse to rolling, and the z-direction the thickness 
direction, it is possible to plot the true strain ratios, €,/¢, and 
€,/€,, a8 & function of temperature. This is shown in Fig. 12. 

The interesting point in Fig. 12 is the fact that the ratio €,/e, 
(which corresponds to ¢€,/€, for the biaxial tests) is constant with 
temperature up to about 700 F and then increases. This is quali- 
tatively in accordance with the biaxial results at a stress ratio of 
S,/S, = 0.5 versus temperature, where €,/€, remains constant up 
to 600 F but shows a deviation at 720 F. Although it was not 
found possible to relate quantitatively the data in Fig. 12 to the 
biaxial results, the general conclusion is that the anisotropic frac- 
ture characteristics change with temperature in a manner some- 
what similar to that shown in Fig. 12. 


DISCUSSION 
C. R. Kennedy® 


The author is to be commended for this paper which is one of 
the too infrequent investigations of structural materials needed 
to further an understanding of basic engineering principles. The 
results of investigations of this type furnish experimental data 
which may be used to establish or verify and yield confidence 
limits to previously established methods of solution. 

The author of this paper and the discussers, Rittenhouse and 
Picklesimer, have demonstrated the complex nature of correlating 
the yielding characteristics of Zircaloy-2. However, both the 
author and the discussers have entirely neglected an analysis of 
the fracture characteristics. The author’s data may be shown to 

‘Metallurgy Division, Oak Ridge National Laboratory,* Oak 
Ridge, Tenn. 


* Operated for the U. 8. Atomic Energy Commission by the Union 
Carbide Corporation. 
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demonstrate several important relationships concerning the frac- 
ture stresses and fracture ductility of Zircaloy-2 under complex 
stresses. This discussion utilizes the Hill equation, 

F(S, — S8,)* + GS, — 8,* + (21) 


For the fracture results listed in Table 3 of the text, the constants 
F, G, and H were determined to be: 


F = G = 2.7 X 10™" 
H = 65 X 10-4 
H/F = 24 
F/G =1 


Fig. 13 demonstrates the fit of the data to Equation (21). Al- 
though the curve misses two points completely, the equation does 
furnish a fairly good approximate description of the fracture 
stresses. 

The discusser, in a previous paper,’ demonstrated a relationship 
for the ductility of isotropic materials under complex creep 
stresses. This relationship can be made more general by the use 
of the Hill constants, 


= B[H(S, — S.) + F(S, — S,)] 
E/ = B[H(S, — Se) + F(S, — S,)] 
E/ = BiG(S, — + F(S, — 8,)) 


(22) 


where E,’, E/, and E,/ are fracture strains. These equations 
were found to correlate the Inconel creep-rupture strain data 
where H = F = G for isotropic materials. This correlation is 
shown in Fig. 14, which also demonstrates that isotropic materials 
under tension-tension stress states do not experience a loss of 
ductility. In the case of creep, the constant B varies with the 
maximum principal stress. In the case of tensile testing aniso- 
tropic Zircaloy-2, it is not unreasonable to assume that B times 
the maximum principal stress is a constant. Thus the constants 
H, G, and F can be determined quite readily and were found to 
be: 


7™C. R. Kennedy, W. O. Harms, and D. A. Douglas, ‘Multiaxial 
Creep Studies on Inconel at 1500°F,"’ Trans. ASME, Series D, 
JouRNAL or Basic ENGINEERING, vol. 81, 1959, p. 599. 


F (S,-5)* + + =1 


F=6=27xI0" H=65x10 


H/F =24 F/G=4 
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Fig. 13 Fracture characteristics of extruded Zircaloy-2 tubing (R. L 
Mehan) 
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Fig. 14 Plot of rupture strain ratio and rupture shear strain ratio versus stress ratio 


H/G = 2.78 
F/G =1 


The agreement of Equation (22) with the data is shown in Fig. 15 
and is fairly good considering the normal scatter found in these 
types of results. The closest agreement of the data and Equation 
(22) is found in the correlation between stress state and fracture 
ductility as shown in the upper part of Fig. 15. 
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It is immediately evident that Hill’s constants determined by 
fracture stresses and strains are very close with"H/G = 2.4 and 
2.78, respectively, and F/G = 1 in both cases. It is also evident 
that these values of the constants do not agree with those of the 
author for yielding. This evidence supports the objection of 
Picklesimer and Rittenhouse as to the use of Hill’s equations for 
correlating the yielding characteristics. It is unfortunate that 
the author did not recognize these objections and thus demon- 
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Fig. 15 Plot of rupture strain ratio versus stress ratio for Zircaloy-2 
tensile tests 


strate the variation of constants with deformation. Although it is 
apparent that the conditions are not met for the use of Hill’s 
equations to easily describe vielding, the conditions for describing 
the fracture characteristics appear to meet the requirements 
more closely. The conditions that require the principal stress 
axis and the axis of anisotropy to be orthogonal and to coincide 
are always in question without further investigation. However, a 
good approximate solution for describing the fracture charac- 
teristics does appear available. An important result of this 
analysis is that the fracture ductility can be obtained by the Hill 
equations. There are several instances that indicate that the 
severity of anisotropy increases with temperature. Thus it can 
be expected that there will also be an accompanying loss of duc- 
tility under tension-tension stress states. This will or will not be 
a problem as, in general, at temperatures where anisotropy at frac- 
ture increases, there is also an increase in the over-all ductility. 
Thus the loss of ductility will only be a problem where the alloy is 
subjected to an embrittling environment. 

Again, I want to commend the author for this work, for only 
through investigations of this type will the problems that exist be 
recognized and thrown in the light for solution. 
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M. L. Picklesimer and P. L. Rittenhouse* 


One of the most difficult problems encountered in the design of 
reactor components using a material as anisotropic in properties 
as Zircaloy-2 is the necessity of using the design criteria for cubic 
metals which has been ¢mpirically developed from analyses of 
service failures. Since service failures cannot be permitted in 
reactor systems, a considerable body of experimental data on the 
anisotropy of alpha-zirconium alloys, correlated to fabrication 
variables, preferred orientation, testing temperature, and type of 
testing must be collected before adequate and usable design cri- 
teria can be established or a suitable theory of anisotropy of 
properties can be developed and tested. None of the presently 
available theories of anisotropy seems to be adequate nor can we 
yet see how to extend or modify them to make them adequate. 

The author of the present paper is to be commended on the 
initiation of the type of investigation in Zircaloy-2 tubing neces- 
sary to provide some of the required experimental data. The 
graphical approach used by the author in presenting his experi- 
mental data will permit design engineers to empirically solve 
some of their problems in the utilization of Zircaloy-2 tubing. 

However, we cannot agree that Hill’s theory of anisotropy can 
be used to analyze the data reported, nor that Hill’s theory, as 
presently established, can be modified to allow numerical solu- 
tions of design problems or the correlation of experimental data 
on anisotropy in Zircaloy-2. The use of Hill’s theory for numeri- 
cal solutions requires, as stated in his original paper, |10]'° that 
(1) principal axes of anisotropy can be defined, (2) the anisotropy 
has three mutually orthogonal planes of symmetry at every point, 
(3) the principal axes of anisotropy either coincide with the 
principal stress axes and the principal strain axes or the trans- 
formation relationships between them be known, (4) experimental 
testing can be conducted with specimen axes oriented along the 
principal axes of anisotropy, (5) the principal axes of anisotropy 
do not rotate during straining, (6) the anisotropy constants re- 
main constant for finite strains, (7) the ratios of strain-increments, 
not strains, be used for evaluation of the anisotropy constants, 
and (8) the stress-strain relationships be the same for both tension 
and compression. 

It would be expected that, for biaxial testing of tubing in the 
manner used by the author, the principal axes of stress and strain 
would be identical, and that they would coincide with the 
principal axes of anisotropy in cubic metals. Such is not neces- 
sarily true for hexagonal metals. Data reported by Tuxworth [11, 
12] on the preferred orientation in extruded, and extruded and 
worked, thick-walled Zircaloy-2 tubing has shown that the basal 
pole of the close-packed-hexagonal unit cell can be concentrated in 
the extrusion direction, in the radial direction, in the tangential 
direction, or at 45 deg to the tangential and radial directions, de- 
pending on the extrusion ratio, the extrusion technique, and the 
amount of cold-working after extrusion. In each case the prin- 
cipal axes of anisotropy would be differently oriented to the 
tubing axes and would not necessarily coincide with the stress axes. 

The author’s data indicate that either the principal axes of 
anisotropy rotate, or that the anisotropy constants change in 
value during straining, as shown by the different curves for prin- 
cipal strains less than and greater than 0.1 per cent in his Fig. 8. 
Further, the agreement between the experimental data and the 

curve derived from Hill’s theory (Fig. 10) is better for principal 
strains greater than 0.1 per cent than for strains less than 0.1 per 
cent, indicating that a greater change in value or orientation 
occurs for the first small increments of strain than for the later 
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and larger increments of strain. The agreement at larger strains 
and lack of agreement for strains of less than 0.1 per cent also 
show that strain-increment ratios, not strain ratios, must be used 
for evaluating the anisotropy constants. 

The author concludes that, because Equation (17) can be 
satisfied only if H = G, the yield strengths in the radial and 
tangential directions are equal. We cannot agree. He evaluates 
Equation (17) at an equivalent plastic strain where the total axial 
strain is zero, when the values of the differential strain should 
be used. An examination of the author’s Fig. 5 and Table 4 will 
show that this value is not zero. In addition, Zircaloy-2 does not 
have a true or single yield point, and, therefore, cannot have a 
yield strength within the usual meaning. For this reason we feel 
that only flow strengths can be discussed. Even if the flow 
strengths in the radial and tangential directions happen to be 
equal at some selected value of total or differential strain, it does 
not necessarily follow that they are equal at any other value of 
strain slightly greater or less. 

The discussers have just completed an extensive study of the 
effects of fabrication variables and heat-treatments on the anisot- 
ropy of mechanical properties, anisotropy of strain behavior, and 
preferred orientation in plate Zircaloy-2 (ref. [13, 14]). The data 
show that there are no consistent relationships between principal 
axes of anisotropy as defined by yield strength, tensile strength, 
elongation, reduction in area, or impact behavior. The principal 
axes of anisotropy as defined by an axial strain-contractile strain 
analysis on circular cross-section tensile specimens show the most 
consistent and useful correlation of the experimental data, par- 
ticularly in comparison with those defined by the preferred orien- 
tation. Even so, in many cases, the principal axes of anisotropy 
as defined by the preferred orientation lie outside the plane of the 
plate. In the cases where it appears that principal axes of 
anisotropy can be defined by one of the tensile properties, such 
as the yield strength, those defined by the yield strength do not 
necessarily coincide with those for strain behavior. The same 
situation holds for the principal axes of anisotropy defined by any 
of the other tensile properties when compared with those defined 
by strain behavior. In only two of the twenty-two cases studied 
could the yield strength-strain increment ratio correlations de- 
manded by Hill’s theory be satisfied. 

We also have examined the possibility of reorientation by 
twinning to permit slip in tension or compression along the c-axis 
or pole of the basal plane. Reorientation by twinning to permit 
slip can occur for tension along the basal pole, but reorientation by 
twinning in compression along the basal pole does not realign the 
slip systems to allow appreciable deformation by slip to occur. 
Since the amount of deformation that can occur by twinning alone 
is limited, and the critical resolved shear stresses for deformation 
by slip and twinning would probably be appreciably different, the 
stress-strain curve in tension will not be the same as that in com- 
pression for Zircaloy-2 with a texture showing a strong orientation 
of basal poles. One of the prime assumptions of Hill’s theory, 
however, is the equality of the stress-strain curves in tension and 
in compression. This lack of equality is nat, in this case, due to a 
Bauschinger effect. 

We have observed continuous changes in the anisotropy con- 
stants of Hill’s theory until conventional strains of approximately 
1 per cent and greater are reached. The values of the constants 
become fixed at greater strains and before necking is observed. 
The strain-increment ratios of the contractile strains appear to be 
approximately 1 during elastic straining, reach a maximum value 
considerably greater than 1 shortly after plastic flow begins, de- 
crease on further straining, and become constant at values ranging 
from about 1.5 to8 at and after about 1 per cent conventional 
strain. Thus, only at strains greater than 1 per cent in the material 
studied could the strain-increment ratio be approximated by the 
strain ratio. Since the point where plastic deformation begins is 
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reached at strains considerably less than 1 per cent and the 
anisotropy constants measured by the strain-increment ratios are 
changing rapidly at smaller strains, it seems quite unlikely that 
the ratios of the “yield” strengths can be calculated using the 
final values of the strain-increment ratios. 

We wish to again compliment the author on his experimental 
work and his graphical presentation of the data. We cannot 
agree that Hill’s theory can yet be applied to Zircaloy-2 because 
of some of the subtleties present and difficulties encountered in 
the application of a theory of anisotropy developed for cubic 
metals to noncubic metals which are inherently anisotropic. 
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ferred Orientation and Anisotropy of Strain Behavior,”” ORNL-2948. 


Author’s Closure 


The author would like to thank the discussers for their com- 
ments. Mr. Kennedy’s use of Hill’s anisotropy constants in 
analyzing the fracture characteristics of Zircaloy-2 is of particular 
interest. Correlations such as these will greatly aid the rational 
use of Zircaloy-2 in reactor components, as well as assist in the 
eventual solution of the general problem of ductile fracture. 

Both Mr. Kennedy and Messrs. Picklesimer and Rittenhouse 
have raised several objections to the use of Hill’s theory of an- 
isotropic plastic flow as applied to Zircaloy-2. Some of these ob- 
jections, the author feels, are not valid. Concerning the ques- 
tion of orientation, Messrs. Picklesimer and Rittenhouse correctly 
point out that Hill’s theory, or indeed any anisotropic flow theory, 
requires that the three mutually orthogonal planes of anisotropy 
either coincide with the principal axis of stress or that the angular 
relation between them be known. For the present tubular speci- 
mens, orientation studies show that the [0001] plane is parallel 
to the extrusion direction. In view of the (1010) [1210] deforma- 
tion system found by Rapperport [15], it may be seen that the 
principal axis of stress does coincide with the axis of anisotropy. 

The author regrets the somewhat misleading use of the term 
“‘vield strength.’’ The term was used in its broadest sense, that 
is, the stress necessary for a particular amount of plastic flow. 
This definition, of course, is identical to “flow strengths.” 

The use of finite rather than differential strains, the author 
feels, is justified as a first approximation by the use of the pro- 
portional loading used in applying the stresses. In this case, as 
is well known from the theory of plasticity, differential plastic 
strain relations may be integrated for an isotropic material to 
give total plastic strains. If the shape of the yield surface changes 
with plastic flow, as seems to be the case of Zircaloy-2, the inte- 
gration procedure is no longer strictly applicable. 

The main objection that Mr. Kennedy and Messrs. Picklesimer 
and Rittenhouse raise is the variation of the anisotropy constants. 
Hill [16] does allow for the variation of these constants, but only 
in so far as they change in strict proportion. In the present case 
this is, unfortunately, not the case. Stress-strain curves of rolled 
Zircaloy-2 sheet in the longitudinal and transverse direction to 
rolling show that the transverse direction is stronger up to about 
0.01 to 0.02 strain, and after this the two stress-strain curves cross 
and the longitudinal direction is stronger [14]. In such a case, the 
anisotropy parameters would have to change and, furthermore, 
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would not change in the same proportions. The tubular speci- 
mens used in this investigation seem to behave in a similar 
manner, as can be seen in Fig. 7 by examining the axial and tan- 
gential strengths with increasing plastic flow. 

In view of these facts, the author is forced to agree that Hill’s 
theory cannot be used without modification for Zircaloy-2 at 
small strains. The change of the anisotropic parameters with 
plastic flow implies that the shape of the yield surface shown in 
Fig. 9 will change in some complex manner with deformation. 
The present data show too much scatter to precisely determine 
this shape. 
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The author appreciates the interest of the discussers and found 
the work performed by Picklesimer and Rittenhouse [13, 14] of 
particular value. Such data, in conjunction with further multi- 
axial deformation studies, will eventually permit Zircaloy-2 to 
be used in reactor systems with considerably more confidence. 


Additional References 
15 E. J. Rapperport, Trans. AIME, vol. 218, no. 5, 1960, 


16 R. Hill, “The Mathematical Theory of Plasticity,”” Claren- 
don Press, Oxford, England, 1950, p. 332. 
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Effect of Cell Geometry on the Shear 
Modulus and on Density of Sandwich 
Panel Cores 


A simple analytic theory for the effect of cell geometry on both the shear modulus and 
the density of sandwich panel core is presented. The core shear modulus in different 


directions is analyzed to include the effects of the angle a and the aspect ratio b/a of 
the cell. It is also found that the minimum cell weight of the sandwich core depends 


both on the cell angle a and the cell aspect ratio b/a. 
well with some available experiments. 
the regular hexagonal and square cells of commercial sandwich cores are special cases. 


Introduction 


NE of the principal elements in sandwich structure 
is the core. For bending, it transmits the shear between the 
tension stress of one face to the compression stress of the other. 
It carries the transverse compression resulting from loading nor- 
mal to the panel. It is, therefore, very essential to the sandwich 
structure. 

For efficient sandwich structure, the core must be lightweight 
and strong in carrying the loadings, particularly transverse shear. 
Since the early development of sandwich structures in the Glenn 
L. Martin Company [1],? it has been found that the efficient 
core is made of thin metal foil formed into the geometrical shape 
of cells such as honeycomb, square cell, etc. The present investi- 
gation is a simple analysis to calculate the core elastic properties 
from the geometrical shapes of the cells. As far as buckling and 
plastic effects of core cells are concerned, some later report will 
be given. 

The present simple theory seems to agree fairly well with the 
experiments of Kuenzi [2], although the quality of the testing 
samples is not entirely satisfactory. 


Assumptions: 
1 The cell walls of the core behave elastically. 


‘This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air Research 
and Development Command, under Contract Number AF 18(603)- 
112. Reproduction in whole or in part is permitted for any purpose 
of the United States Government. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Metals Engineering Division and presented at 
the Winter Annual Meeting, New York, N. Y., November 27-De- 
cember 2, 1960, of Tae American Socrery oF MecuHanicat Enat- 
NEERS. Manuscript received .t ASME Headquarters, June 29, 1959. 
Paper No. 60—WA-52. 


Nomenclature 


The theory compares fairly 
The cell geometry chosen is so general that 


2 No buckling of cell walls occurs. 

3 The geometrical shape of the cell remains the same in each 
plane parallel to the sandwich faces, although displaced. 

4 The bond between the two cell walls is assumed perfect. 

5 The direction of applied shear force is the same as the 
direction of shear displacement (some smal] deviation is 
neglected). 

6 The thickness of cell wall (¢) is much smaller than the 
characteristic dimension (a). The bond width (b) is also much 
larger than (¢). The thickness of the core (2) should also be 
much larger than (¢). 


Analysis 


Let the upper face of a typical cell be given an arbitrary shear 
displacement / in a direction at an angle 6 from the z-axis as shown 
in Fig. 1(b) and calculate the shear strains of the individual faces. 

The shear strain ‘y; of the two parallel faces 322"3”" and 5665” 
are equal and can be shown to be 


l 
= 008 8 


The corresponding shear force is yj; Gbt, and the component of 
this force in the 6-direction is 


Py = 71 Git cos cont 6 (1) 


From the geometry of the cell and the displacement, it is easy 
to show that the shear strain yy, of another set of parallel faces 
211°2” and 5445’ is 


l 
= (a — 8) 


A = area of core cell in z-y plane as G /2 : ? = core cell dimension as shown in Fig. 
shown in Fig. 1 = ge = 7 ’ ratio of orthogonal shear 1 
moduli a = core cell angle 
a,b = = cell dimensions as shown in : @ = shear displacement angle as shown 
Fig. 1 P = shearing load in Fig. 1 
G = shear modulus of core foil t = thickness of core foil p, = density of bonding material 
Ge = equivalent shear modulus of the = thickness of bond between core p. = equivalent density of core 
core in 6-direction cells as shown in Fig. 1 p; = density of core foil material 
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and the shear strain ¥; of the last set of parallel faces 433"4” and 
611°6" is 


l 
Ys = 5 cos (a + 8) 


In a similar manner, it is found that the corresponding force 
components are 


Fig. 1(c) Core cell geometry 


gs €6¢ 


z 


Fig. 1(b) Core cell under arbitrary shear displacement 


(0/1(Gg/6) 


Fig. 2(b) The full lines are the plot of the ratio of equivalent shear moduli 
(a/t)(Ge/G) versus shear displacement angle 0 for different values of cell 
aspect ratio of b/a at a = 60 deg. The dotted line is the locus of the 


common intersection point for different values of a. 
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Py cont (a — 8) (2) 


P; = ‘oe cos? (a + 6) (3) 


The average shear stress in the plane of the panel face can now 
be evaluated from Eqs. (1), (2), and (3), assuming that the shear 
stress direction is the same as that of the displacement, 

P 2P, + P, + P, 


A 


= {cout = [cos? (a — 6) + cos? (a + (4) 
1A 2b 
where P = total shearing force and A = area of cell hexagon. 
In setting P = 2P,; + P; + P; it can be seen from Fig. 1(a) how 
the cell faces are distributed such that each cell consists of the 
correct portion of core foil. 
The hexagon area A can be seen to be 


Fig. 2(a) The full lines are the plot of the ratio of equivalent shear 
moduli (a/t)(G,/G) versus shear displacement angle 0 for different values 
of cell aspect ratio b/a ata = 45 deg. The dotted line is the locus of the 
common intersection point for different values of «. 


7 90° 


3 
2 : 


Fig. 2(c) The full lines are the plot of the ratio of equivalent shear 
moduli (a/t)(G,/G) versus shear displacement angle § for different values 


of cell aspect ratio b/a ata = 9O deg. The dotted line is the locus of the 
common intersection point for different values of a. 
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A = 2ab sina (1 + cos a) (5) 

Substituting Eq. (5) into Eq. (4) gives 
(cont (a= 0) + (ar + 
al (1 + = cos a) sin 


The over-all shear strain y of the cell itself, as given by the 
initial arbitrary displacement /, is y = 1/2. This can be used, 
together with Eq. (6), to give the equivalent shear modulus in the 
6-direction, 


cos? + [cos? (a — 0) + cos? (a + 


l al ( a )s 
i+ we sin @ 


If both sides of the above equation are divided by Gt/a, the fol- 
lowing is obtained 


b b 


2sin a@ + cos a 
a 


This will be referred to as the ratio of equivalent shear moduli 
and is an even function with respect to 8. From the choice of co- 
ordinates, the cell is oriented symmetrically with respect to the 
y-axis. Therefore it is sufficient to consider Eq. (7) for 0 s @ s 
m/2. Eq. (7) is plotted versus 6 for three values of a@ at different 
values of b/a. Figs. 2(a,b,and c) are, respectively, for a = 45 deg, 
a = 60 deg, and a = 90 deg. All the curves of each family 
always intersect at a particular common point for each given 
value of a. The locus of this intersecting point in parametric 
equations of a@ can be found: 


sna 
2 sin? a + cosa —1 | 

(8) 
cos 
2sin?a + cosa — 1 } 


The locus of these intersecting points is shown in Figs. 2 (a, b 
and c) by dotted lines. This curve approaches 6 = 35 deg 16 min 
asymptotically for a = 0. 

The equivalent shear modulus in the direction of 6 + 2/2 is 
given by the following equation 


b b - 
( + 1) + — 2 sin? a 20 
Go+n/2) a a 


G ; 


b 
2 sin @ (: + cos a) 
a 


(9) 


If the ratio of orthogonal shear moduli is now defined as 
ge = Gio+/2)/Ge, Eqs. (7) and (9) give the result 


ae 
oe 
30 
3 3 
25r se a 
20 4 4 
2/3 5 
ae. 
IST 6 4 
sre 


o* 10° 20° 30° 40° 50° 60° 70° 80° 390° 
8 


Fig. 3 Ratio of orthogonal shear moduli gy, versus shear displacement 
angle @ for different values of cell aspect ratio b/a and core cell angle a 
as shown in Table 1 


General J a | 1 
a a | 
| a ; 60°; 90° 45°; 60°: 90° 45°; 60 60°; ; 90° 45° ; 60°; 90° 45°; 60°; 90° 45°; 60°; 0° 45°; 60°; 90° 
Curve | | 2’ 4’ | 5! ry 7 
| 2 5 | 1 
a &— 1+ 3 8 12 2 
a a) | 
— a |45°; 60°; 90°45°; 60°; 90°45°; 60°; 90°.45°; 60°; 90°45°; 60°; 90°45°; 60°; 90°45°; 60°; 90°) 
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which is plotted in Fig. 3 for different values of the parameter 
sin? a/(1 + b/a). One interesting property should be men- 
tioned. It can be seen from Eq. (10) that, when 0 = 45 deg, ge 
= 1 and is independent of a and b/a. This corresponds to the 
common intersecting point in Fig. 3. It can also be shown from 
Eq. (10) that two curves symmetrical with respect to 0 = 2/4 
always exist provided that a and b/a for each curve is related 
to the other as follows 


These pairs of symmetrical curves are shown in Fig. 3. 

It is interesting to note from Fig. 3 that the cells with the 
geometry (b/a = 0, a = 2/4), (b/a = '/s, a = 2/3), and (b/a = 
1, a = 2/2) are isotropic and thus have the same properties for 
any value of @. In general, if the core is imposed to be isotropic 
then gg = 1 for all values of @. This condition yields the following 
simple relation 


(12) 
a 


Setting @ = 0 and @ = 2/2 in Eq. (7) gives the following 
+ cos* 
a 


cin a (2 + cova) 


G, 


(G76) (a/1) 


12 


Fig. 4 Plot of the ratio of equivalent shear moduli (G,/G)(a/#) ver- 


sus cell aspect ratio b/a for several values of core cell angle a 
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Equation (13) has been plotted in Fig. 4 for several values of 
the core cell angle a and similarly equation (15) is shown in Fig. 5. 
Both families of curves are useful for practical sandwich design. 


Effects of Cell Geometry on Core Density Parameters 


Introducing the core density parameters p,, p,, and p, as de- 
fined in the notation, the weight of one cell may be written as 


p. Al = (2bt + 2at)pi + bit,p,. 


Substituting (5) for cell area A and solving for the equivalent 
density ratio (p./p,)(a/t), the following is obtained 


1 


sin @ + cos a) 
a 


T 


NOTE: FOR 


~ 


05 10 

b/e 

Fig. 5 Ratio of principal orthogonal shear moduli g. versus cell aspect 
ratio b/a for different values of core cell angle a 


Cell aepect ratte 


i 
05 10 


6 Plot of equivalent density ratio (p./p,)(a/#) versus cell aspect ratio 
— cell angle a and bond weight parameter 
Ps 
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Fig. 7 Plot of core cell angle a versus cell aspect ratio b/a for mini- 
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Fig. 8 Comparison of theory and experiment 


This equation has been plotted in Fig. 6 for two cases. First, the 
bond density is neglected and, secondly, (p,/p,)(t,/t) is assumed 
to be '/». Inspection of honeycomb core indicates that the 
bond is very thin in comparison with the core foil, thus (p,/p,) 
(t,/t) = 0.1 is considered a reasonable upper limit. Fig. 6 shows 
that the effect of bond weight does not amount to a substantial 
portion of the core density, especially when b/a is small. 


Minimum Density Core 


Another interesting problem is to find the minimum density of 
the core with respect to a for a given p, and a/t. From the 
density expression, Eq. (16), neglecting bond weight, a relation 
for minimum core density is obtained by differentiation of (p./p,) 
(a/t) with respect to a. This yields 


1 b b\? 
4 a a 
Thus @ can be expressed as a function of b/a for a minimum 
density core. This relationship is shown in Fig. 7. In the actual 
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sandwich core cell b/a # 0. However, in the figure, curves 
corresponding to b/a = 0 are plotted to show the limiting case. 


Comparison of the Theory and Experiments 


A general comparison of the theory with experimental values 
[2] is shown in Fig. 8. It is seen that the theory generally pre- 
dicts a higher value of G, than obtained experimentally. The 
discrepancy may be due to the fact that the present theory does 
not take into account buckling of cell walls, nor is any bond 
failure considered. 
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DISCUSSION 
Melvin S. Anderson® 


The authors of the subject paper are apparently unaware of 
a more exhaustive treatment of the problem of determining the 
shear modulus of honeycomb cores which is given by Kelsey, 
Gellatly, and Clark (reference [3]). In that reference the shear 
modulus is expressed by the equation 
kis 
G = ku k 


(18) 


where the symbols k denote stifinesses which are functions of 
core geometry and material and subscripts 1 and 2 refer to two 
mutually perpendicular directions. The term k:"/ke takes 
into account shear displacements which are not in line with the 
applied shear force. These displacements generally are small 
and were neglected in the subject paper so that for this case @ 
may be written as 


G = ku (19) 


In reference [3] two methods are used to calculate the stiffness 
quantities necessary to determine G. One method yields a lower 
limit solution for G and can be interpreted as assuming a sandwich 
having face sheets of zero bending stiffness. The second method 
yields an upper limit solution for G and can be interpreted as 
assuming a sandwich having face sheets which are rigid in bend- 
ing. The method of the subject paper can be shown to be iden- 
tical to the latter of these two solutions, except for the small 
difference which occurs between equations (18) and(19). There- 
fore, the method of the subject paper yields an upper limit solu- 
tion. 

Experimental values of G should fall below the upper limit 
solution and this is generally the case for the points shown in 
Fig. 8 of the subject paper. However, there is considerable 
difficulty in obtaining accurate experimental values of shear 
stiffness and some of the problems involved are pointed out in 
reference [3]. Block shear tests have shortcomings because of 
extraneous deflections which are not easily taken into account 
and beam tests have certain inherent inaccuracies. It was 
concluded, however, that, if a large number of beam tests were 
made, and a statistical average made of the results, consistent 
values of shear stiffness could be obtained that would fall between 
the upper and lower limits of the theory. 


* NASA Langley Research Center, Langley Field, Va. 
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Authors’ Closure 


Through the foregoing discussion of Mr. M. 8S. Anderson and 
private communication with the authors of reference [3], we are 
delighted to know that reference [3] has accomplished valuable 
work independently in parallel with ours. Some additional points 
may be of interest to the reader. 

1 Our approach corresponds to the unit displacement method 
from equilibrium considerations while that of reference [3] is 
an energy method. Our method is simpler and can be extended 
to include the effect of bond material on the shear modulus. This 
generalization of equation (7) can be shown to be‘ 


t t 
- + — = cot a) cos? 6 
a ab 


* This equation does not reduce exactly to (7) for & — 0 since 
some additional geometrical effect is included. 
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1G, t 
+ -— (+ 
ab 


1 
ese a) cos? + F [cos? 


(a — 8) + cos? (a + at . + cos a) sin @ 


where 4, is the bond thickness and G, the bond material shear 
modulus. 


Ge. 
2 Some interesting properties of Ge(= ky) and CG 


ke) 
( i ) have been demonstrated in Figs. 2 and 3 of our paper. 


3. The effect of bond density is included in equation (16) of 
our paper. This may be an important parameter in some cases. 
4 Our work was mainly done at the end of 1957 and was 
stimulated by the results of reference [2]. 
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P. N. RANDALL Bursting of 


Standard Oil Company (Indiana), 
Whiting, Ind. 


Tubular Specimens 
Detonation 


|. GINSBURGH The paper describes some experimental work designed to investigate the bursting of 
. S pipe and pressure vessels by gaseous detonation. The test specimens were 3.25-in-OD 
Senior Project Supervisor, tubes, 12 in. long, and of 0.040 to 0.070-in. wall thickness. The specimens, cut from 


Whiting, Ind. 


pipe, and also from drawn carbon-steel tubing, were tested at 


several temperatures, which were chosen to produce failures both above and below the 


brittle transition temperatures for the two materials. In addition, an austenitic stain- 
less-steel specimen was tested under very severe conditions in several unsuccessful 
attempts to fragment it. 


Introduction 


cain recent occurrences in oil refineries have 
revealed an unusual mode of failure for pipe and pressure vessels, 
namely, bursting by the detonation of their gaseous contents. 
From the technical literature, it is known that the magnitude of 
the pressure pulse imposed momentarily by a detonation is very 
much higher than the pressure caused by slow combustion. It 
also is known that the front of the detonation wave is a pressure 
discontinuity and that the detonation travels at a velocity of 
thousands of feet per second. Thus a detonation imposes a shock 
load on the pipe wall as it traverses the pipe. A number of ques- 
tions have been raised about the resulting effects on the me- 
chanical properties of steel pipe and vessels. For example, in 
any investigation of detonation damage, the following questions 
are likely to be raised: ‘‘What pressure did it take to burst this 
pipe or vessel?” ‘‘Was it more or less than the static bursting 
pressure?”’ Two problems are involved here: 1 The stress in 
the pipe wall is a time-dependent quantity; the pressure is ap- 
plied suddenly, but the pipe wall does not respond instantly be- 
cause of its inertia. 2 The high strain rate produced in the 
metal affects its yield and fracture properties. In this investiga- 


Contributed by the Metals Engineering Division and presented 
at the Winter Annual Meeting, New York, N. Y., November 27- 
December 2, 1960, of Tue American Society or Mecnanicat En- 
GINEERS. Manuscript received at ASME Headquarters, April 5, 
1960. Paper No. 60—WA-12. 


tion, a number of pieces of pipe were burst by detonation and the 
experimental results were analyzed to give approximate values of 
the bursting stress in the pipe wall and also the stress and the 
strain rate at the instant yielding began. 

When a vessel or pipe has fragmented with little sign of plastic 
deformation, the question arises: ‘Would a more ductile ma- 
terial ride with the punch and survive the detonation pressure 
pulse without bursting at all, or possibly would it burst with- 
out the formation of dangerous fragments?” To answer this 
question, detonations were set off in carbon-steel specimens at 
temperatures both above and below their brittle transition tem- 
perature. In addition, an austenitic stainless-steel specimen was 
tested under very severe conditions to determine if it could be 
fragmented. 


Test Equipment 


The shock tube consisted of a 3-in. austenitic stainless-steel pipe 
in 2.5-ft and 5-ft sections with interconnecting carbon-steel flanges 
fitted with rubber O-rings. The specimen holder, described later, 
was assembled in the shock tube with 10 ft of tube extending 
upstream from it to the end flange which carried the spark igniter 
and the inlet piping connections, as shown in Fig. 1. (Pressure 
measurements indicated this length to be an ample distance for 
the detonation wave to achieve its equilibrium form.) A 5-ft 
length of shock tube was mounted downstream from the speci- 
men holder, terminating in a heavy blind flange which carried the 
exhaust-piping connections 
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Fig. 1 Shock-tube test equipment 
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The gaseous fuel and oxygen were mixed in the shock tube by 
introducing first the fuel, then the oxygen, through a '/;-in-diame- 
ter stainless-steel filler tube, lying on the bottom of the shock 
tube. This tube had a 0.015-in-diameter hole every 6 in. along its 
length to admit the incoming gas in high-pressure jets, for good 
mixing. This procedure eliminated the danger involved in 
handling the detonable mixture outside of the shock tube. The 
mixing tube was lashed to a '/,in-diameter stainless-steel rod to 
prevent the mixing tube from being bent, folded, and rammed 
into the end of the shock tube by the detonation. The presence 
of the mixing tube and its support rod apparently did not interfere 
with the generation of the detonation. 


Fig. 2 Sketch of test specimens machined from hot-rolied, carbon-stee! 
pipe, and from stainless-steel pipe 


The specimens used in the preliminary work were cut from 
cold-drawn carbon-steel tubing, 3.250-in. OD with 0.067-in. wall 
thickness. No machining was done on these specimens except 
to turn the ends to fit in the flanges. Hot-rolled carbon-steel 
specimens, which were used for later work, were machined from 
3-in. seamless pipe, Schedule 40, conforming to ASTM Spec. 
A-53, Grade B. Final tests were made on_ hot-rolled 
stainless-steel specimens machined from 3-in. seamless pipe, 
Schedule 40. A sketch of the machined specimen is given in 
Fig. 2. The stainless-pipe material was AISI Type 304 (18 per 
cent chromium and 8 per cent nickel). The chemical analysis of 
the carbon-steel specimens was as follows:! 


C Mn P 8 Si Al 


0.22 0.50 0.012 0.032 0.19 0.02 
0.27 0.46 0.004 0.036 0.04 0.02 


Cold-drawn tube... 
Hot-rolled pipe 


A view of a specimen holder and an exploded specimen, which 
shows the method used for mounting the specimens in the shock 
tube, is given in Fig. 3. The ends of the specimen were sealed to 
the flanges by rubber O-rings, the grooves for which can be seen 
inside the flange openings. Thus the pressure did not exert an 
axial thrust on the specimen as it does in ordinary internal-pres- 
sure tests of a cylinder. The axial thrust was taken by the 
hexagonal bars. The gas-filling tube referred to previously also 
can be seen. 

Various methods were tried to contain any fragments produced. 
The most successful system utilized two short lengths of pipe. 
An austenitic stainless-steel pipe of 0.25-in. wall thickness was 
placed inside the cage of hexagonal bars. It fitted tightly 
against the flanges but had one small opening for thermocouple 
leads and copper tubing carrying liquid nitrogen. The stainless 
shield was lined with 0.50-in-thick sponge rubber. At the low 
test temperatures the rubber hardened and did an excellent job 
of embedding and retaining the specimen fragments in their cor- 
rect relative positions. A second piece of pipe, 30 in. long, also 
was slipped over the flanges to provide additional safety from 
flying fragments and to reduce the noise when a specimen broke. 
The shock tube was wrapped with two layers of '/-in. steel cable 


' a values shown are the weight per cent of each element in the 
steel. 
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Fig. 3 Specimen holder after partial disassembly, following the shot 
which burst the hot-rolled, carbon-steel specimen at room temperature 


and the ends of the shock tube were covered by movable wooden 
shields, 3 in. thick. These were intended to catch any flying 
pieces if one of the fittings attached to the ends of the shock 
tube failed.? 

A mixture of 27 per cent methane, 73 per cent oxygen was used 
for most of the tests. The proportion of fuel was made somewhat 
less than stoichiometric (33 per cent) because a Jean mixture 
produced less soot. The choice of the initial pressure of the mix- 
ture was based on the expected pressure multiplication in the 
detonation and the desired peak stress in the specimen. Usually, 
several trials were run on each specimen, starting with a pressure 
which was expected to produce no yielding and increasing the 
pressure about 30 per cent each trial until the specimen burst. 
The analysis given in the Appendix shows that the peak stress 
produced in an elastic specimen by a detonation is twice 
that produced by a slowly applied pressure. 

The desired initial pressure of the gas mixture is obtained by 
calculation from the desired peak pressure of the detonation, 
using a published set of Mollier-type charts based on the ac- 
cepted theory of detonation.? The Mach number of the detona- 
tion, which is needed to obtain the pressure-multiplication ratio 
from the charts, was measured for each shot by making a pressure- 
time record from two probes, mounted a known distance apart 
along the shock tube. 

The procedure for filling the shock tube with fuel and oxygen 
was standardized and safeguarded against operator errors by 
providing a single, multiposition, manual control switch which 
operated solenoid valves and electrical equipment in a controlled 
sequence. Also, the equipment was designed to permit the 
operator to remain in a shielded control booth when the shock tube 
contained a detonable mixture. The following steps were re- 
quired to fill the shock tube and fire it: 


1 Test the shock tube for leaks. 

2 Flush the gases of previous experiments from the tube, 
using oxygen. 

3 Put in the fuel, the amount being measured by the rise in 
pressure in the shock tube. 

4 Putin the oxygen; the pressure at the end of this step is the 
initial pressure chosen for the “shot.” 

5 Activate electric measuring circuitry. 


2 I. Ginsburgh, “Abnormally High Detonation Pressure in a Shock 
Tube,” Journal of Applied Physics, vol. 29, 1958, p. 1381. 

?B. T. Wolfson and R. G. Dunn—generalized Charts of Detona- 
tion Parameters for Gaseous Mixtures—Wright Air Defense Com- 
mand Technical Report 54-585. 
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Fig. 4 Photograph of oscilloscope trace showing pressure pulses at 2.5 
(right) and 10 ft (left) from spark plug. The high-frequency oscillation 
of trace is caused by ringing of pressure pickup crystal. in lower part of 
photograph, upper and lower light spots show deflection obtained by 
electrically simulating a known pressure. Center spot has no significance. 


6 Fire the spark plug and start the oscilloscope trace to record 
the detonation pressure. 

7 Fill with CO,. 

8 Exhaust to atmosphere. 


In addition, there was an emergency switch which removed 
electric power from the shock tube and associated circuitry, and 
which automatically filled the shock tube with CO,. 

Fig. 4 shows typical pressure data. The trace proceeds from 
right to left with a speed of 0.67 millisec per cm on the film. A 
convenient measure of time is the ringing frequency of the quartz- 
crystal pickup, each cycle of which represents 20 microsec. The 
first (right) vertical signal is from a pressure probe 2.5 ft from the 
spark end. Notice the steep rise and the fairly rapid decay of the 
pressure pulse. The next vertical signal (roughly at the middle 
of the illustration) is from a pressure probe 10 ft from the spark 
end. Again the rise is steep, the amplitude is about the same but 
the decay is much slower than the decay at 2.5 ft. It was possible 
to vary the duration of the pressure pulse by positioning the 
specimen holder at various distances from the spark plug. 

At the extreme left of the diagram is a shock wave reflected 
from the end of the tube and returning past the pressure probe at 
10 ft. The vertical line is somewhat skewed in this view because 
the camera alignment was incorrect. This skewness also has 
affected the vertical signals of the upper trace; they actually are 
much steeper than they appear to be in this figure. 

The test temperature was obtained by blowing liquid nitrogen 
into the annular space between the rubber-lined shield and the 
specimen. Two perforated 0.25-in. copper tubes were mounted 
along the top and bottom of the specimen. They were connected, 
through regulating valves and a wash-bottle arrangement, to a 
15-liter Dewar flask of liquid nitrogen. The flow of liquid was 
regulated manually by varying the gas pressure in the Dewar 
flask, the pressure required being only 1 to 5 psig. Temperatures 
were measured by reading three chromel-alumel thermocouples 
which were bound to the specimen with copper wire. The 
thermocouples were wrapped with friction tape to insulate them 
from the cold nitrogen gas to insure that they were indicating 
specimen temperature. 

Measurements of permanent deformation were made by remov- 
ing the shield after each shot and measuring the specimen diame- 
ter with a micrometer. Readings were taken at six places, and a 
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search was made for local bulges. The amount of plastic deforma- 
tion in each shot, a key quantity used in the analysis of the data, 
was obtained by averaging the two measurements of the diame- 
ter, taken at right angles to each other, at the center of the rpeci- 
men. In addition to the measurements of diameter, careful 
measurements of wall thickness were made of the specimens be- 
fore testing and of the fragments after the specimen burst. These 
were required to obtain the amount of permanent deformation in 
the final shot, the one which burst the specimen. To convert the 
reduction of thickness to circumferential strain, it was assumed 
that the strain in the thickness direction was one half the circum- 
ferential strain. This is based on the assumption that the volume 
of metal remained constant during the plastic deformation and 
that the per cent reduction of length was equal to the per cent 
reduction of thickness. 


Test Results 


The test results are presented in the form of photographs of 
burst specimens along with a tabulation of the results of each at- 
tempt to burst it. In general, several trials were run on each 
specimen, starting with a low initial pressure and increasing the 
pressure about 30 per cent each time until the specimen burst. 
The calculated values of the stress at which yielding began and 
the strain rate at that instant are given also. 

To explain how the stress and the strain rate values were calcu- 
lated, and to aid in interpreting the test results, a qualitative 
description of the response of tubular specimens to detonation 
seems desirable. A mathematical description is given in the Ap- 
pendix. 

It can be shown that the detonation velocity and wave form are 
such that the effect on the tube may be treated as a suddenly 
applied pressure, uniform along the length of the tube. This 
produces radial motion of the pipe wall, which is governed by its 
mass and its elasticity in the manner shown in Fig. 5. (The 
time scale is realistic for the specimens tested.) The stress in 
the wall builds up sinusoidally with time as the wall moves out- 
ward (bottom sketch) until it is sufficient to counterbalance the 
pressure force. This value of the stress is called the static pres- 
sure stress. This is the position at which the pipe wall will 
eventually come to rest, but at this instant the pipe wall has ite 
peak velocity; hence it goes by this position and undergoes an 
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Fig. 5 Illustration of time-dependent response of a pipe to a detonation 
of sufficient pressure to cause some plastic deformation of pipe wall 
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Fig. 6 Specimen machined from hot-rolled, carbon-stee!l pipe 3.17 in. 

OD X 0.037 in. wall. Burst at +75 F with 5 major axial-shear fractures. 
Conditions at instant 

Permanent ——yYielding began—— 

strain, Stress, Strain rate, 

per cent psi per sec 
10-20 100,000 600 

(approx) (approx) 


Detonation 

pressure P, 
psig 
2400 


PR¢/h 
100,000 


“elastic overshoot’’. which momentarily doubles the stress unless 
the yield-point stress is reached. If the test pressure is raised 
gradually in succeeding shots, the first yielding of the specimen 
will be produced during this overshoot. This is illustrated by the 
solid curves in Fig. 5. The deceleration curve (second from top) 
has a flat spot, because the resistance to motion provided by 
stress in the pipe wall has become constant. The velocity there- 
fore decreases linearly with time from the instant yielding begins 
until the pipe wall is brought to rest. The motion during this 
interval is the plastic deformation during this shot, which can be 
measured, and which is given by the area A in Fig. 5 (third curve 
from top). The elapsed time before yielding began, and the ac- 
celeration and velocity at that instant, can be expressed in terms 
of the unknown yield stress. But the area A, which is known, 
also can be expressed in terms of the velocity when yielding began 
and the acceleration (slope of velocity-time plot) at that instant. 
Thus the velocity and stress at the instant yielding began can be 
computed. Knowing the velocity, the strain rate can be found 
simply by dividing by the radius of the pipe. Note that this is 
not the maximum strain rate imposed on the pipe wall as it 
moves outward, unless the static-pressure stress was just equal to 
the yield stress. 

The practical working of the foregoing analysis may be seen 
in the following tabulation of test conditions and results. Note 
that the photographs are mounted so the direction of travel 
of the detonation is downward on the page. 

Figs. 6-9 present the test results for the three specimens cut 
from hot-rolled, carbon-steel pipe. As noted in the caption, the 
fractures were of the shear mode in the specimen tested at +75 F, 
Fig. 6. At —130 F, Fig. 7, shear fractures were formed initially, 
but they changed to cleavage as they propagated along the tube. 
At —230 F, Figs. 8 and 9, all of the major fractures were cleavage 
fractures. This specimen appears to have bulged before it broke, 
but actually, it burst after only about 1 per cent deformation, and 
the longitudinal strips then were bent out against the inner sur- 
face of the shield by the expanding gases. 
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Specimen machined from hot-rolled carbon-stee! pipe 3.21 in. 
0.041 in. wall. Burst at — 130 F. 


Conditions at instant 

— yielding began—— 

Stress, Strain rate, 
i per second 


220 
220 
370 


900 
(approx ) 


Burst with 4 shear fractures, 3 of which changed to cleavage. 
The surface was darkened by etchants in an attempt to show 
Luders bands. A light polish with silicon-carbide paper brought 


them out as light bands in the photograph. From the fracture 
appearance, the main fracture started as a shear fracture near the 
piece that was cut out after failure, and changed to cleavage as it 
mee (in the photograph) bifurcating as it picked up 


* Tested at —30 F. 


Figs. 10, 12, and 13 present the results of the detonation tests of 
specimens cut from cold-drawn, carbon-steel tubing. It will be 
noted in Fig. 10 that the specimen burst at +75 F required a 
pressure ““>3600 psig’’ to burst it. The specimen survived a 
detonation pressure of 3600 psig, but it was one of the first to be 
tested, and the experimenters were then unwilling to subject the 
apparatus, particularly the solenoid valves, to a greater pressure. 
The specimen finally was subjected to a reflected detonation 
wave by placing it at the downstream end of the shock tube. 
Consequently, the pressure required to burst this specimen could 
not be estimated as accurately as it was in the other tests, be- 
cause of the added difficulty of estimating the pressure multipli- 
cation produced by reflection. 

Fig. 11 is included to give a comparison of the appearance of a 
tube burst by a gaseous detonation with that of a tube burst by 
hydrostatic pressure. In both cases, the fractures were shear 
fractures. 


Fig. 12 shows the specimen tested at —130 F, which failed by 
cleavage fractures, mixed with shear fractures, and Fig. 13 shows 
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$. 1300¢ 49000 0 >98000 
18002 68000 0.09 113000 
1800 68000 0.09 113000 
2360 90000 0.44 117000 
3540 135000 20 135000 
(approx) 
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Fig. 8 Specimen machined from hot-rolled, carbon-steel pipe 3.21 in. 
OD X 0.041 in. wall. Burst at — 230 F 


Conditions at instant 
Permanent ——yielding began—— 
pressure P, strain, Stress, Strain rate, 
psig per cent psi per sec 
1020 , 0 > 78000 
1340 0 > 102000 
1880 0 > 144000 
2410 0.06 167000 
3810 1.0 180000 
(approx) 


Detonation 


230 


600 
(approx) 


Burst with 3 major cleavage fractures (no major shear fractures). 
Some Luders bands visible paralleling most fractures, in addition 
to a pattern similar to those shown in Fig. 7, but less prominent; 
see also Fig. 9. The symbols on the outer surface of the specimen 
were made with stamp-pad ink to facilitate the assembly of the 
fragments. 


the specimen tested at —230 F, in which all the fractures ap- 
peared to be cleavage fractures. 

The austenitic stainless-steel specimen, shown in Fig. 14, was 
tested first at +75 F and at rather low pressures (shots Nos. 1, 2, 
and 3) to determine the yield stress under these conditions. Then 
two additional shots (Nos. 4 and 5) were fired at the same detona- 
tion pressure as shot No. 3. The amount of plastic deformation 
decreased each time and, consequently, by the analysis in the 
Appendix, the computed yield stress went up and the strain rate 
at the instant yielding began went down. 


Discussion of Results 


The detonation bursting pressures for these tubular specimens 
were slightly higher, generally, than would be predicted by 
neglecting the dynamic effects and assuming that fracture would 
occur when the circumferential stress was equal to the static ten- 
sile strength of the material at the test temperature. This com- 
parison is given in Table 1. The exception to this rule is the test 
of a cold-drawn tube at —230 F, in which the detonation burst- 
ing pressure was less than that predicted from the tensile data. 
Another possible exception is the hot-rolled, carbon-steel speci- 
men tested at —230 F. It may be significant that these two 
specimens both failed in a very brittle manner. The explanation 
for the high strength of these specimens appears to be that the 
high strain rates induced by the detonations raised their fracture 
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Fig. 9 Crack in petal near one end of specimen shown in Fig. 8, after 
polishing and etching a plane at about mid-thickness of the petal. The 
branching of the crack and the lack of visible distortion of the grains are 
characteristic of a cleavage fracture. The crack ran downward in the 
photograph. Etched with nital. < 250 


Fig. 10 Specimen cut from cold-drawn, carbon-steel tubing 3.26 in. 
OD X 0.067 in. wall. Burst at +75 F with one major shear fracture 
and two secondary splits. 


Conditions at instant 
Permanent = yielding began-—. 
strain, Stress, Strain rate, 
per cent psi 
96000 
104000 
115000 
130000 


Detonation 


PRo/h 
66000 
66000 
66000 
87000 
>3600 estimated- 
refleeted shock 
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pressure P, 
8.00 


Fig. 11 Specimen of cold-drawn, carbon-steel tubing 3.26 in. OD X 
0.067 in. wall, burst hydrostatically at 3700 psig pressure at +75 F 


Fig. 13 Specimen cut from cold-drawn, carbon-steel tubing at 3.26 
in. OD X 0.067 in. wall. Burst at —230 F with 7 major cleavage 
fractures originating near the mid-length of the tube. 

Conditions at instant 
—-yielding began—— 
Stress, Strain rate, 

i per sec 
170 


Detonation 


Permanent 


strain, 
per cent 
0.03 
<0.5 160000¢ 


PRo/h 
82000 
108000 


psig 
3500 
4600 


psi 
154000 


* Not known accurately because of difficulty in measuring the 
amount of plastic deformation. 
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Fig. 12 Specimen cut from cold-drawn, carbon-steel tubing, 3.26 in. OD 
X 0.067 in. wall. Burst at — 130 F with 8 major fractures, some shear, 
some cleavage. 


Conditions at instant 
yielding began —. 
Stress, Strain rate, 
per 


130 
240 
400 
400 
400 


Detonation 
pressure P, 
psig 
1950 
3400 
4300 


4300 
4300 


stress (also shown in Table 1) sufficiently to mask the dynamic 
effect of the detonation on the stress produced. 

A striking result was the high values computed for the yield 
stresses of the materials under the conditions induced by detona- 
tion. These are compared with static yield-stress values at the 
test temperatures, in Figs. 15, 16, and 17. For hot-rolled carbon 
steel the increased strain rate during the detonation raised the 
yield stress about 60 per cent, and for cold-drawn tubing about 
30 per cent. 

To show that these values are in fair agreement with published 
data, Fig. 18 presents some taken from a paper by Hendrickson, 
Wood, and Clark‘ and extrapolated to obtain a comparison with 
values for the calculated yield stress for hot-rolled carbon steel 
in the detonation experiments. It also is of interest to compare 
the bursting-stress value of 180,000 psi which was reported for the 
specimen tested at —230 F, with the principal conclusion of 
Hendrickson, Wood, and Clark: ‘The results show that brittle 
fracture is initiated in the material employed in this investigation 
when a critical tensile stress of about 210,000 lb/in.? is attained.” 
“Brittle fracture” is defined in their work, in which notched ten- 
sile specimens were used, as fracture which occurs after some 
plastic flow at the root of the notch, but before the zone of plasti- 
cally deformed metal penetrates to the center of the specimen 
cross section. 

For the stainless specimen, the effect of strain rate on yield 
¢J. A. Hendrickson, D. 8. Wood, and D. 8. Clark, ‘‘The Initiation 


of Brittle Fracture in Mild Steel,” Trans., American Society for 
Metals, vol. 50, 1958, pp. 656-681. 
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Fig. 14 Specimen machined from hot-rolled, stainless-steel pipe, 3.21- 
in. OD X 0.040-in. wall thickness, tested at — 230 F 


Conditions at instant 


—-yielding — 
Detonation Permanent 
pressure P, strain, Stress, Strain rate, 
psig PRo/h per cent psi per sec 


105000 
180000 


Specimen did not burst but deformed to such an extent that it 
see out of “upstream’’ flange as shown at top of photograph. 

tress imposed during last shot is not given because deformation 
was so great that assumption of constant stress during deforma- 
tion is probably not valid. 


* The test temperature was +75 F for these tests. 


Table 1 Summary of test results on bursting of tubes 
-——Bursting pressure, psig——. ——-Bursting stress, psi. —Per cent deformation— 
Estimated Circum- 
z Measured in from tensile Computed for Tensile ferential Elongation 
Type of specimen Test temp, detonation data detonation ultimate strain in _in tensile 
deg F (1) (2) tests strength tubes test 
Machined from hot-rolled, ( +75 (4)-2400 1600 100000 65000 10-20 30 
carbon-steel pipe — 130 2360-3540 2200 135000 85000 20 28 
— 230 2410-3810 2800 180000 107000 1 10 


Cut from cold-drawn, car- +75 (3) 3700 (3) 3400 93000 (3) 83000 28 (3) 12 
bon-steel tubing +75 3600-(5) 3400 >130000 83000 8 12 
~130 4300-4300 (6) 3800 150000 96000 1-2 16 


Machined from stainless- 
steel pipe —230 4620-7) 


4500 


175000 


23 38 


(1) The two values given are peak pressures of last two detonations; the one which burst the specimen and the previous one. 
(2) Computation assumes that specimen burst when circumferential stress equalled tensile strength at test temperature, with no 


dynamic effects considered. 
(3) Hydrostatic test. 
(4) Burst on first shot. 
(5) Reflected detonation wave, pressure unknown. 
(6) Burst on third trial at this pressure. 
(7) Did not burst. 


stress is shown in Fig. 17. The first small amounts of yielding in 
the tube took place at about the same stress as in the tensile speci- 
mens. However, at a strain of 0.4 per cent, the stress in the tube 
was nearly twice that in the tensile specimen. It appears that 
strain-hardening in the stainless steel was more drastic at 
high strain rates than at low strain rates. However, the cal- 
culation of yield stress in the detonation experiments was based 
on the assumption that yielding took place at constant stress. 
Hence for the stainless specimen, the calculated values given are 
somewhat high, particularly for trials Nos. 7, 8, and 9. 

A rather disappointing finding in this investigation was the 
relatively small effect of ductility on bursting pressure. This 
may be seen in Table 1. Changes in ductility were achieved by 
testing at temperatures both above and below the transition tem- 
perature. Temperature itself had some effect on strength, but 
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this could not be avoided. The failure of an increase in ductility 
to cause an increase in bursting pressure for these specimens can 
be explained as follows: From the analysis given in the Appendix 
and illustrated in Fig. 5, it can be shown that, in order to produce 
1 per cent plastic deformation in these specimens, the detonation 
pressure must be high enough to produce a static pressure stress 
(PRo/h) of about 90 per cent of the yield stress under the test 
conditions. (The stress will reach the yield stress and plastic 
deformation will occur because of the inertia of the moving pipe 
wall.) Yet, in order to produce 20 per cent deformation, the 
detonation pressure need be only about 95 per cent of the yield 
stress. It is assumed that the pressure pulse is of sufficient 
duration—100 microsec or more. This effect can be seen qualita- 
tively in Fig. 5: When the yield stress is only slightly above the 
static pressure stress, the area A of the shaded triangle will be 
very sensitive to changes in the pressure. The pressure pulse 
generated in the shock tube decayed to one half its initial value 
in about 500 microsec. Consequently, the amount of plastic 
deformation was not limited by the duration of the pressure pulse 
in these tests. In larger pipe or vessels, however, this may not be 
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Fig. 16 Comparison, with tensile data (dashed lines), of yield and 


bursting stresses (solid lines) calculated for cold-drawn, carbon-steel 
tube specimens 


+100 


true, because the duration of the period of plastic deformation 
(the base of the shaded triangle in Fig. 5) varies linearly with the 
pipe radius. 

In correiating these findings with service experience, it is 
necessary to remember that the test specimens were free of 
macroscopic stress raisers. In fabricated piping and vessels, 
ductility is necessary to prevent high stresses from building up at 
notches of any kind. 

It is interesting and rather surprising to compare the strain rate 
in these tests with that in a Charpy test. Calculations show 
that an unnotched Charpy specimen, struck with the full 240-ft- 
lb blow (hammer in the top position), suffers a rate of strain at the 
tension face of 200 in. per in. per sec. In a V-notched Charpy 
specimen, the strain rate of the bottom of the notch is 160 in. per 
in. per sec times the strain-concentration factor for the notch. 
A value of 1000 in. per in. per sec is quoted in the literature. For 
these tests, the median value of the strain rate at the instant 
yielding began, in the trial which burst the specimen, was 500 in. 
per in. per sec. Hence it appears that the Charpy test duplicates 
quite well the strain rate imposed by gaseous detonations sufficient 
to burst pipes of this size. In larger pipes and vessels the strain 
rate would be less than it was in these specimens. 


Conclusions 


The results are reassuring in that the strength exhibited by the 
specimens was surprisingly high, even for those which failed in a 
brittle manner. Their brittleness at the lower temperatures ap- 
peared to be simply another manifestation of the transition tem- 
perature phenomenon. Some specific conclusions follow: 


1 The detonation pressure required to burst these specimens 


*E. R. Parker, “Brittle Behavior of Engineering Structures,” 
John Wiley & Sons, Inc., New York, N. Y., 1957. 


526 / DECEMBER 1961 


Pl 

8 +75F | 1 

2 -230F 

+75F 

"0 01 0S 06 


02 04 
PLASTIC STRAIN, PERCENT 


Fig. 17 Comparison of stress-strain curves for stainless steel at two tem- 
peratures with calculated yield stress values in successive detonations, 
plotted against cumulative plastic strain 
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Fig. 18 Replot and extrapolation of published yield-stress data (solid 
lines) (3) for a low-carbon steel for comparison with calculated valves 
from detonation experiments (open circles) 


was slightly higher, in most cases, than the static bursting pres- 
sure, computed by inserting the tensile strength of the material at 
the test temperature into the usual formula for stress in a thin- 
walled cylinder. 

2 The fracture stress in the carbon-steel specimens which were 
burst by detonation exceeded the nominal tensile strength of the 
material at the bursting temperature. The stress required to 
produce yielding in the pipe was considerably higher than the 
static yield stress of the material at that temperature. 

3 The amount of plastic deformation prior to fracture did not 
affect the bursting pressure of these specimens to any great de- 
gree. In fact, the bursting pressure was highest for the speci- 
mens which failed by cleavage, with little prior deformation. 
However, it should be noted that these specimens were small- 
diameter pipes of smooth wall and were about 40 diameters down- 
stream from the ignition point. The duration of the pressure 
pulse was long relative to the natural period of the pipe wall in 
radial motion. For pipes or vessels of larger diameter, the natural 
period is increased in direct proportion to the diameter (but is not 
affected by thickness) and there is a greater probability that the 
pressure pulse will diminish before the pipe has reached the critical 
amount of deformation for fracture to occur. For pipes contain- 
ing notches or other stress raisers, it generally is believed that 
ductility is beneficial to strength, and this work on smooth speci- 
mens does not contradict that belief. 

4 Specimens which failed by shear formed very few fragments. 
Specimens which failed by cleavage at a temperature just below 
the transition temperature formed fewer fragments than those 
which failed at lower temperatures. The austenitic stainless- 
steel specimen bulged very severely, but did not burst as expected 
from the static tensile data. 

5 The analysis of these test results has shown that the strain 
rates imposed by gaseous detonations in piping do not greatly 
exceed those imposed by Charpy impact tests. 

6 It is worth noting that cleavage fractures were produced in 
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very thin material (0.040—0.070 in.) in these tests. In many in- 
vestigations, it has been difficult to get cleavage fractures, pre- 
ceded by small amounts of plastic deformation, in plates less 
than '/, in. thick. These tests show that if temperatures are 
as low as — 130 to —230 F and if strain rates of the order of 200 in. 
per in. per sec are used, cleavage fractures are readily produced, 
even in smooth thin specimens. 


Acknowledgment 


The authors wish to acknowledge the leadership of Dr. R. B. 
Jacobs, Manager, and Drs. C. H. Samans and L. T. Wright, Asso- 
ciate Directors, of the Engineering Research Department, 
Standard Oil Company (Indiana), in the conduct of this research 
project. They also wish to acknowledge the skill of Messrs. 
B. D. Pennington and H. G. J. Myers, who performed the tests. 


APPENDIX 
Nomenclature 


denrity, pei 

wall thickness, in. 

acceleration of gravity, in/sec? 

time, sec 

natural period, sec 

radial motion, in. 

initial inside radius, in. 

magnitude of pressure pulse, psig 

Young’s modulus of elasticity, psi 

stress in pipe wall, psi 

yield-point stress, psi 

spring constant, Ib/in. 

mass of unit area of pipe wall, lb sec?/in. 

static pressure which will produce yield point stress in 
pipe wall, psig 

PR, 


1— 


Elastic Motion of Pipe Wall 


The general equation of motion is that of a mass, the mass of a 
unit area of the pipe wall, acted upon by a suddenly applied 
force, P, the pressure pulse, and by a restraining spring force, 
which is the radial component of the hoop stress in a unit length 
of the pipe wall. These are illustrated in Fig. 19. 


h 


UNIT AREA 


mass, m= 


Fig. 19 Definition sketch of pipe element 


The pipe wall is a spring of stiffness K determined as follows: 
The radial motion caused by the pressure P (static) is 


r = PR,?/Eh 
K = p/r = Eh/Re? 
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The natural period of a simple spring and mass system of this 
type is 


T = 2x(m/K)'/* = 29Ro(p/gE)'/* 
Within the elastic region, the motion of the pipe wall will be 
governed by the following general equation: 
d*r/dt? = (P/m) — (Kr/m) 


The solution of this equation, in terms of the time elapsed after 
the application of the pressure pulse, describes the harmonic 
motion of the pipe wall in the radial direction as 


| 
Ro \ p 


The circumferential strain is simply the radial motion divided 
by Ro; and since the specimen is not stressed in the axial direc- 
tion, the circumferential stress is obtained by multiplying by EF 


to give 
1 cos (#)" 
h Ro \ 


From this expression, the elapsed time until the end of plastic 
action, i.e., until yielding begins is given by 


t, 
ai- 
( p 


the term B being introduced for convenience in later manipula- 
tion. From trigonometric relationships, 


= (1 — 
sin ( ) 


Hence the velocity and acceleration at the instant yielding 
begins are given as follows: 
, 
p 


(=) - 
a}, Eh 


d*r Pg 


Assuming that yielding begins during the elastic overshoot, the 
plastic extension of the radius, area A in Fig. 5, is obtained as 
follows: The time elapsed from the initiation of yielding until the 
pipe wall is brought to rest is 


(B* — 1) 
2Eh—séiB’ 


Therefore 


Substituting, 


Remembering that A is the measured permanent deformation of 
the tube radius, the quantity (B* — 1)/B is therefore known; 
and the stress ¢, at which yielding occurred can be obtained. 

The strain rate at the instant yielding began is obtained from 
the expression for velocity by dividing by Ro: 


P E\'/: 
(Strain rate), = Eh (#) (1 — 
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t= 
— = B 
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Ry = 
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K = 
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D. B. Rossheim® and J. J. Murphy’ 


The authors and the Standard Oil Company (Indiana) deserve 
the appreciation of the many engineers and industries concerned 
with gaseous detonation, and its avoidance for the safe operation 
of pressure and process equipment. The tentative indication 
that ductility of carbon steel apparently has little influence on 
bursting strength, and that maximum strain rate is less than in a 
Charpy “V” notch test, is of particular interest. Also, that 
analysis indicates that the strain rate for larger diameter ves- 
sels decreases; the pressure pulse would also be of shorter dura- 
tion for larger diameters when compared with the natural period 
of vibration which again is favorable with respect to larger di- 
ameters withstanding shock. Without in any way detracting from 
the value of the data presented, caution is in order in their gen- 
eralization or in arriving at conclusions, in view of the possible 
influence on numerical results, of the test configuration and the 
indicated sensitivity of deformation extent with respect to stress 
level. 

The authors are careful to point out the absence of stress raisers 
and their potentially potent effect. The specimens carried no 
longitudinal pressure stress and were very thin; this leads to 
speculation as to whether thick plates would behave similarly. 


® The M. W. Kellogg Company, New York, N. Y. Fellow ASME. 
? The M. W. Kellogg Company, New York, N. Y¥. Mem. ASME. 


It is hoped that the authors will be able to pursue this problem 
further. 


Authors’ Closure 


The discussion by Messrs. D. B. Rossheim and J. J. Murphy 
is appreciated very much. Their note of caution probably arises 
from knowledge that many brittle fractures of engineering struc- 
tures have occurred at nominal stresses that seem very low, com- 
pared to the nominal fracture stress found for laboratory speci- 
mens. To explain this difference, either some unexpected weak- 
ness of the material in the structure or a source of high stress 
must be found—from dynamic loading, from notches of some kind 
(geometrical or metallurgical), or from residual stress. Gen- 
erally, the explanation also requires the assumption of low duc- 
tility. 

We have shown how to analyze the case of dynamic loading, 
for the simple geometry of a smooth pipe subjected to a gaseous 
detonation, to get values of stress and strain rate at the instant 
yielding begins. The results of the tests agree fairly well with 
published evidence that high strain rate raises the yield point of 
mild steel. They predict that vessels burst by dynamic pressure 
loading will develop high nominal stress before fracture, unless 
they contain severe stress raisers or residual stresses. 

With regard to the effect of the plate thickness on yield and 
fracture stresses, the effects of detonations on vessels were studied 
first in the investigation of the bursting of refinery vessels. In 
our opinion, these vessels also developed high stress before frac- 
ture. At present, no further studies are contemplated. 
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Application of a Cumulative Damage 


R. R. GATTS! 

Mechanics of Materials Engineer, The 
General Engineering Laboratory, The 
General Electric Company, Schenectady, 
N.Y. Assoc. Mem. ASME 


Concept to Fatigue 


A general concept of the accumulation of damage is described. This concept is com- 
bined with a particular hypothesis for the accumulation of fatigue damage. Initial and 


failure conditions are established for use with the equation and the solution for constant 
stress amplitude is discussed. Simple algebraic expressions are developed in terms of 
the nominal stresses and cycles commonly associated with machine design and stress 
analysis. These expressions are compared with data from rotating bending tests of 
steel specimens and found to be in good agreement. Nondimensional co-ordinates are 
used to provide a composite plot of S-N data from a wide range of steels. 


Introduction 


a distinguishing feature of fatigue is the cyclic 
nature of the load, often expressible in terms of a stress ampli- 
tude [1].?. The outstanding characteristic of the effect of cyclic 
loading is the cumulative nature of the resulting damage. No 
one cycle is completely responsible for the total damaging effect 
but rather many cycles each make a small contribution [2-10]. 
The purpose of this paper is to describe a general concept of cu- 
mulative damage, to combine it with a new hypothesis for fatigue 
damage, and to compare the results with some of the available 
data from the literature on fatigue. 


Cumulative Damage 


It is not uncommon to find that, although a material may re- 
sist the initial application of some load or potential, repeated or 
prolonged application of the same load will lead to failure. Ex- 
amples of this phenomenon may be observed in as widely different 
situations as the application of a force to a structure or a voltage 
to an electrical insulator. There is, however, always some mag- 
nitude of the load or potential which, if applied, would cause im- 
mediate failure. It has been usual in engineering practice to test 
samples of materials to determine these magnitudes and to 
refer to them as the “‘strengths’’ of the materials. Recognition 
of the effects of repeated or prolonged application of some loads 
has resulted in the definitions of new strengths associated with 
a specified life in terms of a number of applications or time of 
duration of the load. Accordingly, the loads which would cause 
immediate failure of previously undamaged material samples 
have sometimes been referred to as virgin, first cycle, or short-time 
strengths. 

For the phenomenon to proceed as described the short-time 
strengths must be greater than the strengths associated with a 
given number of applications or a specific time duration of the 
load. Therefore it is evident that the repeated or prolonged 
loading has caused damage to the material resulting in a de- 
crease of its strength. If there is reason to believe that this 
damage has accumulated in a more or less continuous fashion in 

! Formerly, Assistant Professor, Department of Mechanical Engi- 
neering, The Ohio State University. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Metals Engineering Division and presented at 
the Winter Annual Meeting, New York, N. Y., November 27-Decem- 
ber 2, 1960, of Tae American Society or MecuanicaL ENGINEERS. 


Manuscript received at ASME Headquarters, July 29, 1960. Paper 
No. 60—WA-144. 
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terms of the damage per application or damage per small unit of 
time, then the phenomenon might be described mathematically 
in the following manner. 


Sp = virgin or short-time strength 
S;y = strength associated with a specified life, N 
S, = instantaneous value of the strength as it decreases 
from S to S {Nn 
n = the number of applications of a repeated load or the 
time of duration of a prolonged load 
N = value of nat failure 
dn = one application of a repeated load or an increment of 
time for a prolonged load 
S = the value of the load applied (may be a function of n) 
dS, = the change in S, associated with dn 


The ratio dS,/dn then represents the damage per single applica- 
tion of a repeated load or the damage per unit time of a prolonged 
load. Furthermore, it is reasonable to assume that at any value of 
n the damage associated with dn is proportional to some function 
of the load. Call this damage function D(S) and then a damage 
equation can be written 


= (1a) 


where k simply indicates proportionality. 

For some kinds of situations it has been found that, if the load 
or potential is kept below a limiting value, the material will ap- 
parently withstand an infinite number of applications or time 
duration of the load. In this case it has been useful to recognize 
this value as another kind of strength or an endurance limit. If 
such a value exists it would be expected to appear in the damage 
function in such a way that the function will approach zero as the 
applied load or potential approaches the endurance value from 
above. 

Determination of the damage function and solution of the re- 
sulting equation may present a formidable problem even in those 
cases when the general concept may be applicable. However, it 
is interesting to consider an explicit equation which satisfies the 
assumptions to this point but still maintains a reasonable degree 
of flexibility in terms of empirical constants. Such an equation 
in terms of an often useful power function is 


= 
- SY, (16) 
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where 


S, = the maximum load or potential value for infinite life 
k 


empirical constants 


The term within the parentheses is set equal to zero for S < S,. 

The further simplifying assumption that S, = CS, for all values 
of S, reduces the equation to a form relatively easy to solve. 
Also from the foregoing discussion a set of boundary conditions 
may be noted, that is, 


S, = Sp when n = 0 
S, = Syy = Swhenn = N. 


Utilization of these conditions provides a method of evaluating 
the constant of integration and puts the solution in a form relating 
load magnitude to life. 


A Hypothesis for Fatigue 


As noted in the Introduction, fatigue is cumulative in nature 
and therefore is susceptible in a formal sense to the concept just 
described. In this case S will represent stress amplitude and n 
will represent cycles. Special consideration should be given to the 
damage function, the first cycle failure stress, and the ratio of en- 
durance strength to the sudden failure strength. 

Although there may be considerable differences in the strain 
rates for cyclic loads as compared to static tensile tests, as a 
first approximation the stress which would cause failure on the first 
cycle of a cyclic load may be assumed to be the ultimate tensile 
strength, S,. Also, the ratio of the endurance limit to the sudden 
failure strength may be assumed constant as an approximation. 

For the case of fully reversed stressing (zero mean stress) the 
following hypothesis is proposed for the damage function. In 
Fig. 1 is shown an idealized stress-strain curve for the first quarter 
of the nth cycle. The endurance limit S, is shown as defining that 
point on the curve above which a small but critical amount of 
plastic deformation occurs with resulting damage to the material. 
Below S, the curve is represented as a straight line with slope 
equal to the modulus of elasticity. Above S, the curve is as- 
sumed to slowly bend away from the elastic line although the 
total plastic deformation may still be well below that associated 
with a proportional limit or yield stress. In Fig. 1 it has been 
assumed that the stress-strain curve can be approximated by a 


3 


STRAIN 


Fig. 1 Stress-strain diagram showing the area suggested as a possible 
measure of fatigue damage 
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second straight line from the endurance limit to the maximum 
stress of the cycle S. 

The hatched area in the figure represents the energy associated 
with stress above the endurance limit and with strain in excess of 
the strain corresponding to the endurance limit. This area is 


equal to 
(o — S,)de, 


= the instantaneous stress 
the stress amplitude 
= endurance limit 
strain corresponding to the endurance limit 
the strain corresponding to the stress amplitude 


It is hypothesized that this area is proportional to the damage due 
to the nth cycle and can be substituted into the damage equation 
in place of the function shown in Eq. (1a), 


dS, 
dn 


— 8,)de (2) 
€e 


If the linear approximation is valid for the range of integration, 
the integral for the hatched area is proportional to 


(o — S,)do. 


Since S, will change only a small amount during the nth cycle it 
can be assumed constant for the integration. When the integral 
is evaluated the result is 


S 
— S,)*. 
dn 


Using the assumption that S, = CS, this equation can be writ- 
ten in either of two forms 


dS 


= —k(S — CS,)? 
dn 


(3a) 


dS, 


an = —k(S 


(3b) 
with k indicating constant proportionality as before and the 
term within the parentheses equal to zero when S < S,. 

For the case C = 0 (that is, no endurance limit) Eq. (3a) is 
formally applicable with boundary conditions in the form, 


S, = S, when n 
S, = Swhenn = N. 
For C > 0, Eq. (36) is formally applicable with, 


S, = Seo when n = 0, 


S.=C8= See S when n = N. 

Equation (3b) is qualitatively consistent with what is now 
known about the endurance limit. Although the basic definition 
of the endurance limit is “the limiting value of stress below which 
a material can presumably endure an infinite number of stress 
cycles,” it is clearly recognized and emphasized that the en- 
durance limit decreases as a result of fatigue damage and, conse- 
quently, it is not a constant [1, 3, 6, 11, 12,13]. A phenomeno- 
logical description of the accumulation of fatigue damage ex- 
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where 
o 
‘ S, 
| 
or 
— 
“e 
i 


STRESS AMPLITUDE, S 


CYCLES, n 


Fig. 2 Variation of the endurance limit with cycles at a consiant stress 
amplitude greater than the endurance limit 


pressed in terms of the decreasing endurance limit is illustrated 
in Fig. 2 where the result of applying a constant stress amplitude 
(somewhat greater than the endurance limit) is traced for the N 
cycles required to cause failure. 

The remainder of this paper is concerned with the solution of 
Eq. (36) and a comparison of that solution with experimental 
data. Although the concept of cyclic stress can be generalized 
within the bounds of the theory, to include a variation of stress 
amplitude from cycle to cycle, all other factors affecting fatigue 
are assumed to be constant. The theoretical results are con- 
sidered representative of average behavior upon which a statisti- 
cal representation of scatter can be superimposed. The data con- 
sidered are from rotating bending tests of unnotched, polished, 
steel specimens approximately '/, inch in diameter at the critical 
section. These data are from the reports of several different in- 
vestigators and references are given to the respective investiga- 
tors and to the places where the data were published or reported. 


Solution for Constant Stress Amplitude 


For the common case where the stress amplitude is constant, 
Eq. (3b) is readily integrated. Using the condition that S, = S.o 
when n = 0 to evaluate the constant of integration gives 


(4) 


in which the endurance limit is expressed as a function of the 
stress amplitude and the number of cycles applied. 

From the condition that S, = CS when n = N, Eq. (4) is re- 
lated particularly to the failure condition and becomes 


1 1 


kN = ——— — 
8 So Si C) 


(5) 


which is an equation for the S-N diagram. The similarity and 
the differences between this equation and the common empirical 
equation for the S-N diagram, 


(S — So) N = constant (6) 


are quite interesting. 
For values of S only slightly larger than S,o, Eq. (5) is the same 


as Eq. (6) because is negligibly small compared to 


1 
Sil — C) 
and Eq. (5) becomes 


1 
S — Sa 
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1 
(S — So) N = re (7) 


However, for larger values of S the extreme right term in Eq. (5) 
becomes increasingly important. The effect of this term is to give 
an S-N diagram which has a double curvature and specifies zero 
complete cycles of life when S = S.. X 1/C = S,. This S-N dia- 
gram is illustrated in Fig. 3. 


STRESS AMPLITUDE, S (LINEAR SCALE) 


LIFE, N 
(LOG SCALE) 


Fig. 3 S-N diagram 


It has long been recognized that Eq. (6) does not hold for high 
values of stress amplitude and one of the objectives in fatigue 
theory has been to find a suitable curve with the general proper- 
ties of Eq. (5) as illustrated in Fig. 3. Qualitatively then, Eq. 
(5) does the right kind of things. 


Useful Definitions 


To permit presentation of the curves and associated data in a 
more general manner it is worth while to use nondimensional 
parameters. For this purpose the following definitions and nota- 
tions are useful. Some have had more or less widespread use, 
while others are new. 

The ratio of the stress amplitude to the original value of the 
endurance limit is the “stress-amplitude ratio,’’ S/S,o, here repre- 
sented by y. 

The ratio of the number of cycles applied at a specific stress 
amplitude to the number of cycles required to cause failure at that 
stress amplitude is the ‘‘cycle ratio’ n/N, represented here by @. 
This definition has been used to a considerable extent in the litera- 
ture, but represented by various symbols. 

The ratio of the current value of the endurance limit to the 
original value of the endurance limit is the “endurance-limit 
ratio’’ S,/S., represented here by y,. This is thought to be a 
relatively new usage and should not be confused with the “fatigue 
ratio’’ as defined elsewhere in the literature. 

The ratio of the number of cycles required to cause failure at 
any value of stress-amplitude ratio to the number of cycles re- 
quired to cause failure at an arbitrary reference value of stress- 
amplitude ratio is the “life ratio’ N/N*, here represented by L. 
The star superscript indicates the life at the arbitrary reference 
value of stress-amplitude ratio. This is a new usage which is ex- 
plained in more detail below. 


Composite $-N Diagram 


The significance of the life ratio can be shown by rewriting Eq. 
(5) in terms of the stress-amplitude ratio with K equal to kSp. 
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1 1 


KN = - 
7-1 


(8) 


If an arbitrary stress amplitude ratio, say y*, is selected with an 
associated life N*, they are related by Eq. (8). Substituting y* 
and N* gives 


1 1 
— Cy 


KN* = 


(9) 


Now dividing Eq. (8) by Eq. (9) gives 


1 1 


= — ——— 
176 


(10) 


where 


1 1 


K* = 


(11) 


Equation (10) is nondimensional and suggests the nondimen- 
sional presentation of fatigue data on y-L co-ordinates. 

For all materials which have the same value of C and for which 
the same value of y* has been selected, Eq. (10) specifies identical 
y-L curves. For many different steels C is approximately equal 
to 0.5. Therefore it should be possible to present data for these 
materials on the same graph. In Fig. 4, data for rotating bending 
tests for several different sources and for as many different steels 
are plotted on y-L co-ordinates. Two curves are shown on the 
figure. Both curves are calculated from Eq. (10), but the solid 
curve is for C = 0.5 and the dashed curve is for C = 0.4. 

From this figure it appears that Eq. (10) provides good agree- 
ment with the data. More important, however, is the agreement 
among the data from different steels when plotted on the -L co- 
ordinates. This is in spite of the fact that the endurance limits 
as from 34,000 to 94,500 psi among the steels represented in 

ig. 4. 

Fig. 4 indicates that composite -L curves may be used for 
similar materials. These would be extremely useful as an aid for 
quickly determining the fatigue characteristics for a material. 
Tests to determine S, and N* would be sufficient to define the 
entire S-N curve if data were available for comparable tests on 
similar materials. From Fig. 4 it appears that a large range of 
steels are similar to a satisfactory degree. 


Fatigue Limit Data 


Further implications of Eqs. (4) and (5) may be determined as 
follows. If the constant k is eliminated between Eqs. (4) and (5) 
and if n/N and S,/S. are replaced by 6 and y,, respectively, the 
result is 


1 
% = (12) 


This equation provides a direct method for calculating the effect 
on the endurance limit of fatigue damage specified in terms of cycle 
ratio and stress-amplitude ratio. 

This equation is similar to the equation developed by Henry 
from consideration of the difference in the S-N diagram for 
damaged specimens as compared to the S-N diagram for 


undamaged specimens [13]. If it is assumed that S,y is equal 


to zero rather than to C'S Eq. (12) becomes 
y(1 — 8) 
=> 13 
(13) 


which is exactly equivalent to the relation which Henry sug- 
gested. 

Fig. 5 shows the y,-8 curves corresponding to Eq. (12) for 
three different values of y and one curve corresponding to Eq. 
(13) for y = 1.2. Some data for rotating bending tests which 
were published by Kommers are also plotted on the figure [12]. 

Considerable scatter is evident in the data and the points repre- 
sent only a small amount of data. However, there is substantial 
agreement between the general position of the data and the curves 
for Eq. (12). 


Effect of Prior Damage on S-N Diagram 


A limited amount of data are available from tests in which a 
number of specimens were all subjected to the same damage treat- 
ment and then used to determine a new S-N curve. Data of this 
type are presented in Fig. 6. 

The y-N diagram corresponding to any amount of damage can 
be determined in the following manner. If some amount of 
damage has been done such that the fatigue limit is reduced from 
S.o to S,’, then the number of cycles n’, required to cause that 
damage at a stress amplitude S, calculated from Eq. (4) is 


| DATA FROM REFS |i, 
12,14,15 (EACH POINT 
| TEST) 


'10- DATA FROM REF 3 
(EACH POINT |! TO 


17 TESTS) 


'7- DATA FROM REF 17 
| (EACH POINT 20 


205 
K*=1.79 J CURVE 


C_:0.4 | DASHED 
K*22.05 CURVE 
(Se) VARIES FROM 


34,000 TO 94,500 PS! 


STRESS-AMPLI TUDE RATIO, 7 


++ P 


42 
oO 
o 


| 
i 
08 


02 04 06 08! 2 


532 / DECEMBER 1961 


| 
| 
10 


4 20 40 60 0 § 200 
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Fig. 4 Theoretical +-L curves and composite data from constant stress amplitude tests of steel 
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Now,/if N’ is the number of cycles required to cause failure at the 
stress amplitude S, after the damage treatment has been applied, 
then 


N’=N-—n’, (15) 


where N is the number of cycles required to cause failure of an 
undamaged specimen at the same stress amplitude. 
Substituting Eq. (5) and (14) into Eq. (15) gives 


1 1 


S&1-—C) 


(16) 


Comparing Eq. (16) with Eq. (5) it is apparent that Eq. (5) 
expresses a general relationship between the number of cycles re- 
quired to cause failure and the endurance limit at the beginning 
of those cycles. 

Equation (16) is put in the y-N form by multiplying by Sj. 
This gives 


SOLID CURVES CALCULATED 
FROM EQUATION (12) 


DASHED CURVES CALCULATED 
FROM EQUATION FOR =1.2 
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Fig. 5 Reduction of endurance-limit ratio due to cyclic stress at constant 
amplitude on steel 


08 1.0 


1 1 


KN’ = 
We y(1 — C) 


(17) 


where yy,’ is the ratio S,’/S.. corresponding to the predamage and 
Kis kSo. 

This equation was used to calculate the y-N curves correspond- 
ing to different degrees of damage for Fig. 6. For each curve the 
value of y,’ used in Eq. (17) was calculated by Eq. (12). In each 
case the predamage was done at y = 1.31 and for the number of 
cycles corresponding to the values of 8; given in the figure. 

In Fig. 6 the theoretical curves are in general qualitative agree- 
ment with the data but again the scatter makes positive evalua- 
tion impossible. The theoretical values of the endurance limit 
appear somewhat lower than indicated by the data. However, 
the endurance limits are not very accurately located by the data 
and the curves are in very reasonable agreement for shorter lives. 


Stepped Stress Amplitude 


One of the more common experimental procedures for checking 
the accuracy of the linear rule (Miner’s theory) has been to run 
a group of specimens for some number of cycles m at a stress 
amplitude S, (corresponding to a stress-amplitude ratio y,) for 
which the average life would be N;, then change to a second stress 
amplitude S; (corresponding to a stress-amplitude ratio y:) and 
continue cycling until failure occurs. The number of cycles nz at 
S: is counted and the cycle ratios 6, and §; are then calculated. 
If the linear rule is true then 8; + {2 will be equal to unity [4]. 

It has consistently been found that this sum depends on the 
relative magnitudes of S; and S, [2, 3, 5, 6, 14, 16]. When 8; is 
greater than S, the sum is less than unity, and when S; is less than 
S; the sum is greater than unity. 

In Fig. 7 some published data from rotating bending tests of 
this type are plotted and compared with theoretical curves based 
on Eq. (12). An equation can be derived for 8: as a function of 
Bi, Y:, and 2. However, the result is difficult to work with and 
a graphical solution based on the family of curves corresponding 
to Eq. (12) is much easier to use. 

Fig. 8 illustrates the graphical procedure for 7, = 1.6 and y: = 
1.1. During the cycles applied at 7, the damage process can be 
traced along the curve corresponding to y = 1.6 to point A. 
Then, when the stress is changed to correspond to ‘yz, the damag- 
ing process transfers to the curve for y = 1.1. The damaging 
process can then be traced from point B to failure. The total sum 
of the cycle ratios is then 8, + 8: as indicated in Fig 8. 
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Fig. 8 Theoretical curves for the relationship between the endurance- 
limit ratio and the cycle ratio 


The data in Fig. 6 shows good agreement with the theoretical 
curves both for +; greater than yy: and for 2 greater than :. 
This indicates a substantial improvement over the linear rule 
since the sum of the cycle ratios equal to unity corresponds to the 
dashed straight line from (8; = 0, 8: = 1) to (8; = 1, Bs = 0) 
in Fig. 6. 


Conclusions 


The evidence presented supports the general observation that 
a more or less straightforward, phenomenological approach to the 
problem of cumulative damage can provide a better and a more 
general correlation of fatigue data than usually expected. The 
apparent success of the method in the case of fatigue suggests its 
applicability in other cases of cumulative damage. 

With regard to fatigue data correlation the following conclu- 
sions are significant: 
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1 Good agreement was achieved with the basic S-N relation- 
ship for constant amplitude tests in the high cycle region. 

2 A modification of the S-N relation was produced which is 
expected to permit extrapolation of fatigue data to shorter lives 
than is possible by the conventional relation. 

3 Nondimensional life and stress-amplitude parameters can 
be used to form composite plots of S-N information for similar 
materials. 

4 For damage short of failure a method is provided for 
estimating the effect on the endurance limit as well as the fatigue 
life. Although the extent of validity of these estimates is not 
clearly demonstrated, in many cases no other estimate will be 
available. 

5 For duty cycles producing more than one value of stress 
amplitude a method of estimating the accumulation of fatigue 
damage is provided which is more accurate than with the linear rule. 


Although these specific conclusions are based explicitly on 
rotating bending tests of laboratory specimens it is not un- 
realistic or unusual to expect that to a considerable extent they 
can be generalized to other types of tests and to practical machine 
components and structures. 
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DISCUSSION 
H. T. Corten® 


The phenomenological description of fatigue damage presented 
in this paper differs from most other recent treatments of the 
problem in that it defines fatigue damage in terms of a change of 
strength, either the instantaneous endurance limit or instantane- 
ous static strength, as a result of previous cycles of stress. This 
treatment of the problem emphasizes, by explicit statement, the 
important consideration of the remaining strength after the 
accumulation of fatigue damage, a consequence that is only im- 
plied in treatments in which damage is defined in terms of num- 
bers of cycles and fatigue life. 

Before considering the applications, it is instructive to re- 
examine the “Hypothesis for Fatigue’ with regard to complete- 
ness and adequacy of this approach. In Fig. 1 the author shows 
schematically a stress-strain curve for the first quarter of the nth 
cycle. The entire nth cycle is shown schematically in Fig. 9(a). 


Fig. Ha) Nominal stress- Fig. 9b) Nominal stress-plas- 
total strain diagram tic strain diagram (schematic) 


In Fig. 9(a) the work done in loading during the first quarter of 
the nth cycle is represented by area abce. Of the work done on the 
first quarter of the nth cycle, the area dce represents recoverable 
elastic strain energy, since upon unloading to zero stress this 
energy is recovered. The remaining area, abed, represents irre- 
coverable energy, that is, energy of an elastic deformation and 
energy of plastic deformation that have been dissipated to ther- 
mal energy plus irrecoverable stored elastic strain energy. The 
irrecoverable elastic strain energy is responsible for strain hard- 
ening and presumably is closely associated with fatigue damage. 

The hypothesis for fatigue suggested in Fig. 1 is that damage 
is associated with the cross-hatched area. This assumption pre- 
sents the difficulty that a large portion of the cross-hatched area is 
recoverable elastic strain energy and, therefore, could not be ac- 
cumulated. The formulation of Eq. (2), however, is sufficiently 
general that the hypothesis for fatigue indicated in Fig. 1 is only 
one of several hypotheses that lead to “damage’’ and the quan- 
tity (S — S,)? in Eq. (3b). This relation may refer equally well to 
the irrecoverable elastic strain energy which can be accumulated 
as indicated schematically by the cross-hatched area in Fig. 9(5). 

Another difficulty is concerned with dividing the plastic 
strain energy into two parts, the irrecoverable stored elastic strain 
energy associated with hardening and fatigue damage, and the 
portion dissipated to irrecoverable thermal energy. Both in the 
author’s Fig. 1 and Fig. 9(b) of this discussion, the horizontal base 
line of the cross-hatched regions is purely arbitrary and has no 
rational basis. The division of plastic strain energy into two parts 
cannot be investigated by or inferred from mechanical experi- 
ments alone. Again, however, the author has introduced suf- 
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ficient generality in Eq. (3) that this restriction does not neces- 
sarily invalidate the analysis. 

This writer suggests that Eq. (3) should be interpreted as rep- 
resenting irrecoverable stored elastic strain energy associated with 
submicroscopic “residual stresses’ and “residual strains.’’ This 
energy may be accumulated and permanent fatigue damage, that 
is, crack initiation, may be associated with the accumulation of a 
critical energy density in localized regions. While this concept 
is not new, it does provide additional insight and sufficient gen- 
erality to encompass a large number of the known facts. 

Examination of the “Hypothesis for Fatigue’’ in the light of 
this modified interpretation suggests, however, that certain limita- 
tions are inherent in all phenomenological theories of fatigue 
damage. These limitations are illustrated in the following discus- 
sion. Imagine that a member consisting of a large number of small 
structural elements is subjected to a nominal stress, ¢. Each 
element is subjected to some variation of localized stress and the 
elements offer a statistically variable resistance to inelastic de- 
formation. ‘The irrecoverable stored energy density within the 
population of elements may be represented by the statistical dis- 
tributions as shown in Fig. 10. Consider first an annealed metal 
with a low energy density. With cycling, inelastic deformation 
occurs, the energy density of individual elements increases, and the 
distribution shifts to the right. Crack initiation occurs when the 
density in one or more elements reaches a critical energy density 
as indicated in Fig. 10. Once a crack is formed, the geometry of 
the member changes and successively more elements reach a 
critical energy density and the crack propagates. 


Critical energy density 
for fatigue crack 
initiation 


3 
3 
n 
E 
3 
Zz 


irrecoverable Stored Strain Energy Density 


Fig. 10 Concept of the change of the distribution of irrecoverable stored 
strain energy density with cycles of stress in an annealed metal (sche- 
matic) 


The fatigue limit is that value of nominal stress which will cause 
the tail of the energy density distribution to approach, but never 
reach, the critical value of energy density. 

The average energy density (or some measure of central tend- 
ency of the energy distribution) is related to the applied nominal 
stress and the average resistance to inelastic deformation, that is, 
the nominal strength of the material, at each stage or number of 
cycles in Fig. 10. 

Based on this mode of fatigue, it is evident that all phenomeno- 
logical theories of fatigue assume that the nominal stress and the 
average energy density, which are describable in terms of macro- 
scopic variables, are adequate measures of the very localized 
conditions in the region of crack initiation and propagation. 
The foregoing discussion of the energy density distribution, how- 
ever, indicates that, in addition to a measure of ‘“‘central tend- 
ency,”’ the “variance’’ of energy density or width of the distribu- 
tion is equally important. To illustrate the inadequacy of the 
average energy density to fully describe the fatigue process, con- 
sider a metal that has been extensively cold-worked. A hypo- 
thetical energy density is shown in Fig. 11. The energy density 
distribution is high, as a result of cold-work; however, not even 
the tail of the distribution has reached the critical value. As a 
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Fig. 11 Schematic change of distribution of irrecoverable stored strain 
energy in a cold-worked metal caused by cyclic loading 


result of cycling, the average energy density decreases but the 
width of the energy density distribution increases. This cor- 
responds to cyclic strain softening of the metal; however, fatigue 
fracture is initiated when the tail of the energy density distribu- 
tion reaches the critical value. The need to describe not only the 
average energy density, but also the ‘‘width” or variance of the 
energy distribution is evident. 

With regard to most phenomenological hypotheses of fatigue, 
it is clear that macroscopic variables are incompletely related to 
the failure conditions because they constitute an incomplete 
specification of the “localized” failure conditions, for example, the 
distribution of energy density caused by cyclic loading. Thus, as 
noted by the author, good correlations of data based on macro- 
scopic variables alone, may be anticipated only when comparisons 
are made between “similar materials.” The term similar ma- 
terials takes on the special significance of implying materials that 
exhibit the same localized response to cyclic loading. This 
suggests that the initial conditions of the material, i.e., annealed, 
cold-worked, heat-treated, etc., and the physical hardening 
mechanisms, strain hardening, strain aging, precipitation harden- 
ing, second-phase particle hardening, etc., may be useful ways 
of classifying similar metals. 

The foregoing discussion raises several questions regarding the 
first application discussed in the paper. The composite o-N dia- 
gram shown in Fig. 4 exhibits reasonable coincidence of o-N data. 
It is surprising to note that a definite ‘‘knee’”’ is not apparent in 
this diagram since all the data in the range of the endurance limit 
are for steel. Having demonstrated good agreement for a rather 
wide range of steels, the important question is—what are the limits 
of this agreement? Has the author explored and compared o-N 
data for notched specimens with unnotched specimens and for 
soft with very hard steels? Will the shape of the composite 
o-N diagram, and Eq. (10) accommodate nonferrous metals for 
long lives as well as for short lives? Based on a comparison with 
experimental data and computation of the constants for Eq. (10), 
what groups of materials and specimen shapes may be classified as 
similar? 

Considering the second and third applications, the “Fatigue 
Limit Data” and “Effect of Prior Damage on o-N Diagram,’ the 
trends predicted by the theory are qualitatively correct. In 
terms of strength, the largest deviations appear to be less than 20 
per cent. As noted by the author, this kind of an estimate could 
be useful when no other estimate of the reduction of fatigue limit 
is available. It should be noted, however, that a 20 per cent 
error in strength may correspond to more than a 1000 per 
cent enter in life. Thus, caution must be exercised in concluding 
that the agreement between theory and experimental data is 
suitable for engineering applications. 

The fourth application, “Stepped Stress Amplitude” has been 
the subject of many investigations. The writer is in accord with 
the general results of this section but has found that statistical 
variability of data virtually invalidates the usefulness of this 
kind of experiment. A survey of data from this kind of experi- 
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ment for small unnotched specimens subjected to completely re- 
versed stress confirms the experimental trends displayed in Fig. 
7 [18].4 At the same time, when this problem is investigated 
statistically [19, 20], the scatter is so large that it is difficult to 
show that the simple linear summation of cycle ratios hypothesis 
is invalid. Note, for example, in Fig. 7, that the maximum dif- 
ference between the predicted life based on the author’s hypothesis 
is less than +20 per cent different from the linear rule. To meas- 
ure a mean fatigue life to an accuracy of +20 per cent, based on 
95 per cent confidence limits on the mean value of log NV, requires 
a number of specimens, and full ‘co-operation’ from the ma- 
terial, specimen shape and finish, and the machine operator. 

An important test of the application of this hypothesis is found 
in the complex load histories used in spectrum testing and en- 
countered in service. In spectrum experiments, differences be- 
tween the linear hypothesis and experimental data of from 50 
per cent to several hundred per cent are often encountered. This 
type of experiment provides a far better “‘critical’’ experiment in 
terms of nearly identical load histories for a series of specimens, 
and in terms of significant differences between the linear hy- 
pothesis and experimental data. If the author’s hypothesis can 
be extended to apply conveniently to repeated block and random 
load histories, extensive data are now available for comparison 
[21-24]. 

Another important consideration is the fact that all of the 
experimental data used for comparison by the author were for 
small unnotched rotating bending specimens. The phenomena of 
fatigue damage accumulation probably is most simply studied in 
such specimens; thus from a fundamental point of view these re- 
sults are valuable. However, most machine parts and structures 
respond to repeated loading in a more complex manner. Factors 
such as local yielding and induced residual stresses caused by 
peak loads at points of high stress concentration, and variable 
range of stress, may exert a large influence on fatigue life under a 
variable load history. 

A survey of the results for various combinations of notched 
specimens, specimens subjected to a mean stress, structural joints 
and full-size structures indicates that the trend of data exhibited 
in Fig. 7 is reversed in some important cases. The trends are 
summarized in Table 1 [18] of this discussion for aluminum alloys. 
The linear hypothesis, 2n/N = 1, was used as a standard for 
comparison. Trends were estimated on the basis of whether most 
of the data indicated a value, =n/N, smaller than, equal to, or 
larger than 1.0. From Table 1 it is clear that as the complexity 
of the specimen was increased, and/or the mean stress was 
increased, the value of the summation of cycle ratios, 2n/N, in- 
creased from a value less than 1.0, to 1.0, to a value greater than 
1.0. Similar trends were found from a survey of available data for 
steel [18]. These results indicate that the present analysis may 
be restricted to unnotched members subjected to completely 
reversed cycles of stress. 

With regard to estimates of fatigue life of structures subjected 
to complex load histories, a general method has been developed 
(22, 23, 25] that is simple but sufficiently versatile to include both 
the “damaging” and “strengthening” effects caused by variable 
amplitude repeated loads. This method employs the linear sum- 
mation of cycle ratios in conjunction with a “modified o-N rela- 
tion.” The modified o-N relation may lie to the left of, 
coincide with, or lie to the right of the conventional constant 
amplitude o-N relation. This approach to fatigue life estimation 
possesses simplicity and sufficient versatility to provide excellent 
agreement with extensive data from experiments employing 
statistical analysis of fatigue life data. 

This method does require that an appropriate modified o-N 
relation be determined. The simplest method of experimentally 
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determining the appropriate modified o-N relation is currently 
under investigation. The effects of sequence of stresses in a 
repeated block of cycles and the influence of variable mean stress 
constitute the immediate unresolved problems [26, 27]. Current 
results promise a simple accurate method for estimating fatigue 
life of machine and structural components. As noted earlier in 
this discussion, however, this approach gives no information about 
the reduction of static strength or change in fatigue strength re- 
sulting from cycles of repeated load short of complete fatigue 
failure. 
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This report contains new and interesting concepts, and as such 
represents a very valuable contribution to the literature on 
cumulative fatigue damage. I should like, however, to offer 
several comments regarding the derivation of the equations, and 
to indicate an alternative approach that has recently been ap- 
plied by the writer for analyzing this problem: 


(a) The derivation of the formula on the basis of the area of 
the hatched triangle in Fig. 1 of the report would appear to be 
contrary to intuition. In the limit, when the stress-strain curve 
shows no strain hardening beyond the yield point, the area would 
be zero. Yet, we would certainly expect fatigue damage to 
occur when strain-cycling occurs into the plastic range. Similarly, 
as the plastic region of the curve becomes more and more coin- 
cident with the elastic region (i.e., the stress-strain curve ap- 
proaches linear elasticity over the entire stress range considered), 
the area still remains large, but intuitively it would seem that the 
damage should be relatively low. 

This objection does not, however, invalidate the derivation. 
The assumption of p = 2 in Eq. (1) need not necessarily be based 
on the geometric reasoning of Fig. 1, but rather can be justified 
merely on the basis of correlation with available data. Thus, 
since Eq. (1) itself is intuitively acceptable, while the choice of 
p = 2 permits correlation, the derivation of the same final results 
can proceed on this basis. 

(b) A more serious objection might, however, be raised to the 
assumption that S, = CS,. Essentially this assumption states 
that a material which is prestressed in fatigue to a number of 
cycles short of failure will have its ultimate tensile strength (or 
strength as determined in a very low cycle fatigue test) reduced in 
the same proportion as the reduction in its endurance limit. Now 
it is well-established, at least for some steels, that precycling at 
a stress above the endurance limit of a material will reduce the 
endurance limit appreciably. But if the precycled material is 
tested statically, or in the very low cycle fatigue range, the 
properties may be altered relatively little (e.g., ref. [28]). Hence 
the assumption that fatigue damage results in a reduction in 
static (or low cycle) properties which is proportional to the reduc- 
tion in the endurance limit would not appear to be consistent with 
experimental observations, at least on some materials. 

Fig. 12 has been drawn to implement the foregoing observa- 
tion. The circles represent the experimental data obtained by the 
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Table 1 Summary of experimental determinations of summation of 
cycle ratios, =n/N, for various aluminum alloy specimens subjected to 
various loading histories 
Stress 
Trend of 
specimen tn/N Reference 
1 Standard 
small un- 
notched and stress 
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Fig. 12 Comparison of cumulative fatigue tests on 4130 steel with predictions based on theory of Gatts 


writer and his co-workers on the rotating bending fatigue of 4130 
steel. The open circles represent the medians of at least 11 tests 
at each stress level, while the solid circles represent individual 
data points of tests used to determine the endurance limit. The 
heavy solid curve represents the fit of Eq. (4) with these data, a 
reasonably good fit within the experimental range. The tri- 
angles represent the fatigue properties of a series of specimens 
which were prestressed to approximately 85 per cent of their life 
at 100,000 psi, and then evaluated in further tests at other stress 
levels to determine the “remaining’’ fatigue curve of the pre- 
cycled material. The open triangles are the medians of approxi- 
mately 11 tests at each stress level, whereas the solid triangles are 
the individual data points of tests used to determine the endurance 
limit. | The dashed curve represents the behavior of the precycled 
material predicted on the basis of the author’s theory. In de- 
termining this curve the constants C = 0.558 and k = 0.655 
< 10~*/psi were used as determined by fitting the equation to 
the basic o-N curve. It can be seen that the predictions over- 
estimate the endurance limit and underestimate the life at the 
higher stress levels. Thus, whereas infinite life is predicted at 
all stress levels below approximately 60,000 psi, a life of 3 x 104 
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cycles was experimentally observed at this stress level. Con- 
versely, the theory indicates an ultimate tensile strength of 106,000 
psi (or at least a very low cyclic life at this stress), whereas 
experimentally the life was 2 < 10 cycles at approximately this 
stress level. The ultimate tensile strength of the precycled 
material was experimentally determined to be 128,100 psi. 

(c) When a constant ratio is assumed between the tensile 
strengths and endurance limits of precycled materials, the curve 
representing the “remaining life’’ tends to diverge from the 
initial o-N curve at the lower values of cyclic life. This same 
geometric tendency is inherent in the assumptions of Henry 
(author’s ref. [13]) with which he cites consistency. At the time 
of publication of Henry’s paper the writer was impressed that this 
geometric implication was inconsistent with the experimental 
results of Bennett (author’s ref. [3]), similar data obtained at the 
NASA, and other published data indicating that the static proper- 
ties are affected only slightly by precycling short of failure. If 
some assumption had to be made regarding the geometric relation 
between the “remaining’’ o-N curve after cycling and the initial 
o-N curve, then perhaps convergence at the lower cyclic life would 
be more representative than divergence, as assumed in this paper, of 
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parallelism, as implied by the Miner hypothesis. The assumption 
of convergence lent itself to a derivation of a general analytical 
expression for remaining life after an arbitrary history of stress 
eyeling. 

Fig. 13 shows the basis of the derivation. The assumption is 
that there exists a point P on the initial o-N curve toward which 
the remaining o-N curves converge, regardless of prior history. 


Fig. 13. Remaining o-N curves for a material subjected to severa! prior 
stresses 
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where n+; is the remaining life at any stress level at which the life 
on the original o versus N curve would have been N;4,, and where 
N > is the value of N at point P. 

Although complicated in appearance, the procedure for apply- 
ing this formula is very simple. It involves raising to a known 
exponent the cumulative damage associated with the prior his- 
tory before subtracting the cycle ratio associated with any new 
incremental portion of the history. The order-dependence of 
history is apparent. Thus, it is seen that different results are ob- 
tained if the order of applying the stresses is changed. 

The endurance limits of the precycled material can be as- 
sumed, as shown in the figure, as the stresses at the intersections 
between the remaining o-N lines and the life Ny at the knee of 
the initial o-N curve, and an analytical expression derived (ref. 
{29]). This assumption has been found to be only approximate, 
but conservative. 

Fig. 14 shows the results of checks to establish the validity of 
this approach. The lines are predicted remaining o-N curves, 
corresponding to the data points shown. 

Further discussion of this approach may be found in references 
[29 and 30}. 
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Fig. 14 Test results on cumulative damage of 4130 steel 


The point (really an “apparent’’ point) is a material constant 
which must be determined experimentally. If the initial stressing 
is for n; cycles at o, for which the initial life would have been N,, 
the point Q can be located having a life (N, — m), and this be- 
comes one point on the remaining o-N curve. Since P is pre- 
sumably known, the line P-Q representing the remaining o-N 
curve can be drawn between P and Q. If, now, a new increment 
of a loading is applied for ne cycles at o2, corresponding to Nz on 
the initial o-N curve, the remaining life at point S can be deter- 
mined by first determining n.’ on PQ and then subtracting the 
applied cycles nz from n2’. The line PS thus represents the 
remaining o-N curve for the material cycled at two prior stress 
levels. In this manner any arbitrary history can be compounded. 
The procedure may be graphical, or by use of the formula 
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log (Ns/ NP) 
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(4) A minor comment may be in order regarding the inclusion 
of a zero origin on the logarithmic cycle scales in some of the 
figures of the report. 
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Author's Closure 


The discussions of this paper are both interesting and instruc- 
tive. They also suggest a few remarks which may be appropriate 
in closure. 

First, the significance of Fig. 1 was undoubtedly originally 
overemphasized. For all but very short lives we are concerned 
with a phenomenon which works on a very local basis. Damage is 
initiated in a relatively small zone where the combination of ma- 
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terial structure and force transmission is most unfavorable. 
Perhaps the damage originates as an agglomeration of dislocations 
and propagates first as a microcrack and then as a progressively 
larger crack. As damage accumulates it produces a progres- 
sively more unfavorable condition resulting in an increased rate 
of accumulation. This is an over-all phenomenological view. 
Special cases and variation in detail are bound to exist. This 
general behavior is compatible to approximation by an equation 
of the form of Eq. (1b). It happens that an equation of the same 
form will represent the hatched area in Fig. 1. This does not 
imply any cause and effect relationship but did provide a useful 
device for generating damage functions. It is obvious that other 
areas associated with the curve could be used to generate 
other functions. 

The first discusser poses a number of questions regarding the 
exhaustiveness with which the theory has been compared with 
various materials and specimen geometries. A limited amount of 
data for nonferrous alloys and for notched specimens have been 
checked. Indications are that the exponent p in Eq. (1b) is a 
function of both material and geometry. For example, it was 
about 3.5 for an aluminum alloy with smooth specimens, but 
tended to be smaller for notched specimens. (Comparison with 
this aluminum alloy was done with the assumption of an en- 
durance limit which was not actually shown to exist.) 

Table 1 was presented in the first discussion as evidence that 
Fig. 7 does not present a consistent trend for all types of data. 
The significant trend in Fig. 7 is that for sequences which only 
“step up,” Zn/N > 1, while for sequences which only “step down,” 
=n/N <1. This trend has been well established for smooth 
specimens [14, 15]. For repeated block testing at two or more 
stress levels the effects of “stepping up” and “stepping down” be- 
come mixed and tend to cancel each other out. Error in the 
linear rule in that case is most likely to be associated with steps 
at stress levels below the original endurance limit which later 


-become damaging as the endurance limit decreases. Therefore, 


the information in Table 1 cannot be related in a simple way to 
the comparison in Fig. 7. It is not clear then how Table 1 indi- 
cates that the present analysis may be limited to either un- 
notched specimens or completely reversed cycles of stress. 

The second discusser’s objection to the assumption that S, 
= CS, is very soundly grounded. The author agrees that the 
evidence in Fig. 12 as well as other data cited confirm that this is 
a poor assumption, at least for several cases [28]. As a matter of 
fact, this assumption was originally made with a great deal of 
trepidation but was used for lack of a better way to proceed. 

A fresh consideration of the assumption has lead to a clear in- 
dication of the nature of the approximation it contains and, 
happily, to what seems to be an improved assumption. 

If fatigue damage exists as a progressive crack, microscopic in 
size at first but slowly growing, then reduction in the nominal 
endurance stress may be considered to be due primarily to stress 
concentration affecting the actual maximum stress. A very small 
crack may caase an appreciable stress concentration and resulting 
reduction in the endurance limit in terms of nominal stress. If 
the structure is loaded to rupture in a single cycle the stress con- 
centration due to this same crack may, on the other hand, be re- 
lieved due to plastic deformation and the crack will not have 
enough section area to reduce the rupture stress significantly. 
Eventually the progressing crack will begin to affect the nominal 
stress required to cause rupture and exactly when that stress is 
reduced to the nominal applied stress rupture will occur. In 
short, fatigue damage may be viewed as a stress concentration 
getting worse as damage progresses and more effective for nominal 
stresses of the order of the endurance limit than for nomi- 
nal stresses of the order of the rupture stress. 

Now consider again the assumption that S, = CS, C was 
assumed to be equal to S,o/S,o, that is 
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and this clearly is equivalent to assuming that the stress concen- 
tration effect due to the fatigue crack is the same at the stress level 
of the endurance limit as at the stress level of the rupture strength. 
But according to the description just given 


So 


However, S, must be related to S, if Eq. (1b) is to be useful. The 
obvious assumption then is that S,/S, is some function of S,/S,* 


such as 
Seo Syo 
where m is larger than one. 


Suppose this assumption is adequate. Substitution into Eq. 
(1b) gives 


1 
dS 1-— 
— — ™/(S — §.)° 
S, ( 


where k is a new constant. The initial condition is as before but 


now 
Ss m 
(=) 


at failure when n = N. 

Although the assumptions seem to be improved for this formu- 
lation it still remains a matter of speculation as to whether or not 
the resulting equation is improved. The equation is somewhat 
more difficult to solve and an additional empirical constant has 
been added. However, the equation should be quite conveniently 
handled on an analog computer and the constant m may yield to 
independent evaluation. Some work has appeared in the litera- 
ture which bears directly on this evaluation [31, 32}. 

Since this theory is a phenomenological description of the 
effect of fatigue cracks on strength stated in terms of nominal 
stresses, it is important to notice the work being done directly 
on fatigue crack propagation. Several different investigators have 
used expressions of the form di/dn = f(S) or have proposed re- 
lated expressions which can be written in that form [33, 34]. The 
parameter / is a characteristic crack dimension and f(S) is a 
damage function. 

If fatigue crack growth can be adequately predicted in terms of 
cyclic stress history and if the actual stresses associated with a 
crack can be expressed as a function of crack size, it may be 
possible to derive an expression analogous to Eq. (1b) which ex- 
plicitly accounts for the geometry of the structure. This would 
permit separation of constants describing material properties in 
fatigue from those describing geometry. The result should be 
extremely useful. 
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Effects of Specimen Size and Notch Acuity 
on the Brittle Fracture Strength 
of a Heat-Treated Steel 


Effects of various methods of notch preparation on the notched slow bend fracture 


strengths of heat-treated alloy steel specimens were studied. The results indicate that 
several kinds of cracks result in about 35 per cent lower strength than a machined 0.005 
in. root radius notch. The importance of testing sufficiently large size specimens to 
reveal this difference is shown. 


-. purpose of notched specimen fracture testing is 
to obtain some indication of the strength of a structural com- 
ponent in the presence of cracks or crack-like defects. For this 
purpose, information on the comparative effects of a sharp 
machined notch and a crack is desirable since machined notch 
specimens are more easily prepared. Quite often, a machined 
notch having root radius of a few mils has been regarded as being 
approximately equivalent to a crack. Results obtained by other 
investigators show that the validity of this assumption depends on 
test conditions. For mild steel specimens, a slight upward shift of 
the ductile-brittle transition temperature [1]! or a decrease in frac- 
ture strength at low temperatures [2, 3] have been observed with 
fatigue cracks relative to machined notches. However, at room 
temperature, arrested cleavage cracks did not markedly lower the 
strength of mild steel as evidenced by fracture strengths 
considerably above the yield strength [4]. In the case of high- 
strength steels, recent tests have shown that cracked specimen 
fracture strengths can be considerably lower than even very 
sharply notched specimens [5, 6] particularly at lower tem- 
peratures. 

In all of these previous tests, only one particular specimen 
geometry was used in each comparison and it was suspected that 
specimen geometry is also a factor that would influence the rela- 
tive effects of cracks and notches. The present tests were con- 
ducted to investigate this aspect of the problem. In particular, 
specimen size was considered to be an important factor since it 
has been shown previously that a substantial effect of size on 
strength can exist in a notch brittle steel even for specimens with 
machined notches [7]. Several different methods of notch and 
crack preparation were included in the comparison using the 
slow notched bend type of specimens. 


Material and Experimental Procedure 


The test material was a large billet of a vacuum arc remelted 
alloy steel of the following chemical composition: 


Analysis (Weight per cent) 
Cc Mn P 8 Si Ni 
0.30 0.48 0.03 0.03 0.22 2.6 


Mo V 
0.44 0.09 


Large sections of this material were heat-treated to a coarse 
grained tempered bainitic microstructure to specifically promote 
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a notch brittle condition at room temperature. With this high 
hardenability steel and furnace cooling cycles employed, the 
microstructure and properties are uniform through the heat- 
treated sections and the various specimens prepared from them. 
The mechanical properties obtained are listed here: 


Tensile strength: 125,000 psi 
0.02 per cent yield strength: 91,000 psi 
0.2 per cent yield strength: 100,000 psi 
uction in area: 51 per cent 
V-notch Charpy at 75 deg F: ft-lb 
V-notch Charpy 50 per cent shear transition 
temperature: 235 deg 


Several series of notched bar specimens ranging in cross-sec- 
tional size from 0.4-in. square to 3-in. square were prepared from 
the heat-treated material. 

One series was provided with a 45 deg V-notch machined across 
one surface of the specimens. The notches were finished to 0.005- 
in. root radius which was selected for comparative purposes on the 
basis that it represents a radius which can be obtained con- 
veniently and reproducibly on even large test specimens. The 
depth of the notches was maintained at 20 per cent of the speci- 
men size for all sizes; e.g., 0.08 in. in the 0.4-in. specimen and 0.6 
in. in the 3-in. specimen. 

A second series of specimens was provided with notches made 
by an electric spark discharge process (“‘Elox’’). A major portion 
of the notch was made by normal machining and then extended 
slightly further to the 20 per cent depth by a knife-edge tool in 
conjunction with the spark discharge process. This gave a root 
radius of about 0.004 in. Tests with this method of notch prepa- 
ration were limited to the 1-in. size specimens. 

A third series also limited to the 1-in. specimens contained ar- 
rested cleavage cracks. The procedure used was to first make 
blanks with a l-in. X 2-in. cross section. A notch terminating in 
a fine saw cut was next made across the l-in. face. A crack was 
introduced from this notch by chilling with dry ice and liquid air 
and forcing a wedge into the notch by hammering. By this 
means, cracks which stopped after running a short distance were 
obtained. The bar was then machined down to the 1-in. square 
dimension by appropriate removal of material so that the crack 
depth was approximately 20 per cent (0.2 in.). A dye penetrant 
was put into the crack to mark it for reference when the bars were 
broken. Due to difficulty in exactly locating the end of the ar- 
rested crack, the actual crack depth varied considerably in some 
cases from the desired 20 per cent. 

A fourth series of specimens was provided with short fatigue 
cracks extending beyond a previously machined notch. In all 
cases, the fatigue cracks were extended about 0.050 in. beyond the 
base of the machined notch and the total notch plus crack depth 
was made to be approximately 20 per cent of the specimen size. 
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The fatigue cracking was done at a nominal bending stress of 
about 100,000 psi for the 0.4, 1, and 1'/: in. size specimens and at 
about 45,000 psi for the 3-in. size specimens. The nominal bend- 
ing stress refers to a value calculated from the bending moment 
and the net cross section under the notch using elementary beam 
equations. The cycling was in unidirectional bending between 
zero and maximum tension at the notch. Under these conditions, 
about 2000 to 5000 cycles were required to produce the desired 
fatigue cracks. 

The fifth and final series of specimens had the 0.005-in. radius 
machined notches described earlier but the notches were nitrided. 
The nitriding treatment consisted of 24 hours at 975 deg F in a 
commercial nitriding atmosphere. It was confined to the notch 
surfaces only by copper plating the remainder of the specimen. 
Hardness measurements on a dummy sample indicated that this 
treatment produced about 0.015 in. deep nitrided layer in this 
steel. Subsequent tests showed that the nitriding did not alter 
the microstructure or properties outside the nitrided region. 

The specimens were fractured at room temperature in slow 
bending by loading the specimen as a simply supported beam with 
the notched side in tension. The load was applied by a hydraulic 
tensile machine and loading rates characteristic of this type of 
equipment were used. The fracture strength reported for each 
specimen is the nominal bending stress at fracture calculated as 
described earlier. This stress value does not take into account 
the stress concentrating effect of the notch or the crack. 


Experimental Results 


A Effect of Notch Preparation. The data obtained for specimens 
of various sizes and with various methods of notch preparation 
are shown in Fig. 1. For the specimens with cracks, only the 
values from specimens having approximately 20 per cent depth 
are included in this figure. Data for other crack depths are dis- 
cussed later. In Fig. 1 it is seen that, for sizes of 1 in. and larger, 
the machined notch specimens (including spark discharge mach‘n- 
ing) exhibit higher strengths than specimens having crack notches 
and nitrided machined notches. The trend curves drawn indicate 
about 35 per cent difference in strengths. Thus, for this steel, it 
appears that the effect of going from 0.005-in. radius notch to a 
sharp crack is to reduce the bend strength by 35 per cent pro- 
vided the specimen size is suitably large. It is believed that 
nitriding a machined notch makes it equivalent to a crack because 
a crack forms in the nitrided layer at a relatively low stress and 
effectively results in a cracked specimen. 


Limiting Strength 
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The fracturing behavior of all cf these specimens was brittle 
in the sense that, at the fracture load, the fracture occurred sud- 
denly and propagated completely through the specimen. The 
fracture appearance was 100 per cent cleavage type. Load- 
deflection data were recorded for several of the specimens. On 
the gross scale that these measurements reflect, the load-deflec- 
tion behavior is essentially linear nearly up to fracture with some 
plastic behavior in some specimens just prior to fracture. The 
degree of plastic behavior was considerably less in the specimens 
with cracks and practically nonexistent in the larger size cracked 
specimens. 

It will be noted in Fig. 1 that logarithmic co-ordinates have 
been used in plotting the strength versus size relationship. This 
follows a recent interpretation of notched fracture strength be- 
havior made by Wundt [8]. It is based on the Griffith theory of 
fracturing and Irwin’s extension of this theory [9] which predicts 
an inverse relationship between fracture strength and the square 
root of the notch or crack size. For a series of progressively 
larger specimens in which the notch depth is made proportional 
to the specimen size, the fracture strength versus size relationship 
in logarithmic co-ordinates should then be linear with a slope of 
minus one half. The linear, solid portions of the curves in Fig. 1 
have been drawn with this slope. Another feature of this in- 
terpretation of fracturing behavior is that relative positions of the 
linear portions of these curves define a characteristic parameter. 
This parameter has been termed variously as fracture toughness 
or as critical crack extension force [8, 9] and is denoted as G,. 
For notched bend specimens with a 20 per cent notch depth, the 
expression for calculating G, is [8] : 

(0.254)(1 — v*)S*%d 


7 


E 
where 
G, = fracture toughness, |b/in. 
S = nominal! bending strength, psi 
d = specimen size, in. 
v = Poisson’s ratio 
E = Young’s modulus 


Calculated in this manner, G, values of 300 and 120 appear ap- 
propriate to the linear portions of the machined notch and the 
cracked notch curves, respectively. 

The inverse square root relationship discussed in the foregoing 
requires an increasingly higher strength as the specimen size is de- 
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Fig. 1 Inflvence of notch preparation on the notched bend strength of various size specimens 
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Fig.2 Effect of notch (crack) depth on the strength of 1-in. square notched 
bend specimens 


creased. The actual behavior, however, is that the nominal 
bending strengths do not attain such high values at the smaller 
specimen sizes. Instead, they approach a limiting value which 
empirically appears to be about twice the tensile strength [7]. 
This limit to the attainable strength results from the occurrence 
of gross plastic deformation wherein deformation conditions rather 
than fracture conditions govern the strength. 

B Effect of Notch Depth. A number of the 1-in. size specimens 
prepared with arrested cleavage cracks and a few with fatigue 
cracks had crack notch depths less than the desired 20 per cent. 
A fairly consistent pattern of the effect of notch depth on fracture 
strength was observed in these specimens. As the crack notch 
depth decreased, the strength increased. The data are shown in 
Fig. 2. For comparison, the data for machined notch specimens 
with 20 per cent notch depth from Fig. 1 are also shown. 

In Fig. 2, the strength versus notch depth relationship pre- 
dicted by the modified Griffith theory is shown by the solid curves 
for two values of G, (120 and 300 lb/in.). The experimental 
values for the crack notch specimens conform fairly well to the 
predicted relationship for G, equal to 120. The procedure for 
calculating this relationship for notched bend specimens has been 
given elsewhere [8]. The relationship is slightly more complex 
than an inverse square root behavior because of finite specimen 
size considerations. 

An important feature of the predicted behavior in Fig. 2 is 
that increasingly higher strengths are predicted as the 
notch depth decreases. However, analogous to the situation of 
decreasing specimen size, the strength can only rise to the limit- 
ing value and so a deviation away from predicted behavior can be 
expected as the notch decreases to a small value. This feature is 
evident in the strengths of cracked notched specimens with about 
five per cent notch depth. 
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Discussion 


In describing the test results, use has been made of the frac- 
ture toughness value G,. Basically, the formulation of the fracture 
toughness concept presumes that G, is a material property inde- 
pendent of specimen testing conditions. Therefore, it is actually 
incorrect to refer to changes in G, due to notch acuity as in con- 
nection with Fig. 1. The changes are apparent and not real. The 
mathematical expressions for the calculation of G, values are 
derived from an elastic stress analysis of the situation when the 
onset of fast fracture occurs from a sharp crack [10]. Thus, as 
Wundt [8] has pointed out, only those G, values obtained under 
experimental conditions consistent with these requirements can be 
considered as being significant of the material fracture charac- 
teristic. Altering the notch acuity from a crack to a finite radius 
causes apparent changes in G, by increasing the stress necessary 
for initiation of fast fracture. 

The preceding considerations do not mitigate the practical 
aspect of the test results; namely, that under certain circum- 
stances, the brittle fracture strength can be considerably less for 
a crack than for even a rather sharp notch. Therefore, if the 
fracture strength of a structural member in the presence of crack- 
like defect is to be evaluated, it is necessary to test specimens 
provided with cracks or a good substitute for cracks. For the 
particular steel used, nitriding a machined notch seems to offer 
a convenient substitute. In some cases, the behavior of a crack 
may be approximated by a very sharp machined notch. How- 
ever, Srawley [6] has noted that even a radius of 0.001 in. does 
not appear to be sufficient for some high-strength sheet materials. 
Fatigue cracking is another convenient procedure but low cyclic 
stresses should be used to minimize the plastic deformation at the 
crack front. The best and most convenient procedure will depend 
to a large extent on the characteristics of each material. 

The test results presented also point out an important factor 
which must be considered in testing to compare notch acuity 
effects. Due to the tendency for notched fracture strengths to 
approach a limiting strength as specimen size is decreasd, a dif- 
ference due to notch acuity may not be observed unless a suf- 
ficiently large specimen is tested. The criterion of “sufficiently 
large’’ will differ from material to material and from testing tem- 
perature to another and can best be determined by testing a series 
of increasingly larger specimens. These considerations may 
provide an explanation of the sometimes contradictory results 
concerning notch acuity effects which have been observed in other 
investigations. Specifically, if the comparative tests are made on 
small specimens of a material with low limiting notch strength, no 
effect of notch acuity on strength may be noted. Similarly, for a 
given specimen size, the magnitude can be expected to become 
less as the test temperature is varied from below to above the 
brittle-ductile transition. 


Summary 


The test results of fracture tests on notched specimens of a 
heat-treated alloy steel indicate that an arrested cleavage or 
fatigue cracks lowers the brittle fracture strength by about 35 
per cent compared to a machined notch with approximately 
0.005 in. radius. This difference is observed if the specimen size 
is sufficiently large; with decreasing size, the difference becomes 
less and may disappear altogether if relatively small specimens 
are tested. By nitriding the notch, it appears possible to obtain 
effects with machined radius notches equivalent to cracks. The 
concepts of the modified Griffith theory of fracture and of limit- 
ing notched strength are utilized to indicate the conditions under 
which notch acuity effects may or may not be observed. 
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G. 0. Sankey’ 


The results presented in this paper are a welcome addition to 
the literature relative to the brittle behavior of steels. 

In the spin testing of rotors taken from turbine and generator 
rotor forgings it is convenient to work with machined notches. 
The best machining techniques permit a notch root radius of 
about 1 mil. It then becomes necessary to speculate as to what 
further reduction in stress would be obtained had a notch acuity 
of crack proportions been employed. 

The accompanying curve shows a limited number of tests that 
seem to support the authors’ view that there is a decrease of about 


? Mechanics Department, Westinghouse Electric Corporation, 
Research Laboratory, Pittsburgh, Pa. 
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35 per cent in fracture stress when employing a notch radius of 
crack proportions in preference to a machined notch root radius 
of 5 mils. The test points on the curve are taken from spin test 
results of turbine and generator rotor steels. The lower curve isa 
plot of fracture strength data where unusually low test values 
were obtained. A nitrided brittle layer was employed in one 
case and segregate defects were observed in the others. The 
segregations were located immediately adjacent to the apex of the 
machined notches, and it is believed that a crack forms in this 
weak material prior to initiation of fast fracture in the sound 
material. 


It is gratifying to learn that Mr. Sankey’s data for a different 
type of fracture test confirm our results and his discussion is 
appreciated. In connection with Fig. 3 of the discussion, there 
is one consideration that should be noted. The curves as drawn 
indicate a lower fracture strength for crack notches relative to 
sharp-machined notches even in the region of low transition tem- 
peratures. It is the authors’ belief that these curves will merge 
at some point in this region. That is, when the transition tem- 
perature becomes low compared to the test temperature, ductile 
fracture behavior is obtained and specimens with cracks or sharp 
notches will have similar strengths. There are some data in the 
references cited in the paper in support of this viewpoint. 
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Elastic and Creep Characteristics of a 
Class of Shell Closures With 
Constant Stress Ratio 


A class of constant stress and constant stress ratio closures, oo/0g = K (1< K < 2), 


was studied analytically. 


One type with the ratio K = 4/3 was investigated experi- 


mentally both elastically and in creep. 


Introduction 


HE purposes of this paper are twofold: 


(1) To develop a method for designing a class of closures with 
constant stress and constant stress ratio, 79/0, = K (1 < K < 2). 

(2) To investigate the elastic and creep characteristics of a 
typical closure, both theoretically and experimentally (i.e., a 
closure with K = 4/3). 


Though theoretical work has been done on shells and closures 
with various optimized configurations [1, 2, 3, 4],! no creep in- 
vestigations seem to have been carried out on such shells. 

Analytical solutions of complex configurations are doubly dif- 
ficult because of the geometry and nonlinear creep law. Most 
creep investigations have been concerned with relatively simple 
configurations (i.e., hemispherical or flat plate closures); but the 
class of shells with constant stress ratio though geometrically 
complex (i.e., variable wall thickness), is still within the frame- 
work of membrane shell theory so that the creep formation is 
mathematically tractable. It is important to note that in creep 
investigations it is axiomatic that we should not expect the same 
degree of correlation between theory and experiment that we are 
accustomed to in elastic studies even with carefully machined 
models from reasonably isotropic materials. 


Theoretical Analysis 


Design of Constant Stress Closures. In the membrane theory of 
pressure loaded shells of revolution, the following equations hold 
[5] (see Fig. 1 and Nomenclature) 


N¢/ri + = P (1) 
d(Ngro)/dd — Nor, cos = 0 (2) 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Metals Engineering Division and presented at 
the Metals Engineering Conference, Pittsburgh, Pa., April 23-26, 
1961, of THe American Socretry or Mecuanicat ENGINEERS. 
Manuscript received at ASME Headquarters, December 20, 1960. 
Paper No. 61—Met-3. 


———No menclature 


Nog = Pr,/2 
Ne = (Pr:/2)(2 — 
From the shell geometry 


Using the foregoing equations in Eq. (2), we obtain 
dr,/d@ + (rz — 71) cot d = 0 
Let 
o/og=K (1<K <2) 
Therefore, 


= K 
Substitute Eq. (8) into Eq. (6) and solve for rz 
= (sin = constant 


For a cylinder with a mean radius R, we have at the cylinder- 
closure junction 


Fig. 1(a) Basic shell 


geometry 


Fig. 1(b) Resultant deflection 
of constant stress closure 


Ng, Ne = meridional and hoop forces, re- 
spectively 
ri, T: = principal radii of curvature 
To see Equation (5) 
P = internal pressure 
K constant 


Cy C2 constants of integration 
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R = mean radius of cylinder 
h = thickness of closure, see Equa- 
tion (15) 
€s, € = meridional and hoop strains, 
respectively 
v, w = displacements, Fig. 1 
6 = resultant displacement 


see Equation (24) 
see Equation (25) 
constants in power creep law 
time 
Poisson’s ratio 
Young’s modulus 
cylinder thickness 
Dot denotes time derivatives 
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: 
a) 
| (4) 
(6) 
(7) 
©) 
8 
Ne \\ + wy? 
No | Wi 
‘\ 
(a) (o) 
— 


r=R at @=2/2 (10) 

and the radii of curvature are 
n = [R/(2 — K))|[sin (11) 
r, = Risin (12) 


For a cylinder with thickness H and with internal pressure P the 
tangential stress is 


= R/H (13) 
while for the closure with thickness h it is 
= [2 — (12/r:)] (r2/2h) (14) 
Using Eq. (8) in Eq. (14), we have 
h = (15) 
Assuming 
(P/G6)eytinder = (16) 
the closure thickness is 
h = (KH/2){sin (17) 
Creep Analysis of Constant Stress Closure [6]. The strain-dis- 
placement relations for thin shells are [7] 
nég = dv/dd — w (18) 
reg = veot d — w (19) 


Differentiating Eqs. (18) and (19) with respect to time, and as- 
suming /;, and 7, are negligible, we obtain 


= 00/36 — w (20) 
= bcotd — w (21) 

Eliminating w, we have 
— cot = ri€y — rato (22) 


Assuming the Soderberg creep relations [8] together with a 
power-creep-law 


= [og — (23) 
= — (24) 
where 
o* = (a4? + — oyoe); = Bo* 
then Eq. (22) can be written as 
— cot = (25) 


where 


F() = Birilog — (1/2)o0] — — 


and the solution for Eq. (25) is 


tsin a6 +0] (26) 
The following boundary condition 
o(x/2,t) = 0 (27) 


and the derived relations for the closure are used to obtain the 
creep deformations: 


= —tBR( — K)(K? — K + 
7/2 
in @)@X-3)/@-K) 
x ff, (sin (28) 
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t) = —tBR(K* — K + gy 
x [a — K) cos (sin 2X -3)/(2-) ag 
+ 1/2(2K — 1)(sin ] (29) 
where 
= PR/KH 


Special Case: K = 4/3. The closure chosen to be tested had 
K = 4/3, therefore, the creep deformation equations are 


= BRe(sin og" ? ‘sin db 
(30) 
w(d, ) = BRE og" [ cos ¢ 
x f (sin — 5/2(sin (31) 


Experimental Investigation 


Material. The material used in this investigation was in the 
form of a 6'/,-in. diameter round bar, procured and accepted 
as AMS-5648 (type 316 stainless steel). Chemical analysis was 
reported as follows: 


Ni Cr Mo Cu Mn 
12.84% 17.84% 2.46% 0.18% 1.79% 
Cc 8 P Si 
0.06% 0.009% 0.018% 0.39% 


Hardness, as-received, averaged Rockwell B-75 to 78. Hardness, 
microstructure, grain size (ASTM-3), and macrostructur ere 
uniform throughout the material in both the transverse and 
longitudinal directions. There was no evidence of carbide pre- 
cipitate. Small slag stringers were present in the longitudinal 
direction. After a two hour anneal at 1650 F, the hardness 
averaged Rockwell B-74 to 75. There was no change in micro- 
structure, grain size, etc. 

Creep data in Fig. 2 show isotropy in creep rate at 1500 F in 
three principal directions of the 6-in. diameter bar as established 
from results of 26 uniaxial tensile creep specimens and 18 biaxial 
tubular creep specimens* and compared on the effective stress- 
effective strain basis. The power law equation for the creep rate- 
stress relationship at 1500 F is as follows: 


é = 4.21 X 


Uniaxial tensile creep specimens and biaxial tubular creep 
specimens were machined from longitudinal, transverse, and 
radial directions of the as-received, 6-in. diameter bar. The uni- 
axial tensile creep specimens had a gage diameter of 0.252 in. and 


? Stress ratio equal to 2/1. 


EFFECTIVE STRESS, PS! 


40,000 
20,000 = 

19, 
8.388 
6,000 — 

4,000 TESTS —— BIAXIAL TESTS 

& LONGITUDINAL LONGITUDINAL 

2,000 @ TRANSVERSE @ TRANSVERSE 

RADIAL S| 

10° 10°4 10°35 1072 107 


MINIMUM EFFECTIVE CREEP RATE, IN/IN/HR 


Fig. 2 Effective stress versus minimum effective creep rate for type 316 
stainless steel at 1500 F 
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an effective gage length of 2.3in. The biaxial tubular creep speci- 
mens had a wall thickness of 0.020 in., a 0.867-in. outside diam- 
eter, and a 2.0-in. parallel gage length. All specimens were an- 
nealed for two hours at 1650 F prior to test. 

The uniaxial specimens were tested at 1500 F in a standard 
lever arm creep rupture machine with a 20/1 lever ratio. Tem- 
perature of the specimen was monitored by means of three thermo- 
couples placed along the gage length. Temperature gradients 
along the gage length were controlled within +0.5 per cent of test 
temperature. The test temperature itself was controlled within 


Table 1 Co-ordinates of constant stress head model 


Y Xx’ 
0.0000 2.9595 
1891 


= =) 


3. 
3. 
3. 
3. 
3. 
3 
3. 
3. 
3. 
3. 
3.8: 
3. 
3. 


3.8344 


Reference: Fig. 3. 
* Circular arc. 


SHOWN IN TABLE | 


1800 


Fig. 3 Cross section view of constant stress model showing strain gage 
layout 
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0.25 per cent. Creep deformation to 10 per cent was measured by 
means of a differential transformer extensometer attached directly 
to the gage length. All uniaxial tests were performed in an air 
atmosphere. 

The tubular specimens were welded to a bayonet type high 
pressure fixture and inserted into a three zone control furnace at 
1500 F. Temperature control was performed as discussed in the 
foregoing. Creep deformation of the tube diameter was measured 
after test at three locations, 120 degrees apart at the center and 
between the center, and the fillet at each end, for a total of nine 
measurements. Average growth in diameter was calculated. 
Local bulging at the rupture area was avoided in taking these 
measurements on those tubes which ruptured. A previous series 
of interrupted tubular creep tests on type 316 stainless steel had 
shown average creep deformation to proceed linearly to rupture. 
The majority of the tube tests were conducted in argon. The re- 
mainder were conducted in air. No difference in creep results was 
noted in data from argon or air atmospheres. Another investiga- 
tion [9] with this material has shown that the rupture time in bi- 
axial tests correlates with the time to the beginning of third stage 
creep in uniaxial tests. 

Constant Stress Ratio Closure Models. Two test models were 
machined from the 6'/;-in. diameter bar stock material. The co- 
ordinates and tolerances used in the fabrication of the test closures 
are tabulated in Table 1. (Inspection showed no deviations 
greater than +1 per cent of the dimensions in Table 1.) For 
convenience a spherical cap was incorporated at the apex. The 
constant stress closure was machined integral with a cylinder to 
which a flat plate closure and riser were welded. The over-all 
model dimensions are shown in Fig. 3. A photograph of the model 
is presented in Fig. 4. After completion of the machining 
and welding operations, the model was stress-relief annealed in an 
argon furnace for a period of two hours at 1650 F. 

Elastic Test Results and Discussion. The model was instrumented 
with FAP-12 and FAP-25 constantan foil type strain gages. The 
two types of gages represent 0.125 and 0.250-in. gage lengths 
placed in the meridional and circumferential directions, respec- 
tively, Fig. 3. The strain gage leads were attached to 20 point 
switch boxes and the strain from each gage was measured from an 
SR-4 type strain indicator unit. 

The model was internally pressurized at levels of 100 psig up 
to a maximum pressure of 400 psig. The strain values were con- 
verted into stress values using biaxial stress-strain relationship 
formulas. 


oe = [E/(1 — leg + vee) 
= [E/(1 — [eo + veg) 


where E = 28.6 X 10° psi; v = 0.30. Results are shown in Fig. 5. 

The results show that a constant stress and a constant stress 
ratio existed in the test closure except at the apex and the 
cylinder closure junction. The average of the measured stress 
ratio, 1.27, agrees within 4 per cent of the theoretical ratio of 1.33. 
This is within experimental! error. 

First Creep Test and Discussion. Previous to the application of the 
thermocouples, the external surface of the test closure was scribed 
with fine markings, approximately '/, in. in length and approxi- 
mately 3 mils in depth, at the various locations shown in Fig. 6. 
These markings, visible in Fig. 4, were inscribed on eight equally 
divided axial sectors of the closure. A set of vertical and horizon- 
tal measurements was obtained at each scribed station from a 
reference plane and line, respectively, Fig. 6. 

Stainless-steel clad, chromel-alumel thermocouples ('/j.-in. 
diameter) were attached to the external surface of the model at 
approximately 1 inch vertical intervals forming a spiral pattern. 
In preparation for the creep test the model was placed in an In- 
conel container. To prevent oxidation of the model a 1-psig argon 
blanket was maintained in the container. 
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xX h 
2.8800 0000 0.0795 
: 2.8759 1925 0.0794 
2.8636 3777 2.9426 3846 0.0793 
2.8431 5651 2.9215 5755 0.0791 
2.8147 7511 2.8923 7648 0.0788 
. 2.7783 9349 2.8549 9518 0.0785 
2.7341 1160 2.8095 1362 0.0781 
2.6824 2940 2.7564 3173 0.0776 
2.6235 4684 2.6959 4947 0.0770 
2.5575 6387 2.6281 6679 0.0764 
2.4849 8045 2.5535 8361 0.0756 
2.4060 9653 2.4724 9999 0.0748 
2.3211 1208 2.3851 1578 0.0739 
2.2307 2706 2.2923 3098 0.0730 
2.1352 4143 2.1942 4555 0.0719 
2.0351 5516 2.0913 5946 0.0708 
1.9309 6822 1.9843 7270 60 
1.8233 2.8060 1.8735 1.3522 
1.7125 2.9227 1.7597 9699 
1.5992 3.0320 1.6434 3.0802 
1.4842 3.1339 1.5252 3.0827 
1.3679 3.2282 1.4057 3.2784 
1.2510 3.3149 1.2856 3.3643 
1.1342 3.3941 1.1656 33 
1.0182 3.4658 1.0464 44 
0.9036 3.5299 0.9286 77 
0.7913 3.5866 0.8131 334 
0.6818 3.6361 0.7006 15 
0.5760 3.6787 0.5920 123 : 
0.4749 3.7146 0.4881 561 
0 .3792* 3.7441 0.3896 331 
0.2900* 3.7654 0.2980 46 
0.2084* 3.7795 0.2142 190 
0.1358* 3.7881 0.1396 79 
; 0.0741* 3.7925 0.0761 325 
0.0262* 3.7942 0.0270 342 
0.0000* 3.7944 0.0000 
4 
.4653R. 
500 f— \ 
3.000 7 | 
_4Q Y 
Tye prer 
i 47 
1500 — 1.870 


The test closure assembly was internally pressurized with argon 
gas to 147 psig + 1 psig and an external blanket of 1 psig; 70/7 
== 5500/4100. These pressure conditions were maintained for 
1000 hours at 1500 F + 15 F. At the end of 1000 hours, the 
model was removed from its container and prepared for inspec- 
tion. Vertical and horizontal measurements, using an identical 
procedure as described for the pretest measurements, were taken 
at the scribe marks. The difference in measurements indicated a 


Fig. 4 Constant stress closure; ca/os = 4/3 
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small permanent growth. The deformation was observed to be 
3 to 5 mils which was within the fabrication tolerances. There- 
fore both the calculated and the experimentally observed defor- 
mations were of the same order of magnitude as the dimensional 
tolerances of the model so that correlation could not be estab- 
lished. It is significant, however, that the experimental results 
were of the same order of magnitude as predicted. It is also of 
interest to note that a uniaxial tensile creep specimen (Fig. 2) 
would have shown a creep strain of approximately 0.100 in/in. 
This demonstrates the futility of designing pressure vessels on the 
basis of maximum stress. 


| HORIZONTAL | 
GROWTH 


LINE 


REFERENCE —— 
PLANE 


Fig. 7 Enlarged view of failure at apex of closure; 4X 
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Second Creep Test and Discussion. Unpublished data of in- 
terrupted creep tests on this material showed no significant change 
in creep behavior. Therefore, in order to obtain measurable 
deformations, the model was retested at 1500 F and at higher 
pressure; 217 psig internal and 1 psig external; o¢/o, = 8000/ 
6000. A very slight leak was detected at 594 hours but no dif- 
ficulty was experienced in maintaining the desired pressure con- 
ditions until a total test duration of 832 hours was obtained. 
The test was terminated at this time due to an excessive leakage 
experienced in the internal pressure. Failure occurred at the 
apex of the constant stress closure. An enlarged view of the 


failure may be clearly observed in Fig. 7. 
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Fig. 8 Constant stress model deflection versus angle, ¢, after second 
creep test 
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Fig. 9 Elastic test results after second creep test 
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Fig. 10 Constant stress model deflection versus angle, ¢, after third creep 
test 
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The model was again prepared for inspection and measurements 
were made as described previously. The resultant deformation 
derived from the horizontal and vertical growths at each station 
(Fig. 6) was compared with theoretical analysis. The data in Fig. 
8 shows the measured growth to be approximately twice that pre- 
dicted by theory. The lack of better correlation might be 
attributed to the fact that the model was in third stage creep after 
594 hours as recent work has shown [9]. 

Elastic Test on Deformed Model. After the second creep test, the 
ruptured area was sealed and the model was instrumented with 
strain gages as described previously. The test results are shown 
in Fig. 9. 

The results from this test, after significant creep deformation of 
the model, indicated that the constant stress condition was main- 
tained as was also the stress ratio. However, the stress value in 
both the circumferential and meridional directions were found to 
be slightly higher. This increase may be explained as a result of 
the permanent growth of the radial dimensions in addition to some 
decrease in the vessel wall dimensions. 

Third Creep Test and Discussion. A second model identical with 
the first was prepared and tested with an internal pressure of 216 
psig +1 psig; oe/og = 8000/6000; and 1500 F +15 F for 498 
hours. Measurements were made as described previously. Data 
shown in Fig. 10 indicate better agreement between experimental 
and theoretical deformations than observed in the other creep 
test. Again it is of interest to note that a uniaxial tensile 
creep specimen at a stress of 8000 psi would have experienced 
about 0.500 in/in. strain in 500 hours. 


General Discussion 


In evaluating the merits of experimental verification of 
theoretical analyses, possible sources of error must be examined. 
In elastic situations, using conventional methods, ie., strain 
gage techniques, agreement between theoretical and experimental 
results should be within 10 per cent because of the linear material 
law and the relative insensitiveness to small deviations in iso- 
tropy, temperature, and section thickness. 

On the other hand, the inherent nonlinearity in creep situations 
magnifies small deviations in isotropy, temperature, and dimen- 
sions so as to alter creep rates significantly. For example, cumula- 
tive errors of +2 per cent in pressure, radius, and thickness could 
easily lead to an increase in creep rate of over 60 per cent. 

In addition, certain assumptions must be made concerning the 
nonlinear material law. In this investigation, the Soderberg- 
von Mises formulation was chosen. Work to be reported in 
greater detail elsewhere [9] has shown that for the material used 
in this investigation the effective stress definitely correlates better 
with the effective creep rate than does the maximum stress with 
maximum creep rate. The scatterband for small specimens taken 
from three principal directions of the original bar shows almost 
one order of magnitude in creep rates for any stress level, Fig. 2. 
One would expect that the creep behavior of a large shell machined 
from the bar should be near that of the statistical average of 
many small specimens. Therefore the experimental creep 
deformation should be closer to the predicted deformation than 
one order of magnitude. In the worst case of the three creep 
tests reported herein, the experimental growth was approximately 
twice that predicted. Therefore, in consideration of the latent 
sensitivities of creep tests to divergencies from the idealistic 
situation, the results of these creep tests are regarded as verifying 
the theoretical analysis. 


Within the membrane theory of shells, a method is developed 
for analyzing elastic and creep behavior of a class of pressure 
vessel closures with constant stress ratios, 79/ag = K (1< K < 2). 
A closure designed with K = 4/3 was tested at room temperature 
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and showed good agreement with theory. Equations for the 
creep deformations were developed using the Soderberg relation- 
ships together with a power law for steady creep. The same 
closure was tested in creep at 1500 F for 1000 hours with an in- 
ternal pressure of 147 psi. The measured deformations were of 
the same order of magnitude of predicted growth, but both were 
small enough to be within the tolerances of the closure vessel di- 
mensions and, therefore, correlation of experimental and theoreti- 
cal creep growth was obscured. The vessel was retested with an 
increased internal pressure of 216 psi and it developed a leak after 
594 hours. The internal pressure was maintained for an addi- 
tional 238 hours before the test was stopped. The measured 
deformations were approximately twice those predicted by 
theory. A second vessel, identical to the first closure was tested 
at 1500 F for 498 hours. These results correlated with theory. 
A possible explanation for the disagreement in the second creep 
test is that the vessel was in third stage creep after the leak 
developed. 
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It is of interest to note that the creep deformations observed 
by the authors (Figs. 8 and 10) are much higher than the calcu- 
lated values using the Mises criterion and associated flow rule 
(Equations 23 and 24 of the paper). These results are in approxi- 
mate agreement with those obtained some years ago on spin tests 
of chrome steel disks at 1000 F for periods of time up to about 
1000 hours.‘ In these latter tests, calculated creep deformations 
using the Mises criterion were only about half the test values. 
However, much better agreement between test and calculated 


* Advisory Engineer, Mechanics Department, Westinghouse Elec- 
tric Corporation, Research Laboratories, Pittsburgh, Pa. Fellow 
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4A. M. Wahl, G. O. Sankey, M. J. Manjoine, and E. Shoemaker, 
“Creep Tests of Rotating Disks at Elevated Temperature and 
Comparison With Theory,” Trans. ASME, vol. 76, 1954, p. 225. 
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results could be obtained by using the Tresca-Mises criterion, 
i.e., the use of the Tresca criterion for stress intensity, combined 
with the flow rule corresponding to the Mises criterion. 

If this latter method were applied to the case considered by 
the authors, it would simply involve taking ¢ = Bog*and ¢ = 
0 in Equations (23) and (24) of the paper. It would appear that 
if this were done, much closer agreement between test and theory 
would be obtained in Figs. 8 and 10 of the paper. 

It has been the writer’s experience in the past that the use of the 
Mises criterion and associated flow rule, when applied to long- 
time creep tests under biazial tension, often gives low calculated 
values of creep deformations, i.e., on the unsafe side for design. 
The authors’ results seem to effer another example of this trend. 


Authors’ Closure 


The authors would like to thank Dr. Wahl for his comments on 
analytical and experimental evaluation of creep deformation un- 
der combined stress and recognize his many valuable contribu- 
tions to the literature in this field. The authors agree that the 
use of the Tresca criterion for stress intensity, combined with the 
Soderberg modified von Mises flow rule, does often lead to closer 
agreement between theory and test in long time creep situations 
and also that it is a conservative design criteria. 

In this paper and in subsequent papers, while the authors will 
be investigating creep characteristics of various pressure vessel 
configurations, an attempt will also be made to explore the 
statistical nature of creep behavior of metals under simple and 
combined states of stress. As shown in Fig. 2 of this paper, the 
von Mises criterion and the associated Soderberg modified flow 
rule appear valid for creep rate correlation of 26 uniaxial tensile 
creep specimens with 18 biaxial, thin wall, capped end tube speci- 
mens. It will be noted, though, that the scatter in creep rate 
for any particular stress level is almost one order of magnitude, a 
factor of ten. Thus, whereas the average of the data validates 
the Mises-Soderberg relationship, many data points fall high or 
low from the average by a factor of up to almost three. This is 
perhaps better demonstrated in Fig. 11 in which the creep-rate 
data of Fig. 2 are plotted on probability paper. 
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Fig. 11 Statistical plot of minimum effective creep rate at 1500 F 


Aspects of creep evaluation the authors are currently studying 
include the sample size necessary for valid determination of the 
creep constants, B and n, and the correlation of creep deforma- 
tion of large models and small specimens machined from the same 
original material. 
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Effects of Interrupted Quenching Procedures 
on Properties of Type 410 Stainless Steel 


The impact strength of hardened Type 410 stainless steel is known to be adversely af- 
fected when the steel is tempered between 750 and 1050 F. However, a desirable com- 
bination of other properties may be obtained by tempering within this range. 

An investigation was performed to determine the extent of improvement in impact 
strength that may result from certain variations in heat-treating procedures. The hard- 
ening operation was studied thoroughly, and a large number of commercial heats was in- 
cluded in the program to establish the consistency of results. 

It was found that the cooling rate through the martensite transformation range has a 
significant effect upon the impact properties after subsequent tempering. Rapid cool- 
ing such as that which occurs during oil quenching is detrimental, but air cooling of 0.4- 
in-diameter bar samples was sufficiently slow to bring about a marked improvement, 
This improvement was present for samples tempered at all temperatures through 1000 F 
with the greatest degree of improvement occurring for samples tempered in the range of 
700 to 900 F. No improvement was observed for samples tempered at 1100 F and above. 
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Martempering procedures are particularly suited for taking advantage of this phe- 


nomenon. 


Introduction 


410 is a hardenable or martensitic type of 
stainless steel containing 12 per cent chromium and 0.10 per cent 
carbon as the principal alloying additions. It can be hardened 
to a high degree by being cooled from austenitizing temperatures, 
and it responds to heat-treatment much the same as plain carbon 
and alloy steels. Due to the high chromium content and result- 
ing sluggish transformations, it is deep hardening and is com- 
monly referred to as an air-hardening steel. 

Tempering of the hardened or martensitic structure will pro- 
duce a wide range of mechanical properties as reported in many 
technical articles [1, 2]! and company publications [3, 4]. In 
general, the tempering treatments produce a softening of the 
steel with decreasing strength and increasing ductility properties 
at temperatures above 900 F. Slight secondary hardening is 
frequently noticed in the vicinity of 900 F. 

The variation of impact strength with tempering temperature 
is anomalous: Impact strength is at a maximum after tempering 
at 500 F and, with increasing tempering temperature, decreases 
gradually to a minimum at 900 F. With further increasing tem- 
pering temperatures, the hardness falls off very rapidly and the 
impact strength increases correspondingly. 

The impact-tempering temperature behavior of Type 410 
is similar to the well-known impact behavior of low-alloy steels. 
The difference in response is primarily one of temperature. The 
maximum impact strength for low-alloy steels occurs at 400 F 
rather than 500 F. The minimum occurs at 600 F as compared 
with 900 F for the 12 per cent chromium steel. The impact 
minimum for low-alloy steels has been directly associated with 
the early stages of the precipitation of cementite from martensite; 
however, the precise manner in which the precipitate gives rise 
to an embrittled condition is not known [5]. Few theories have 
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been proposed for the embrittlement of hardened Type 410 
stainless steel during tempering. Chromium retards the growth 
of the cementite particles during tempering and may acoount 
for impact deterioration at a higher temperature for the stainless 
steel. The precipitation of alloy carbide in the 900 F region may 
further exaggerate the embrittling condition producing the im- 
pact minimum at 900 F. Therefore it is possible that the de- 
crease in impact properties for both types of steel is the result 
of reaching a definite stage in the tempering process and that the 
temperature is higher for chromium steels because the tempering 
process is retarded by the presence of the high chromium. 

The best correlation of high hardness and impact strength of 
Type 410 is obtained by tempering at 500 to 600 F. The trade 
literature cautions against the tempering of hardened stainless 
steels in the temperature range of 750 to 1050 F because of the 
deterioration in shock resistance. However, this temperature 
range is frequently suggested because of the advantageous com- 
bination of other properties obtainable. Tempering in the range 
of 750 to 900 F promotes slight secondary hardening with re- 
sulting maximum strength and hardness values, and tempering 
in the range of 900 to 1050 F produces strength properties inter- 
mediate between those of hardened and annealed materials. 

The market potential of Type 410 stainless steel is therefore 
seriously curtailed by its inferior impact resistance within this 
range. 

This paper presents the results from an investigation of the 
effects of variations in heat-treatment on the impact properties 
of hardened and tempered Type 410 stainless steel. 


Materials and Procedures 


To establish the consistency of results, 17 commercial heats 
of Type 410 stainless steel were studied (Table 1). It was hoped 
that a wide range of chemistry variations within the Type 410 
specification range would be included for possible correlation with 
subsequent results. Such a correlation was not found. 

The as-received material consisted of hot-rolled and annealed 
bar stock ranging from °/, to 1'/, in. in diameter. Certain of 
the larger, as-received bars were first forged to °/s in. square be- 
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Code; C Mn Pp s Si Ni | Cr Mo N 
A [0.021] 0, 26] 0. 30) 12.73 31) 0.10)0,027 
010] 0. 36/0. 14)12.41 0.10/0.022 
C 022] 09) 0.15/0.021 
D 03) 0.07) 0.029 
E |0.11] 0. 39]0,020/0. 019) 0.25) 0.33) 11.98 04) 0.12)0.@27 
F 12.77 08) 0.11/0.027 
G 016] 0.27) 0.32)12.10/0.04/ 0,08/0.025 
|0.12/ 0.47} 0,027/0. 026] 0.16] 0.10)0.012 
I 0.08] 0. 45]0.017/0. 021] 0.50] 0.19/12. 46/0.07/ 0.12/0.033 
J 09] 0.44) 0.018] 0. 020) 0.29] 0.26) 12,86 /0.11) 0.11/0,.033 
K 0.35) 12.23/0,03) 0.11/0.025 
L | 0.11) 0,49} 0,019] 0,018] 0.35) 0.50/11.72/0.09) - [0.017 
M | 0.13) 0.43] 0.014] 0,013] 0. 0.07/ 12.95 /0.03) 0.07) 0.026 
N |0.13] 0,42} 0.014] 0.013) 0, 0,34/11.92/0.04) 0.09/0,029 
QO 0.12) 0.40) 0.012) 0.012! 0. 37/ 0.31) 11.85/0, 08) 0.10) 0.024 
P | 0.10} 0,39) 0.014) 9.018, 0.17] 0,48] 12.09/0.04) 0.12/0.019 
Q 0.13) 0.45) 0.014) 0.015 0, 52/ 0.05) 12.53) 0.03) 0.08) 0.019 


fore specimen machining. Appropriate sample blanks were 
machined from the bars, given the recorded heat-treatment, and 
then ground to final size. Charpy impact tests using standard 
V-notch specimens were used for comparison with at least dupli- 
cate tests being run for all conditions. 

A standard heat-treating procedure for Type 410 consists of 
austenitizing at 1800 F for one hour, oil quenching, and then tem- 
pering at a temperature expected to yield the desired properties. 
Such a procedure has been used in this work for the so-called 
oil-quenched materials. The standard heat-treating procedure 
used for martempered samples consisted of austenitizing at 
1800 F for one hour, salt quenching to 700 F, holding at 700 F 
for 10 minutes, air cooling to room temperature, and tempering 
at the desired temperature. Some variations were introduced 
to investigate the effects of hold temperature, hold time, and 
cooling rates from the hold temperature. Tempering times were 
two hours except where indicated otherwise. 


Experimental Results 


Heat Survey. A comparison was made of the impact strengths 
resulting from hardening by oil-quenching and martempering 
procedures followed by tempering at 900 F for two hours (Table 
2). Corresponding hardnesses are also given in Table 2. 

The impact strengths of all the martempered and tempered 
materials were higuer than those for materials oil-quenched and 
tempered; the improvement ranged from 10 to 40 ft-lb. Where 
the amount of improvement was least, the impact values of the 
oil-quenched material were unusually high. The samples mar- 
tempered and tempered at 900 F had average impact strengths 
ranging from 30 to 52 ft-lb with an over-all average of 39 ft-lb. 
The corresponding impact strengths of oil-quenched and tem- 
pered samples varied from 3 to 29 ft-lb with an average of 12 
ft-lb. These impact values for the martempered materials are 
excellent for Type 410 tempered at 900 F. Little difference was 
noted in the hardness of oil-quenched or martempered samples 
after the 900 F temper. 

Effects of Variations in Temperatures and Times. Studies were 
made to determine the effect of tempering temperature on the 
impact properties of both martempered and oil-quenched Type 
410. Samples from Heats E and G hardened by these methods 
were tempered for two hours at temperatures from 500 to 1300 
F at 100-deg intervals. The results are illustrated in Fig. 1. 

For the oil-quenched materials, tempering at 500 F improves 
the impact strength over that of the as-hardened material, but 
higher tempering temperatures through 1000 F were deleterious. 
The martempered materials had higher as-quenched impact 
strengths which increased somewhat at 500 F and held this higher 
level to 800 F. A minimum in the impact strength-tempering 
temperature curve was also found for the martempered materials, 
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Hardness (Rc) Impact Strength (ft-lb)® 
Heat Code [0il Quenched” | Martempered” | Oil Quenched” | Martempered™ 
A 41 42 7 47 
B 40 40 6 38 
c 42 43 22 37 
D 42 41 29 39 
E 43 43 5 38 
F 41 42 17 38 
G 42 43 6 46 
H 41 43 28 36 
I 41 40 3 32 
J 41 41 7 44 
7 43 44 7 33 
L 42 41 4 33 
44 44 9 35 
N 44 44 6 36 
° 42 43 26 52 
P 41 42 9 43 
Q 42 42 19 30 


*charpy V-notch, average of 2 tests. 
©1800 F for 1 br, oi] quench + 900 F for 2 br, air cool. 


©1800 F for 1 br + 700 F for 10 min., air cool + 900 F for 
2 br, air cool. 


Hardness a 
45 
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a — 
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2 1458 
440 
Hardness / 
435 
- T 
2 eof HEAT G 430 
60 x x—x 4 
As 500 700 900 1100 1300 
Hardened 
Tempering Temperature (°F) 
Fig. 1 Effect of tempering temperature for two heats on the room tem- 


but it occurred at 1000 F rather than 900 F; in addition, it was 
more restricted in temperature range and did not dip to as low 
values. Martempering produced no benefit in impact strength 
for tempering temperatures greater than 1000 F. 

The effect of martempering on resulting hardness after tem- 
pering was not very great, but the differences are consistent. 
Samples martempered and tempered at temperatures up to 900 
F were slightly softer than those oil-quenched. A slight retarda- 
tion in softening was noted for the martempered samples tem- 
pered above 900 F. 

Some further tempering studies were made on Heats H and I 
to determine the effects of more extensive variations in tempering 
temperatures and times. These results are illustrated in Fig. 2 
where the tempering parameter method [6] is used to combine the 
effects of tempering temperature and time. Heat H had un- 
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; , Table 1 Chemical analyses of experimental materials Table 2 Heat survey comparing the impact strength after tempering at ; 

900 F of Type 410 hardened by both oil-quenching and martempering 
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Fig. 2 Master tempering curves for Heats H and | hardened from 1800 F 
by oil-quenching and martempering procedures 


usually high impact strength after the standard oil quenching 
and 900 F tempering treatment. 

These results indicate that martempered samples will become 
embrittled if heated for a sufficient time at 900 F. For extended 
periods of heating, the impact resistance is eventually recovered 
both for martempered and oil-quenched samples. The combina- 
tion of time and temperature by means of the tempering parame- 
ter does not give as good correlation with impact strength as 
with hardness. However, this is not surprising due to the erratic 
nature of impact results for materials tempered under certain 
critical conditions. 

For martempered materials maximum embrittlement occurs 
at a tempering parameter of approximately 29,000 (28,000 to 
30,000), but for some oil-quenched materials the deleterious range 
is much broader (from 24,000 to 30,000). Heat H which had 
reasonably good impact strength after being oil quenched and 
tempered at 900 F for 2 hours did become embrittled after tem- 
pering at 900 F for 62 hours or 1000 F for 2 hours (tempering 
parameter 29,600). Still longer tempering at 900 F brought 
about an improvement in impact strength. The trend of results 
was similar for both martempering and oil quenching; thus, this 
heat was not nearly as susceptible to embrittlement as most 
others. 

These results indicate that the tempering response as measured 
by impact tests is dependent upon variations in processing pro- 
cedures and also varies widely from heat to heat. 

Transition Temperature Studies. |:mbrittlement of steels is usually 
associated with a shift of the impact transition temperature from 
low to high temperatures. This offers a convenient method for 
evaluating the degree of improvement that may accrue from the 
use of martempering. Transition temperature curves were deter- 
mined for both oil-quenched and martempered material from 
Heats B and K which had been tempered for two hours at 500, 
700, 900, 1000, and 1100 F. By use of an arbitrary value of 
20 ft-lb to define the transition temperature, a comparison for 
martempered versus oil-quenched material was obtained (Table 
3). 

For material tempered through 1000 F, the impact transition 
temperature is lowered by martempering. The deleterious effect 
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Table 3 Comparison of transition temperatures of oil-quenched and 
martempered materials after tempering 


Tempering 
Temperature 
(°F) 


rature 


1000 
1100 


- 45 - 


Change in transition temperature for martempered 
samples compared with oil-quenched. 


Hardened by beating at 1800 F, 1 bour, oil quenching. 


Hardened by heating at 1800 F, 1 hour, salt quenching 
to 700 F, holding 10 minutes, air cooling. 


of tempering oil-quenched Type 410 at 900 and 1000 F is clearly 
demonstrated here by high impact transition temperatures which 
are considerably above room temperature. 

Variations in Quenching Procedures. Additional tests were per- 
formed to determine what step in the interrupted quenching 
operation produces improved impact properties. 

The hold time at 700 F was first investigated to determine 
whether austenite conditioning was the important process taking 
place. Impact tests were run on material from Heats I and J salt 
quenched to 700 F from 1800 F, held for one minute to four hours, 
oil-quenched to room temperature, and tempered at 900 F for 
two hours. After these treatments all samples had uniformly 
low impact strengths (~4 ft-lb) similar to those of samples 
quenched directly from 1800 F and tempered at 900 F. 

The hold temperature at 700 F was selected because it is some- 
what above the martensite start temperature variously reported 
to range from 600 to 650 F for Type 410. A series of tests was 
run using Heats A and E to determine whether this temperature 
produced optimum results. The following Charpy V-notch 
impact values were obtained after tempering for two hours at 
900 F subsequent to the interrupted quenching operation using 
the indicated hold temperatures: 


Heat 
code 


A 30 36 47 21 36 26 
E 33 22 39 34 24 15 


(Samples were air cooled from the hold temperature.) 


Charpy V-notch impact values (ft-lb) after holding at 
500 600 F F 800F 900F 1000 F 


The results scattered considerably, but did not indicate that 
the hold temperature was critical. For both heats, the 700 F 
hold temperature in use did yield slightly higher impact results. 

Since the hold time at 700 F is not the controlling variable, 
it would appear that the cooling rate through the martensite 
transformation range was important. Previously only two rates 
have been used—oil quenching and air cooling. To investigate 
this variable further, Charpy V-notch impact tests were run on 
samples cooled at various rates through the martensite formation 
range. The first series tested cooling rates slower than those 
encountered for the air-cooled samples. Two heats were studied 
and the results are given in Table 4. 

The results indicate that the slower cooling rates do bring about 
some further improvement over that obtained for the air-cooled 
samples. However, a furnace cool did not improve the results 
over those obtained by a somewhat faster cool in insulating brick. 
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Weat Hardness | 
50 a 35 — 
— 
30 500 - 20. - 80 - 60 
25 700 75 - - 125 
20 | OU ad Heat B 900 170 35 - 135 
7s J 20 1000 180 120 - 60 
10 Me: 1100 - 90 ~ 30 + 60 
500 - 20 = 100 - 80 
700 30 - 100 - 130 
70 180 90 - 90 
° = 45 0 
60 
50 
b 
. 30 x 
25 
20 
20 
10 
te 


Table 4 Infivence of cooling rate on impact strength of hardened and 


tempered Type 410 stainless steel 
Impact Strength® (ft-lb) after 
Heat|Cooling Rate Method of Tempering for 2 bours at 
7 1 
Code; from 700 F Cooling 900 F ] 1000 F i 1100 F 
First Series 
oil quench 
1000 °F/min | (from 1800 F) 5 40 
rE 75 °F/min air cool 38 16 29 
400 “F/hr |brick insulation 54 24 43 
75 °F/br furnace cool 54 24 33 
1000 *F/min | oil quench 
| (from 1800 PF) 6 13 95 
G 75 °F/min air cool 46 21 33 
400 *F/br brick insulation 57 26 61 
75 °F/br , furnace cool 55 28 53 
Second Series 
1000 °F/min cold oil } 3 - - 
1 340 °F/min warm oil i 6 - - 
110 *F/min fan } 12 
75 °F/min air 
1000 *F/min cold oil : 5 - - 
J 340 *F/min warm oil - - 
75 °F/min air @ - 


“charpy V-notch. 


The greatest degree of improvement was realized for the 900 F 
tempered samples. The slower cooling rates did not significantly 
improve impact resistance when the samples were tempered at 
1000 and 1100 F. This is in agreement with F. A. Brandt and 
colleagues who showed by the Drop Weight Transition Test 
(a test for notch sensitivity) that the notch ductility of high 
molybdenum (approximately 0.50 per cent) Type 410 stainless 
steel tempered at 1300 F was not improved by quenching treat- 
ments [7]. The benefit in notch impact resistance that accrues 
from slow cooling through the martensite transformation range 
was not apparent in their work since all samples were tempered 
at 1300 F subsequent to the quenching operation. 

An additional series of tests was run to show the effect of cool- 
ing rate variations between air cooling and oil quenching. Room 
temperature Charpy V-notch impact strengths were determined 
after tempering for two hours. The results are given in Table 4 
and Fig. 3. 

The results show conclusively that the rate of cooling through 
the martensite transformation range is the important part of the 
interrupted quenching operation for improving impact resistance. 
Relatively slow rates of cooling produce a marked improvement. 
Furthermore, the results suggest that erratic impact properties 
hitherto reported for hardened and tempered Type 410 may be 
due to variations in cooling rate through the martensite trans- 
formation range and the susceptibility of various heats of steel 
to such variations. 

Samples air cooled from 1800 F and tempered at 900 F were 
also found to have improved impact strength over those oil- 
quenched and tempered at 900 F. It has previously been shown 
[3] that air cooling from the austenitizing temperature results in 
improved impact properties over oil quenching for material 
tempered through 1000 F. 

A few additional tests were tried to check the effect of other 
heat-treating variables on impact properties. In one test, oil- 
quenched and interrupted-quenched samples were given a sub- 
zero treatment at —320 F before being tempered at 900 F for 
2 hours. The results obtained were quite similar to those pre- 
viously obtained for samples not given the low-temperature treat- 
ment. Samples oil-quenched from 1800 F and then tempered at 
900 F for 2 + 2 hours showed only slight improvement over 
those given a single two-hour tempering treatment. 

Similar results were also obtained for samples first tempered 
at 500 F for 2 hours prior to the 900 F temper. However, sam- 
ples first tempered at 1200 F did not become embrittled by sub- 


554 / DECEMBER 1961 


3 $ 
l 1 
HEAT E 
O HEAT G 
© WHEAT | 
X HEAT J 
£ 40}— 
| i 
° 
- 
$ 
2 x 
10 
a = | | | | | 
© 100 200 400 600 800 1000 


Cooling Rote (*F/min) 


Fig. 3 Effect of cooling rate through the martensite formation range on 
the impact strength of Type 410 tempered at 900 F 


sequent tempering at 900 F. It would appear that retained 
austenite or its transformation subsequent to tempering does not 
explain the development of low impact properties since embrittle- 
ment was not prevented by double tempering or subzero cooling 
treatments. 

Other Properties. Tests were made to determine whether the 
martempering operation affects other properties such as tensile 
strength, ductility, and corrosion resistance. 

Tensile properties were checked for Heats E and G hardened 
by both oil quenching and martempering and tempered from 700 
to 1100 F. The results indicated that these properties were 
essentially unaffected by martempering. The martempered and 
tempered material exhibited approximately the same strength 
and ductility as similar material oil-quenched and tempered at 
the same temperature. The strength properties follow a trend 
quite similar to that reported previously for hardness. The 
martempered samples had slightly lower strength values when 
tempered below 900 F and had slightly greater resistance to 
softening when tempered above 900 F. 

The corrosion resistance was checked by the water vapor 
column test and was also found to be unaffected by martempering. 
Minimum corrosion resistance was observed after tempering at 
900 and 1000 F regardless of hardening treatment. 

Structural Observations. Structural studies were conducted in 
an attempt to find an explanation for the differences in embrittling 
tendencies of martempered and oil-quenched materials after 
subsequent tempering. No obvious microstructural differences 
have been found by the light microscope. 

Electron microscopy showed the presence of small areas con- 
taining carbides in martempered, but not in oil-quenched, samples 
(Fig. 4). It appears that such was due to self-tempering of mar- 
tensite platelets formed just below the M, temperature during 
the relatively slow air cooling. This difference gradually lessens 
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A Martempered sample showing presence of small carbides in certain 
martensite platelets. Parlodion replica shadowed with uranium. 
13,000 X 


B Ojil-quenched sample showing martensite platelets with no precipitated 
carbides. Parlodion replica shadowed with uranium. 


Heat E 13,000 X 


Fig. 4 Electron micrographs showing structure of Type 410 hardened 
from 1800 F 


upon tempering at increasing temperatures and is not ob- 
served upon tempering above 500 F. 

The carbides present in the martempered samples were identi- 
fied as cementite or iron carbide, Fe;C, by electron diffraction 
techniques. Cementite was identified in oil-quenched samples 
at tempering temperatures as low as 300 F. These carbide par- 
ticles do not spherodize or coalesce readily upon heating at higher 
tempering temperatures as has been observed for other alloy 
steels. The cementite gradually dissolves with increasing tem- 
pering temperature and alloy carbides (Cra;C.) are formed. 
These alloy carbides were identified after tempering at tempera- 
tures as low as 1000 F. No difference was found between the 
materials hardened by oil-quenching or martempering procedures. 

X-ray determinations for retained austenite show that up to 
5 per cent is present in materials hardened by both martempering 
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and oil quenching and there is little correlation between the 
amount of retained austenite and hardening treatment. This 
is in agreement with results reported earlier that retained austen- 
ite does not explain the differences in embrittling tendencies ob- 
served. 

Thus far, structural studies have not shown any significant 
difference that might explain the variations in impact resistance. 
This work is being continued as part of a detailed study of the 
tempering process of chromium steel. 


Discussion of Results 


This work shows conclusively that the impact strength of 
hardened and tempered Type 410 stainless steel is influenced by 
the cooling rate through the martensite transformation range 
during the hardening operation. 

Significant improvements in impact strength are found for 
martempered, compared with oil-quenched, impact blanks after 
tempering at temperatures through 1000 F. No improvement 
was observed at higher tempering temperatures. Oil-quenched 
material becomes embrittled if tempered for two hours over a 
fairly broad temperature range of 700 to 1050 F. This embrittle- 
ment range is narrowed significantly by martempering, and the 
degree of embrittlement is reduced. Retention of maximum 
impact properties of the martempered samples was held through 
tempering up to 800 F. The resistance to embrittlement 
upon tempering is greatly improved by retarded cooling during 
martensite formation. 

Low room-temperature impact strength was caused by an im- 
pact transition temperature above the test temperature. The 
improvement in impact properties by martempering procedures 
is due to a lowering of this transition temperature. However, 
the reason is not known why lowering the rate of cooling would 
influence the transition temperature of subsequently tempered 
material and thus restrict the tempering parameter range over 
which low impact strength or increasing notch sensitivity de- 
velops. 

Residual stresses present in as-hardened martempered samples 
would be expected to be lower than in those oil-quenched. This 
could explain the differences in impact strengths for samples tem- 
pered at low temperature. However, increasing tempering tem- 
peratures should increase stress relief and continually improve 
rather than lower impact strength. Thus it would appear that 
for intermediate tempering temperatures, if residual stresses are 
important, the contribution would be an indirect one of influenc- 
ing the tempering process in some manner. 

The results also indicate that the presence of retained austenite 
or its subsequent transformation is not a factor. Microstructural 
and fine structure studies have not yet shown a reason for the 
differences observed. The development of an embrittling pre- 
cipitate such as that encountered for 885 F embrittlement has 
not been found, and the trend of results does not suggest such a 
mechanism. Perhaps a critical step in the tempering process 
relating to coherency-incoherency effects in the development of 
certain carbides during tempering results in the minimum in the 
impact strength-tempering temperature curve. Again, the 
reason for the restriction of this minimum by retarded cooling 
is difficult to explain. 

Certain heats were more susceptible to embrittlement than 
others. This, coupled with the cooling rate effect shown in this 
paper, can readily explain the scatter of impact results reported 
in the past for heat-treated Type 410. However, no correlation 
with heat-to-heat chemistry variations has yet been found to 
explain the difference in response. Correlation with micro- 
structural differences such as the presence of free ferrite was not 
found. All heats were completely martensitic as-hardened ex- 
cept Heat A which contained a trace of delta ferrite. 
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The influence of temperature and strain rate on the upper yield point of ingot iron was 
studied. Torsion tests were conducted using strain rates of 12.5/sec, 0.25/sec, and 
0.0001 /sec over the temperature range 77 to 525 deg K. 

The upper yield point showed a rapid increase as the temperature was lowered. An 
increase in the strain rate also caused an increase in the yield point. 

An apparent activation energy can be associated with the strain rate and tempera- 
ture dependence of the yield point. 
appears from the present study that the relationship can be described by an equation of 


This energy is influenced by stress level, and it 


an = aH 


If this relationship is substitvted for AH in a modification of the Boltzmann relation, 
the following result is obtained: 


This equation describes the experimental data within + 3000 psi. 
The results of this investigation compared with tensile test data from other investiga- 
tors confirm that state of stress is an important factor in determining whether a material 


Introduction 


ost metals show an increase in strength as their 
temperature is lowered below room temperature [1].?. In some 
metals, the change is very gradual and is of little significance. 
In others a very large change in strength can be noted over a 
narrow temperature range. This short range is often referred to 
as the transition range, for in this temperature region it is 
possible that the metal’s behavior can be changed from ductile to 
brittle by only a slight temperature decrease. 

Metals with the body centered cubic lattice structure exhibit 
a transition temperature [2, 3, 4, 5,6]. Another common charac- 
teristic of this group is an upper yield point exhibited in a stress- 
strain curve. Dislocation theory suggests a common explanation 
for both effects [7, 8, 9]. 

An analysis of the problem on the basis of energy concepts 
should be possible. It is reasonable to assume that a certain 
amount of energy is necessary to dislodge a dislocation from its 
pinning atmosphere. It is possible that mechanical energy in 
terms of stress as well as thermal energy can contribute to the 
total. If this concept is correct, the total or activation energy 
necessary to dislodge dislocations and produce yielding may be 
composed of these two forms. This would mean that the thermal 
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Laboratories, Wright Air Development Division, with Dr. H. A. 
Lipsitt as cognizant scientist. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Metals Engineering Division and presented at 
the Metals Engineering Conference, Pittsburgh, Pa., April 23-26, 
1961, of THe American Socrety or Mecnanicat Evctneers. 
Manuscript received at ASME Headquarters, December 13, 1960. 
Paper No. 61—Met-1. 


Journal of Basic Engineering 


will behave in a ductile or brittle fashion. 


activation energy may be a function of stress level. Experimental 
results suggest that stress level does influence the thermal activa- 
tion energy [10, 11]. It would appear from the magnitudes of 
nominal stresses involved that some stress multiplication mecha- 
nism (possibly dislocation pileup) is necessary for the large effect 
that stress has on the thermal activation energy. 

The yield point of body centered cubic metals is dependent on 
strain rate as well as temperature [12, 13]. For a constant tem- 
perature, an increase in the loading rate causes the observed yield 
point to increase. This phenomenon can be examined on the 
basis of a probability function [14]. High strain rates involve 
small time intervals which reduce the probability of slip occurring. 
The observed effect is that a higher yield stress is reached for high 
strain rates than for low ones at constant temperature. 

The dependence of the yield strength of these metals on time 
and temperature is important in many engineering applications. 
It appears that there is a critical tensile stress above which a 
microcrack initiated by yielding will propagate [15]. If the tem- 
perature and loading conditions are such that the yield stress 
exceeds this value, brittle fracture will occur. Since time and 
temperature influence the yield strength, they are involved in the 
transition from ductile to brittle behavior. 

The concept of a limiting tensile stress fits in with the effect of 
state of stress on the material’s behavior. If the state of stress is 
such that shearing stresses are low in comparison with the tensile 
stresses, plastic flow is restricted, and brittle fracture is more 
likely to occur [16]. By the time the shear stress has reached a 
value high enough to cause yielding, a high tensile stress has been 
reached, which, if higher than the critical stress, will cause brittle 
fracture. The act of yielding can initiate the crack [17, 18, 19] 
which may propagate at a high level of tensile stress. 


Object and Scope 


This investigation was conducted to extend previously de- 
veloped concepts of the time and temperature dependence of the 
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upper yield point of metals having the body centered cubic lattice 
structure. Ingot iron was tested in torsion over a range of strain 
rates from 10~*/see to 10/sec and over a temperature range from 
that of liquid nitrogen to a temperature sufficient to cause a dis- 
appearance of the upper yield point effect. 

Of major interest in this investigation was the exploration of a 
relationship between yield stress, strain rate, and temperature. 
It was also desired to determine if an activation energy could be 
associated with the time and temperature dependence of the 
yield point in iron. 


Materials, Preparation of Specimens, and Apparatus 


Materials. The specimens used in this investigation were made 
of ingot iron. The material in the as-received condition was a hot- 
rolled, */s-in. diameter rod. Its chemical composition follows in 
weight per cent: C, 0.012; Mn, 0.017; P, 0.005; S, 0.025; and 
Fe, the remainder. The average grain diameter of the iron in 
its final condition was 0.28 mm or ASTM No. 4. 

Preparation of Specimens. ‘Tubular torsion specimens, Fig. 1, 
were machined from the as-received rod. Critical dimensions, 
such as wall thickness, were held within +0.003-in. The inside 
diameter was finish reamed to produce a smooth surface. A 1-in. 
length was undercut 0.020-in. in the center of the specimen to 
prevent fracture at the gradual radii. The final wall thickness 
was chosen as a compromise between two factors. A thin wall 
was desired in order to simplify the stress analysis and minimize 
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the stress gradient, but a thicker wall was necessary in order to 
prevent failure by plastic buckling. By compromising between 
these two conditions, a wall thickness of 0.070-in. was chosen. 

After machining, the specimens were annealed in a vacuum at 
923 deg K for 24 hours. This relieved machining stresses and 
allowed precipitation of excess carbides to the grain boundaries. 

Apparatus. (1) General Description. The testing apparatus is il- 
lustrated in Fig. 2. This testing machine applied a pure torsional 
load to one end of the specimen while the other end was held fixed 
in a torque weighbar. Either motor M, or M, applied the 
torque, depending upon the desired strain rate. The specimen 
was mounted as indicated by S in the figure. 

The wire resistance strain gages were mounted on the torque 
weighbar and are indicated by G in the figure. The signal from 
these gages was amplified by means of the amplifier indicated by 
A, and this signal was sent to one recording galvanometer of the 
6-channel Hathaway S14-A oscillograph. Here a continuous 
record of torque was recorded. 

Another channel of the oscillograph was used to record twist 
over the interval of the test. Due to the large range in strain 
rates, two separate twist recording devices were used. At high 
speeds, a gear was mounted in series with the specimen. As its 
teeth passed a magnetic pickup, a signal was induced which pro- 
duced a sawtooth wave on the record. The number of peaks 
produced per revolution was the same as the number of teeth on 
the gear. For slower tests, a high resistance wire was mounted 
on the periphery of a lucite disk. A potential was impressed across 
the wire at two points, 180 deg apart. This disk was mounted 
in series with the specimen, and a potential that was proportional 
to the angular displacement of the disk was picked off the wire. 
The signal was fed to a galvanometer whose deflection was then 
proportional to the angle of twist. 

The temperature of the specimen was controlled by means of a 
furnace or cold chamber which was mounted over the specimen. 
By using these, any temperature between 77 and 800 deg K could 
be obtained. 

One of the advantages of this torsion apparatus was its wide 
range of strain rates. In the present test program, strain rates of 
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" 
: Fig. 1 Tubular torsion specimen 
Fig. 2. Torsion testing apparatus 
ad 


12.5/sec, 0.25/sec, and 0.0001/sec were used. This covers a 
range of more than five orders of magnitude. 

(2) High Speed Tests. Referring again to Fig. 2, motor M, was 
used to obtain a strain rate of 12.5/sec. This motor was used to 
accelerate the flywheel F to the proper speed. This speed was de- 
termined by balancing a known frequency from oscillator O with 
the signal from the magnetic pickup previously described. When 
the proper speed was obtained, the control unit C was actuated, 
which in turn started the oscillograph and then engaged the fly- 
wheel with the specimen. This control unit eliminated the waste 
of photographic paper which would occur if the operations were 
manual, Continuous torque and angle of twist curves were ob- 
tained up to fracture, after which an automatic shut-off switch 
stopped the oscillograph. 

(3) Medium Speed Tests. At the strain rate of 0.25/sec, motor Me 
was used in conjunction with gear reducer G,. This set up was 
used as a direct drive on the specimen, with torque and angle of 
twist recorded on the oscillograph. 

(4) Slow Speed Tests. For a strain rate of 0.0001/sec, motor M; 
was used to drive the specimen through three gear reducers. An 
autographic X-Y recorder was used to record torque and angle of 
twist in this case. The torque signal from the strain gages was 
fed into the X co-ordinate of the recorder, while the resistance wire 
pickup signal was fed into the Y axis as an indication of strain. 
The X-Y recorder then plotted a continuous curve of torque 
versus angle of twist. 

Work and Dolan have given a more detailed description of this 
apparatus [20]. 


Fig. 3 shows test results relating shearing stress at yield point 7, 
strain rate Y, and temperature 7. These curves exhibit the gen- 
eral qualitative behavior that would be expected from “body 
centered cubic’’ metals. That is, the yield stress increased at in- 
creased strain rates for a constant temperature, while it also 
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Fig. 3 Comparison of computed and observed values of upper yield 
stress 
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increased as the temperature was decreased, at a constant 
strain rate. 

It should be noted that at elevated temperatures (300-500 deg 
K), the yield strength becomes relatively insensitive to changes 
in temperature and strain rate. 

Another observation that can be made from the data is the 
apparent convergence of the curves to a limiting stress value at 
very low temperatures. 

All of the specimens failed in a ductile manner, including those 
at the highest strain rate and the lowest temperatures. This can 
be seen in Fig. 4, where ductility is plotted as a function of tem- 
perature. A typical ductile fracture is illustrated in Fig. 5. These 
ductility data were obtained for only the higher two strain rates. 
Specimens at the lowest strain rate were not tested to fracture, 
as in many cases it would have taken several days for fracture to 
occur. The yield point was of major interest in this investigation, 
and it was not believed that this ductility curve justified the time 
required to obtain it. These two curves illustrate the great de- 
pendence of ductility on temperature and strain rate. 

In summary, the data illustrated the tendency for embrittle- 
ment of iron at reduced temperatures and increased strain rates 
as shown by the increase in yield strength and the decrease in 
ductility under these conditions. It also shows that brittle be- 
havior of ingot iron is not likely to be exhibited under the state 
of stress existing in torsion. 


Discussion and Analysis of Results 


If the maximum principal tensile stress at yielding was in- 
creased over that which occurs in torsion, it is very likely that 
ingot iron would fail in a brittle manner. Brittle fracture is as- 
sociated with a tensile stress. It has been observed that brittle 
fracture propagates along planes normal to the principal tension 
stress (10, 16]. This suggests that there may be a critical value of 
tension stress which will propagate a microcrack nucleated by 
yielding. A stress state in which the ratio of maximum principal 
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Fig. 4 Effect of temperature and strain rate on ductility 
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Fig. 6 Effect of state of stress on relation between shear and normal 
stresses 


tensile stress to shear stress is large increases the tendency for 
brittle behavior. This can be illustrated by referring to Fig. 6, 
where the octahedral shear stress is plotted against the maximum 
principal tensile stress for several states of stress. In this figure, 
a critical fracture stress is assumed and represented by a horizontal 
line. If two states of stress are examined, tension and torsion, for 
example, it can be seen that, for a given value of octahedral shear 
stress to be reached, the maximum principal tensile stress is pro- 
portionately greater in the tension test. This state of stress 
would then be more conducive to brittle fracture. A criterion for 
brittle fracture, then, must take into account the effect of state 
of stress. 

For this reason the yield point data of Fig. 3 were converted to 
octahedral shear values and plotted in Fig. 7. By means of a plot 
such as this, yield data from any state of stress may be compared. 
From these curves it is possible to obtain the value of octahedral 
shear at yield point for a given strain rate and temperature. 
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Fig. 7 Comparison of computed and observed valves of upper yield 
stress in terms of octahedral shear 


400 


With a knowledge of the state of stress, the maximum principal 
tensile stress can be calculated. If the critical value of tensile 
stress is known for the material, brittle behavior might be pre- 
dicted. The behavior would be brittle if the maximum principal 
tensile stress exceeded the critical value and ductile if it were 
lower. 

Weinstein [10] observed yield points in molybdenum which ex- 
ceeded the value of stress necessary to cause brittle fracture. 
Cottrell [21] has proposed a model which requires yielding to 
precede fracture. This model suggests that yielding causes dis- 
locations to pile up on an obstacle such as a grain boundary, thus 
initiating a crack. If the fracture strength of the material is ex- 
ceeded, the crack will propagate, producing a brittle fracture. 
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This would explain observed yield points above the proposed 
fracture strength without contradicting the idea of a critical frac- 
ture stress. 

It is possible to analyze for an apparent activation energy 
necessary to produce slip by means of Boltzmann’s relationship. 
This relationship states that the probability p of atoms acquiring 
an energy AH in time interval ¢ is inversely proportional to 
e~ SH/RT. thatis1/t = Ae~44/RT_ If the stress induced short 
range diffusion of interstitial atoms is considered to be the rate 
controlling mechanism for yielding, the time interval of interest 
would be that necessary to allow dislocations to be torn away 
from interstitial atmospheres. A reasonable estimate of this time 
interval is obtained by measuring the time delay for yielding at 
stress levels above the static yield point. 

In recent years, Clark and Wood [22, 23, 24] have measured 
this delay time in body centered cubic metals. They did this by 
rapidly loading to a desired stress level and then measuring the 
time interval until yielding took place. The results of their 
work on a low carbon steel are shown in Fig. 8. The results of 
this investigation are plotted on this same figure. In order to 
make this plot, the shearing yield stress values of this test pro- 
gram were converted to tensile stresses which would give the 
same value of octahedral shear in tensile tests as were obtained 
in the present torsion tests. The time interval plotted was that 
necessary to reach the yield stress at the stress rate used. The 
two curves are parallel which suggests the same mechanism is 
described. It was believed that the two different types of loading 
accounted for the difference in positioning the curves. In Clark 
and Wood’s work, the stress was raised to the desired level in a 
very short time interval and held constant. In this way the en- 
tire test essentially was conducted at a constant elevated stress. 
In the present investigation the stress was constantly increasing 
until yielding occurred. A comparison of these two types of load- 
ing is illustrated in Fig. 9. 

In an attempt to relate these time intervals, it was assumed that 
the criterion for yielding depended upon some function of the 
time that a given stress was maintained. It was further assumed 
that the time spent at stress levels below the static yield point of 
the material had little significance and could be neglected. A 
first approximation of these assumptions would lead to 


toy 
(oy = (a — o,)dt (1) 


where 
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Fig. 9 Comparison of the type of loading used in this 
investigation with that used by Clark and Wood 


Oy = Oy = GC, constant stress level considered for vielding 
in both test series 
oa, = static yield point of the material 


a = (do/dt\t 
and 


da/dt = = 0,/tey 


‘,, = time for yielding to occur at a stress level of 
a, in Clark and Wood's tests. 

fs, = time for yielding to occur at a stress level of o, 
in the present, test series 

i,’ = time to reach a stress level of o, in the present 


test series 


This equation results in the following relation between f,, and 


2 
If Eq. (2) is used to transform the data from Clark and Wood’s 
curve to time intervals comparable to that of the present in- 


vestigation, the third curve of Fig. 8 is obtained. 
Equation (2) can be rewritten in the form, 


lay. 


ly = [e, — (3) 


ly (4) 


Since it is likely that 4, is a measure of the probability of slip 
occurring at a given stress level, its use in Boltzmann’s equation 
appears justified. Equation (4) then suggests that K/é may be 
used interchangeably with 4, in the Boltzmann relation. Since 
the present tests were conducted in torsion, K/¥ will be used. 
The following equation results from this approach: 


(5) 


where 7¥ is the strain rate, 2 is the gas constant, 7’ is the absolute 
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and for a constant stress level, 
K 
€ 
_4H 


temperature, AH is the activation energy, and A is a constant. 
For strain rates 1 and 2, the same equation can be written. By 
combining the equations for strain rates 1 and 2, the following 
equation is obtained: 


RT, Tz 
* 


(6) 
From the plot of Fig. 3, for constant values of shearing stress, 
temperatures 7, and T; can be obtained. This makes possible 
the calculation of AH for any stress level. In Fig. 10, these cal- 
culated values of AH are plotted as a function of the shearing 
stress for the three combinations of strain rates. The experi- 
mental points could be measured with an accuracy of about 
+3000 psi. 

The values of log AH from this curve were plotted against 
log (F — r)/7 in Fig. 11, in an attempt to linearize the data. 
The extrapolated value of yield stress at a temperature of absolute 
zero is 7. The plot of Fig. 11 is essentially a straight line and 
leads to the relationship 


an an (7=*) (7) 


18,000 cal/gm mol, the thermal activation energy at 
zero stress 
= 80,000 psi, the stress necessary for yielding at a tem- 
perature of absolute zero 
= 0.57, the slope of the line in Fig. 11 


This equation expresses the thermal activation energy as a 
function of the stress level. As the stress level is increased, the 
corresponding values of thermal activation energy decrease. The 
value of AH = 18,000 cal/gm mol at zero stress agrees very well 
with values of AH for carbon and nitrogen in iron. By means of 
internal friction measurements, Wert [25] found that AH for 
carbon in iron was 20,100 cal/gm mol and was 18,200 cal/gm mol 
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Fig. 10 Effect of stress level on thermal activation energy 
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for nitrogen in iron. This strongly suggests that either carbon 
or nitrogen or both are the interstitial atoms responsible for the 
embrittlement effect in iron. Weinstein [10] concluded that 
these same two atoms may be responsible for the ductile-brittle 
transition in molybdenum. 
By substituting Eq. (7) into Eq. (5) the following relationship 
is obtained: 
#—r\? 
y = Ae RT (8) 
The constant A can be evaluated by making a single test at 
Y = %, T = T;, andr = 7. This leads to an equation relating 
yield stress, strain rate, and temperature of the form 


RT, T T 
where M = 0.4343, the constant of conversion between natural 
and common logarithms. Calculated curves based on Eq. (9) 
are plotted in Figs. 3 and 7. These curves describe the experi- 
mental points very well for stresses above 30,000 psi. The maxi- 
mum deviation of the experimental curves from the theoretical 
curves is about 2,000 psi, which is with in the experimental ac- 
curacy of the test. 

It should be noted that, at stress levels below about 30,000 psi, 
Eq. (9) no longer describes the stress, temperature, and strain 
rate relationship. It is quite obvious from the experimental data 
that, at stress levels below about 30,000 psi, a new mechanism has 
become dominant. The combination of elevated temperatures 
and low strain rates, wh ch lead to yield points below 30,000 psi, 
give the pinning atoms sufficient energy and time to move freely 
through the lattice. They no longer pin the dislocations effec- 
tively, so the embrittlement phenomenon disappears. The yield 
stress then shows a gradual decrease as the temperature is in- 
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Fig. 11 Determination of exponent b, using data from Fig. 10 
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creased, as would be expected in normal metal behavior. Equa- 
tion (9) then describes the time and temperature dependence of 
the yield point in the temperature range where interstitial lock- 
ing is effective. 

At very low temperatures the yield stress values appear to 
reach an upper limiting value, as seen in Fig. 3. This upper limit 
may be the result of twinning which takes place at these low 
temperatures and high stress levels. Metallographic examination 
of specimens tested in this region show that extensive twinning 
has taken place. Fig. 12 shows a photomicrograph of one of these 
specimens. 

Equation (9) may be considered as a relationship between two 
parameters; log (y/¥:) and (7;/T)(7 — 7/7 — 7)'. In Fig. 18, 
these two parameters plot as a straight line. By means of the 
relationship shown, it appears possible that a quantitative esti- 
mate of critical temperatures and strain rates leading to brittle 
fracture may be made. The accuracy of this determination is 
within 2000 psi. It should be noted that this curve applies only 
to a certain composition iron with a given grain size. These fac- 
tors must be considered when other materials are used, but this 
is beyond the scope of this paper. 

Equation (9) can be solved for 7 explicitly. This yields the re- 
lation 


Sar 


3 


Fig. 12 Photomicrograph of specimen after loading at y = 12.5/sec, 
T=77K 


1/b 
RT log (. x ) 
t MAH 
which more readily lends itself to engineering estimates, since the 


dependent variable is given as a function of the independent 
variables. 


Summary 


Torsion tests were conducted on ingot iron using strain rates of 
12.5, 0.25, and 0.0001/sec over a temperature range of 77 to 525 
deg K. The magnitude of the upper yield point shear stress was 
the dependent variable in all of the tests. 

The results of the tests are shown in Fig. 3. They show that the 
yield strength exhibits a rapid increase as the temperature is 
lowered. The yield strength also increases as the strain rate is 
increased. The dependence of the yield point on strain rate and 
temperature can be explained on the basis of a locking interstitial 
mechanism. 

An activation energy AH can be associated with this embrittle- 
ment mechanism. This energy s influenced by stress and it ap- 
pears from these tests that this relationship can be described by 
an equation of the form 


If this relation is used in conjunction with a modification of the 
Boltzmann equation, the following result is obtained: 


71 RT, T=— 

This equation quite accurately describes the experimental data as 
can be seen in Fig. 3. 

In all of the torsion tests conducted on ingot iron, the fracture 
occurred in a ductile manner. From these results and the tests 
conducted by Weinstein [10] on molybdenum, it appears that 
there is a critical tensile stress which must be exceeded before 
brittle fracture can occur. The state of stress is an important 


factor in determining whether this tensile stress can be reached 
before yielding takes place. Torsion tests effectively reduce the 
tensile stress in comparison with the shear stress and thus enhance 
the chances for ductile behavior. 


10° 


io* 


Fig. 13. Parametric representation of theoretical dependence of yield stress on temperature and strain rate 
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At sufficiently elevated temperatures, the embrittlement 
mechanism no longer holds and the yield stress loses its strong 
time and temperature dependence. This is reasonable if the de- 
pendence is assumed to be a consequence of a locking mechanism. 
At elevated temperatures the interstitial atoms have sufficient 
energy to move freely through the lattice and no longer effec- 
tively lock dislocations. 

At very low temperatures a limiting stress value which is in- 
dependent of strain rate appears to be approached. This may be 
a result of twinning which occurs in this temperature region. 


Conclusions 


1 The activation energy necessary for plastic deformation is 
stress dependent. This suggests that both thermal and me- 
chanical energy may contribute to the total energy necessary to 
cause slip. 

2 From the results of the present test, it appears that the 
influence of stress on the activation energy can be described by a 
relationship of the form 


3 <A modification of Boltzmann’s relationship describes the 
experimental data very well. It is of the form 


AH 7- Ti 7; ( 
ix (2) ( ) ; 


4 The thermal activation energy associated with the em- 
brittlement mechanism was found to be approximately 18,000 
cal/gm mol by extrapolation of the curves in Fig. 11 to zero stress. 
This suggests that a short range stress induced diffusion process 
controls the embrittlement mechanism and the responsible 
interstitial atoms may be carbon or nitrogen, or both. 

5 It appears that there is some critical value of maximum 
principal tension stress which must be exceeded before a brittle 
fracture can occur. It is not possible to exceed this stress in 
ingot iron when tested in torsion at temperatures above 77 deg K. 
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for Low-Cycle Fatigue 


A criterion for low-cycle fatigue is developed which supposes that the segment of 
strain hysteresis associated with work-hardening is a measure of damage. On the basis 


of this “‘damage” work criterion and assuming a linear work-hardening law, the well- 
known plastic strain-cyclic life equation, N'/*Ae, = C is derived. The constant C in 
this equation is evaluated by setting the total damage energy absorbed in N cycles 
equal to the damage work of a static tensile test. This method of predicting the con- 
stant C is in much better agreement with room-temperature strain-cycling data than the 
previously suggested method of plotting the fracture ductility at */; cycle. 


Introduction 


A NUMBER of recent papers [1, 2, 3, 4]! on low-cycle 
fatigue have very forcibly demonstrated that cyclic life can best 
be described in terms of plastic strain by the following equation 


= C (1) 


where Ae, is the plastic-strain range per cycle, N is cyclic life, 
and C is a constant. Although Coffin proposed this equation on 
an empirical basis it is interesting to note that he showed that 
the constant C could be approximated by means of a tensile test. 
Setting N equal to a quarter cycle (corresponding to the initiation 
of fracture) and the plastic strain Ae, equal to the fracture duc- 
tility €,, the constant C becomes equal to €,/2. Comparing this 
predicted value of C with the value obtained from strain-cycling 
fatigue tests, Coffin noted that, while the agreement was only 
approximate, the prediction of life from the static tensile test 
was conservative in nature. 

The average predicted value of C (Coffin’s data [2]), for room- 
temperature tests, was found to be approximately 27 per cent 
less than the value determined from strain-cycling tests. A 
somewhat different deviation (between the predicted and meas- 
ured values) may be noted for the elevated-temperature tests; 
however, these additional data are subject to question because of 
the complicating factors associated with metallurgical instabilities. 

Although the conservative nature of this deviation is of prac- 
tical importance, it does detract from the otherwise apparent 
theoretical significance of eq. (1). Nevertheless, the simplicity 
of this equation and its agreement with so many sets of strain- 
cycling data, suggest that it may stem from a more fundamental 
relation concerning the mechanism of fatigue failure. The fol- 
lowing is an attempt to develop such a relationship, largely on 
the basis of published information. 


Review of Literature 


Some years ago Orowan [5] suggested a work-hardening mecha- 
nism of fatigue which supposed that local fracture occurred when 
the stress at some point gradually increased with cyclic work- 
hardening until it reached the true fracture strength of the ma- 
terial. Final fracture occurred as a consequence of a progression 
of such local fractures. Although observations [6] of work-soften- 
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ing have cast doubt on the general validity of this mechanism, 
Wood [7] has recently argued (on the basis of cyclic stress-strain 
studies) that the work-hardening process is operative for large 
strains or low-cycle fatigue. 

Yokobori [8] has described a mechanism of failure involving 
work-hardening and the pile up of dislocations at obstacles in 
severely worked regions. Basically the mechanism is similar to 
Orowan’s as it either directly or indirectly involves work- 
hardening. 

More recent theories [7, 9, 10] involve surface-contour changes; 
however, Wood [7] has noted by means of photomicrographs that 
such action is confined to small deformation (long-life fatigue). 
Further, the near agreement between static and low-cycle fatigue 
behavior suggests that such geometrical effects are not im- 
portant, as they are certainly not operable for a static test. 

Several recent papers have emphasized the importance of cross 
slip. McEvily [11], for example, has concluded that cross slip is 
required for normal fatigue failure. Honeycomb [12] subjected 
zine single crystals to push-pull fatigue tests with the basal planes 
oriented at 45 deg to the specimen axis. At liquid-nitrogen tem- 
perature he noted no failure in 200,000 cycles of stress at 90 per 
cent of the fracture stress. Honeycomb suggested that this be- 
havior was attributed to the fact that no cross slip occurred. 
Fegredo [13] noted similar results on zinc single crystals. Ebner 
and Backofen [14] tested single crystals of copper and noted that 
fatigue failure seems to depend on cross slip. Although these 
observations do not directly involve work-hardening it is in- 
teresting to note that the work-hardening characteristics of a 
metal do depend on the complexity of slip. 

A number of investigators have attempted a correlation be- 
tween strain hysteresis energy and fatigue but, for the most part, 
unsuccessfully. Haigh [15], for example, observed finite hysteresis 
beneath the endurance limit. The obvious conclusion that total 
hysteresis energy cannot be equated to fatigue damage does, how- 
ever, need qualification. It must be noted that plastic strain, 
not inelastic strain, has been well correlated with cyclic life. 
Most investigations concerning hysteresis have been conducted 
in the normal fatigue range (near the endurance limit) where the 
anelastic strains are of significant magnitude. 

It has been suggested by several recent papers that the com- 
ponent of hysteresis energy that is related to fatigue damage is 
the plastic work. It is fortunate that for conditions of low-cycle 
fatigue the plastic work may be effectively equated to total hys- 
teresis measurements, as, for conditions of very large strains, the 
anelastic component is negligible. 

In this realm, where the anelastic strains may be disregarded, 
Geberich [16] has qualitatively related plastic work rates to 
cumulative damage in fatigue. In sequential load testing he 
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noted (as did Baldwin, et al. [1]) that, if the stress (stress cycling) 
was first high and then low, the Miner* sum was less than unity; 
and if the stress was first low and then high, the Miner sum was 
greater than unity. He also noted in the first case (overstressing) 
the plastic work absorbed per cycle at the second stress level was 
greater (by virtue of the overstress) than it would have been for 
constant stressing at the second stress level. For the under- 
stressing the work rate was less at the second level. Qualitatively, 
this would explain the variations in the Miner sum. 

Feltner and Morrow [17] have suggested that failure occurs 
when a critical constant amount of plastic work has been ab- 
sorbed by the specimen. They further suggest that this critical 
amount of energy is equal to the true fracture toughness, as 
measured from a static tensile test, and that the plastic work per 
cycle may be predicted (for stresses just above the fatigue limit) 
from the applied stress and the true static stress-strain diagram. 
Using this relation, they obtain remarkable agreement with 
fatigue-life measurements; however, the general validity of the 
relation is questionable. Several investigations [18, 19, 20] have 
shown that the total plastic work required to fracture a member is 
not constant, but increases with decreasing stress. Further, the 
total energy absorbed, even for low-cycle fatigue, far exceeds 
that for a static tensile test. 


It was previously suggested [18] that fatigue damage could be 


approximated by plastic work input but that the damage to 
failure was not constant. This argument was advanced on the 
basis of an analogy between general fatigue damage and fatigue 
eracks. A former paper [21] showed that the critical crack 
length (crack length one cycle before final fracture) was de- 
pendant on applied load. For very low loads the crack could 
become quite large before it became unstable, but at higher 
loads fracture occurred at a much shorter crack length. While 
this may partially account for the total plastic work not being 
constant at fracture, subsequent studies have suggested that the 
rate at which the total work to failure depends on stress may 
vary with the work-hardening capacity of the material. In Fig. 1, 
for example, the slope of the curve (showing the total plastic 
work absorbed to fracture as a function of applied stress) is 


2 Miner suggested that the sum of the cycle ratios should be equal 
to unity; Ins/Ni = 1, where ni is the number of cycles at the ith 
stress level and Nj; is the number of cycles required for fracture at 
that stress level. 
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Fig. 1 Total plastic work versus fracture stress 
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much steeper for the alpha brass (low work-hardening capacity), 
than for the stainless steel which has a high work-hardening 
capacity. These data were obtained by the techniques described 
in ref. [18]. The work of Pardue [19] also suggests that the slope 
of such a diagram tends to increase with a decreasing work- 
hardening capacity of the material. 

Although these observations are not in themselves significant, 
coupled with the afore-mentioned theories of failure they strongly 
suggest that more emphasis should be placed on the work- 
hardening characteristics of a material, and are in general agree- 
ment with Mott [22] who asserts that an understanding of fatigue 
must be preceded by an understanding of work-hardening. 


Analysis 


Fig. 2 shows a simplified stress-strain hysteresis loop. If the 
material exhibited no work-hardening, the loop would have the 
flat-top appearance indicated by the dashed line. Although this 
is an idealization, if such behavior could occur it would imply 
that there would be no progressive increase in resistance to dis- 
location movement through dislocation pile-up, and there would 
be no progressive internal lattice distortion. Accordingly, one 
would not associate damage with a deformation process following 
the strain hysteresis loop with zero work-hardening. 

The segment of the plastic work associated with work-harden- 
ing is represented by the shaded triangular area at the top and 
bottom of the hysteresis loop. 

The magnitude of this damaging work can be described as 


w = 2['/2a(Ae,)*] (2) 


where w is the damage work per cycle, Ae, is the plastic strain 
per cycle, and a@ is the slope of the work-hardening segment of 
the stress-strain diagram. The quantity in the brackets repre- 
sents the area of one triangle of which there are two per cycle. 
The damage work per cycle is then a(Ae,)*, and the damage 
work in N cycles is Na(Ae,)*. 

If it is assumed that failure occurs when some critical constant 
amount of damage is reached, then the cyclic life would be de- 
scribed by 

Na(Ae,)? = k, (3) 


which is the form of the equation employed by Coffin. The con- 
stant k can be evaluated by saying that the total damage work 
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Fig. 2 idealized rtress-strain hysteresis loop 
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must be equal to that required for a static tensile te t, which would 
be 

k = (4) 
where €, is the true strain at fracture. 
Then 


Nat Ae,)? = (5) 


or dividing by @ and taking the square root. 


N‘/*Ae, = €,/2'/* (6) 


The only difference between this equation and Coffin’s equation 
(eq. 1) is that Coffin suggested that the fracture ductility, €,, 
should be plotted at '/, cyclic, whereas equation (6) implies that 
N = '/, at Ae, = €,. The discrepancy here may be regarded as 


Material Condition Refs. 

2S Aluminum Annealed 2 1.71 
2S Aluminum As-received 2 1.22 
2S Aluminum 10% Prestrain 2 1.50 
2S Aluminum 20% Prestrain 2 1.40 
2S Aluminum 30% Prestrain 2 1.30 
2S Aluminum 40% Prestrain [2 1.20 
OFHC Copper Annealed 2 1.40 
OFHC Copper As-received 2 0.85 
OFHC Copper Swaged 33% 2 0.78 
1018 Steel 2 1.05 
Ni A Annealed 2 1.10 
347 Stainless Annealed 2 0.98 
24 St. aluminum Stress-relieved 2 0.40 
347 Stainless Rod 2 1.32 
Alpha brass As-received Present 1.33 
Titanium Annealed [28] 0.63 
75ST Aluminum [28] 0.37 


Per cent error, (C — 2)/C. 
Per cent error, (C — e;/2)/C. 


Table 2 Flexural and 


Table 1 Room temperature axial-load strain-cycling data 


As 


a matter of interpretation of the static tension test. Although 
it may be argued that a static tensile failure occurs at a quarter 
cycle, it is also true that the damage work is the same for '/; 
or '/, cycle. So far as the static tensile specimen is concerned 
there is no difference between a '/, and a '/; cycle. The essential 
matter is, however, that equation (6) does not depend on the 
definition of what constitutes a tensile test. The constant was 
determined from energy considerations. 

The agreement between eq. (6) and available room-temperature 
strain-cycling data is illustrated in Table 1. Here the fracture 


ductility provides a means of predicting the constant C according 
to Coffin (C = €,/2) or according to eq. (6) (C = €,/+/2). Also 
shown is the value of C as determined from a fatigue test. The 
deviations are shown as a percentage of the measured value for 
each set of data and an average deviation for each set of pre- 


Error, 
Cc 2 per cent* per cent? 

0.90 1.21 —34 0.86 5 
0.88 0.86 2 0.61 31 
0.90 1.06 —18 0.75 17 
0.88 0.99 -13 0.70 20 
0.76 0.92 —21 0.65 14 
0.65 0.85 —31 0.60 8 
0.90 0.99 —10 0.70 22 
0.92 0.60 35 0.43 54 
0.68 0.55 19 0.39 43 
0.63 0.74 —-17 0.53 16 
0.74 0.78 -— 5 0.55 26 
0.63 0.69 —10 0.49 22 
0.48 0.28 42 0.20 58 
0.95 0.93 2 0.66 31 
0.90 0.94 —4 0.67 26 
0.54 0.45 17 0.32 41 
0.26 0.26 0 0.19 27 

Avg. alg. 2.7 Avg. alg. 27 

Avg. abs. 16.4 Avg. abs. 27 


Material Test Temp Refs. 
18-8 Cr-Ni Steel B Flexural R.T. [2, 29} 
13% Cr. Steel A Flexural R.T. [2, 29] 
Cr-Mo Steel B Flexural R.T. [2, 29] 
18-8 Cr-Ni Steel B Flexural 570 F [2, 29 
Cr-Mo Steel B Flexural 570 F [2, 29 
18-8 Cr-Ni Steel B Flexural 930 F (2, 29] 
Cr-Mo Steel B Flexural 930 F [2, 29] 
Al. alloy DTD 546B Flexural R.T. [2, 30] 
5% Mg. alloy Flexural R.T. [2, 30) 
Steel S92 Flexural mun. (2, 30] 
Steel En 25 Flexural R.T. [2, 
Mild steel En 2 Flexural R.T. [2, 30 
347 Stainless Axial 390 F (2] 

347 Stainless Axial 660 F 131 

347 Stainless Axial 930 F [2 

347 Stainless Axial 1110 F [2] 

Steel A-201 Flexural R.T. (2, 31] 
Steel 90B Flexural R.T. (2, 31] 


* Per cent error, (C — 2)/C. 
> Per cent error, (C — e€,/2)/C. 
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rror, 
Cc percent* per cent’ 
65 0.68 1.17 —72 0.83 —22 
.23 0.64 0.87 —36 0.62 3 
34 0.61 0.95 — 56 0.67 —10 
.22 0.75 0.86 —15 0.61 19 
.23 0.57 0.87 —53 0.62 -9 
07 0.63 0.76 —21 0.54 14 
.70 0.43 1.20 —179 0.85 —98 
41 0.35 0.29 17 0.21 40 
.28 0.31 0.20 35 0.14 55 
.20 0.48 0.85 —77 0.60 —25 
05 0.41 0.74 —80 0.53 —29 
89 0.48 0.63 —31 0.45 6 
.30 0.78 0.92 —18 0.65 17 
.03 0.70 0.73 —4 0.52 26 
.09 0.59 0.77 —3i 0.55 7 
13 0.43 0.80 — 86 0.57 —33 
.14 0.82 0.81 1 57 31 
.73 0.40 0.52 —30 0.37 
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erature strain-cycling data 
Avg. alg. —4l Avg. alg. 0 
; Avg. abs. 47 Avg. abs. 25 


dicted values. As was previously indicated, the average devia- 
tion using C = €,/2 is 27 per cent while the same average using 
C = ¢€,/+/2 is less than 3 percent. 

A further comparison with elevated-temperature data and 
data obtained on flexural members is shown in Table 2. The 
agreement shown by these data is less favorable; however, it is 
most probable that the data shown in Table 1 are more reliable. 
The materials described in Table 2 are more complex and subject 
to metallurgical changes at elevated temperatures. As was 
pointed out by Coffin [1], a number of effects such as oxidation 
and grain-boundary precipitation could occur due to the difference 
in time at temperature between the static and cyclic tests. In the 
case of the data obtained from flexural tests, several errors may 
have been introduced. The strain distribution was not uniform 
over the specimen, and further it has been shown by Sangdahl 
[23] that the effective ductility in bending can be significantly 
reduced (by the biaxiality of stress state) from that observed in 
a static tensile test. 

In light of the foregoing uncertainties and the fact that a large 
set (17 different sets) of data is available at room temperature, 
the use of the data in Table 1 as a basis of evaluation is almost 
certainly justified. 

Although these published data are in very good agreement with 
eq. (6), the relation should be subjected to further scrutiny. 
The simplified stress-strain diagram is certainly subject to ques- 
tion. In many instances the work-hardening law is essentially 
linear; however, generally a parabolic representation would be 
more accurate.* This matter is unfortunately clouded by the 
difference between the local behavior associated with the crack 
inception and the gross polycrystalline behavior. Examination 
of a stress-strain hysteresis loop taken from a fatigue test will 
show practically no linear elastic action, and the loops seem to 
have no yield point at all. The agreement of eq. (6) with the 
low-cycle fatigue data may exist because the approximation to 
real behavior is sufficient at large plastic strains. 

The relation implies a fatigue limit equal to the yield point of 
the material; however, this should not be taken literally. Fatigue 
damage is undoubtedly associated with plastic deformation but 
the yield point in a static tensile test bears little relation to the 
existance of an endurance limit. Conversely, however, the en- 
durance limit may be thought of as an effective cyclic elastic 
limit because it does represent a stress beneath which there is no 
significant cyclic plastic strain. The association of fatigue and 
static behavior can only be made at the higher strain levels of low- 
cycle fatigue. At lower strain ranges the approximation of the 
stress-strain behavior is not adequate; local strains may far exceed 
gross strains, and as has been suggested [7], a different mechanism 
may be operative. 

The present development may be thought of as a theory of 
energy depletion. Failure is assumed to occur when a certain 
limiting work is accomplished, and in this sense the theory is 
similar to the ductility depletion concept. Eq. (5) asserts that 
the total damage energy that may be absorbed in a life of N 
cycles is equal to the damage energy absorbed in a static ten- 
sile test of the virgin material, of fracture ductility ¢,. If a 
number of cycles n (n < N) are applied at some plastic strain 
Ae,, then there is some residual damage energy that must 
be applied before final failure occurs. Eq. (5) may be modified 
to include a term which would represent the further damage 
work which must be accomplished after n cycles before an 
amount sufficient for failure (*/:a€,*) is achieved. If this further 
work is accomplished in a static tensile test (after n cycles of Ae,) 

‘then it may be described in terms of the residual fracture duc- 


*A treatment assuming a nonlinear work-hardening law is pre- 
sented in the appendix; however, in view of the known difference be- 
tween static and cyclic stress-strain behavior the linear law is taken 
as being sufficient for the present discussion. 
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tility €,’, that would be observed in such a test. It may thus 
be asserted that the damage work in cycling, plus the damage 
work of a subsequent static test, should equal the limiting amount 
of a static test of the virgin material, 


Ae,)* + 
The residual ductility €,’ then becomes 


Ve 


* — 2n(Ae,)? (8) 


= (7) 


A number of investigations have, however, shown that the fore- 
going equation is not obeyed. Marin [24], for example, showed 
that as much as 80 or 90 per cent of the nominal cyclic life could 
be depleted with a negligible change in the fracture ductility. 

Although there is not, in general, sufficient direct evidence to 
support eq. (8), consideration should be given the following: 
Fatigue damage is not homogeneously distributed through a 
member. It has been well established, for example, that fatigue 
damage is largely confined to the surface. Further, it is not uni- 
formly distributed over the surface. In the static tensile test, 
however, much larger volumes are involved and fracture origi- 
nates at the center of the specimen rather than the surface. 
Locally then, it seems quite possible that the foregoing equa- 
tion applies. 

In the case of low-cycle fatigue wherein the strains are very 
large, damage is more uniformly distributed. Under such cir- 
cumstances it has been noted that cyclic straining does decrease 
the fracture ductility. Liu [25] subjected 24ST aluminum to 
very severe strain cycles (nominal life of about 10 cycles) and 
noted a significant reduction in ductility. Coffin [26] performed 
thermal-cycling tests on thin tubes of Type 347 stainless steel 
and also observed a significant decrease in ductility. The latter 
data are shown in Fig. 3 along with the solid curve which repre- 
sents eq. (8). Althvugh the mean of these data is in approxi- 
mate agreement with eq. (8) (solid line) it is difficult to establish 
the true meaning of this agreement. Coffin pointed out that the 
indicated residual ductility plotted in this diagram represents the 
true strain at which fatigue cracks propagated with a decrease 
in static tensile load, and that the character of propagation indi- 
cated that the bulk material was still quite ductile. The corre- 
lation shown in this figure is thus complicated by the question of 
differences between local and gross ductility, as well as what 
constitutes failure. If a distinction is made between local and 
gross ductility it may further be necessary to consider the concept 
of local fatigue life. 

The apparent agreement between eq. (8) and Coffin’s data 
seemed sufficient to justify a further study of residual ductility in 
thin tubular specimens. In order to diminish the problem of 
localized surface damage, a wall thickness of only 0.010 in. was 
employed in a torsional experiment, the details of which are de- 
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scribed in the appendix. The results of these tests are summa- 
rized in Fig. 4. The agreement here is somewhat better than that 
noted in Fig. 3, and although the number of cycles investigated 
is very small (due to experimental problems discussed in the 
appendix) it would appear that eq. (8) enjoys at least a partial 
experimental verification. Final verification even for low-cycle 
fatigue requires more elaborate experimentation which unfor- 
tunately will be complicated by the question of damage 
distribution. 

It is interesting to note that the manner in which local fatigue 
cracks influenced the apparent ductility (Fig. 3, per Coffin [26] ) 
is similar to a recent suggestion concerning the nature of ductile 
fracture. Cottrell [27] regards the ductile-fracture process as an 
outward growth of internal plastic cavities, to meet the external 
neck which is growing inward. Reference is made to several 
photographs which indicate that these plastic cavities start at 
foreign particles either by a separation of the metal from the in- 
clusion or by fracture of the inclusion itself. It would thus ap- 
pear that a similarity may exist between the influence of local 
fatigue cracks, and inclusion, on gross ductility. Such a similarity 
in behavior could only exist if the dispersion of cracks was fairly 
uniform—a condition which would normally not prevail. 


Summary and Conclusions 


A low-cycle fatigue criterion has been proposed which em- 
ploys, as an index of damage, the portion of the plastic-strain 
bysteresis which is associated with the work-hardening segment 
of the stress-strain relation. This damage work-energy relation 
provides a theoretical basis for the plastic strain-cyclic life 
equation 

= C, (1) 
which was previously advanced empirically. 

The constant C was evaluated by means of a static tensile test 
by equating the total damage work required for fatigue failure to 
that required for a static failure. The value thus predicted is 


C= 2, 


where ¢€, is the fracture ductility. This predicted value was 
compared to the experimental determination of C for 17 different 
fatigue tests of various materials. The average percentage error 
was only 2.7 per cent. By comparison the previous prediction 
of C = ¢,/2 (by setting N = '/, for Ae, = €,) had an average 
error of 27 per cent. 

The damage work criterion was extended to predict the in- 
fluence of cyclic loading on residual fracture ductility (that meas- 
ured after cycling for a given number of cycles less than the 
nominal life), The resulting parabolic relation was found to be in 
approximate agreement with published and present data which 
were obtained on thin tubular specimens. 

While the damage work criterion is in favorable agreement 
with present and published data, it is not proposed as a “proof”’ 
of the work-hardening mechanism of fatigue. The present cor- 
relation strongly suggests that this damage work is closely allied 
to the fatigue process; however, it may have its foundation in a 
similarity between static and low-cycle fatigue behavior, such as 
the suggested concept of the growth of plastic cavities, rather 
than the more familiar work-hardening process which supposes 
that the stresses must be “built up’’ to a fracture level. 
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APPENDIX 
Analytical 


The discussion of the damage work concept was based on an 
assumed linear work-hardening law; however, a more general ap- 
proach is possible. Feltner and Morrow [17] evaluated total 
hysteresis energy by assuming the plastic strain Ae, to be re- 
lated to the stress as follows 

Ae, = k(o)'* (9) 


A simple shift in co-ordinate axes suffices to describe the damage 

work. If an elastic limit is assumed to exist and ¢, is used to de- 

scribe the stress above this limit then 
Ac, = (10) 


and the damage work w in one cycle becomes 


w= 2 
0 


(11) 


2 


or the damage work in N cycles 


2N Ae,**! 
= 12 
Setting this equal to the damage work in a tensile test gives 
ati nati 
2N (13) 


or 
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2NAe,"*! = 


Supposing a parabolic hardening relation 


Ae, = ko,? (14) 
or 
n= 1/2 
gives 
= 
or 
= (15) 


This implies a somewhat steeper slope on the log Ae, — log NV 
diagram. In several instances this would actually fit cyclic 
strain-life data [28] somewhat bett r than the N’'/* relation; how- 
ever, in any event, the agreement is only approximate and for the 
present the linear work-hardening law is assumed. 


Experimental 


The torsional fatigue tests, the results of which are shown in 
Fig. 4, were conducted in the cyclic straining device shown in Fig. 
5. The thin tubular specimens, Fig. 6, were mounted on a close- 
fitting shaft and subjected to repeated reversed cycles of a fixed 
total amplitude of angular displacement. Subsequent measures 
of ductility were accomplished as follows: Six longitudinal lines 
were scribed on the surface of the specimen at intervals of 60 deg. 
The specimen was then placed on a close-fitting mandrel, one 
end clamped in a vise, and the static torsional load applied by 
means of a hand wrench. The shearing strain associated with 
failure was then measured optically by noting the angle of the 
original longitudinal scribe line at the point of fracture. Each 
data po‘nt shown in Fig. 4 represents the average of six readings 
for each specimen. 

Because of the tendency of the thin tubular specimen to buckle 
on static testing it was necessary to employ a zero gage length. 
As a consequence even very small angular displacements of the 
specimen ends resulted in severe shearing strains or short lives. 
Reduction of the fixed amplitude of displacement was, of course, 
possible. However, because of bearing clearances, clearance in 
the specimen grips, and so forth, very large scatter in cyclic life 
was noted. 

Although no direct measures of plastic strain were possible for 
the cyclic testing, the main feature of the experiment did not re- 
quire such a measure. It was simply intended to study the de- 
crease in residual ductility with cycles of a fixed strain amplitude. 
While the total, rather than the plastic strain was fixed, earlier 
work has demonstrated that for large strains the plastic com- 
ponent is essentially constant. 
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iv. reoor § Journal Bearings With Arbitrary 


NASA, Goddard Space Flight 


Position of Source—ll 


A complete oil film solution of Reynolds equation is found that takes into account 
the presence of a point source. The solution gives integrated journal bearing charac- 
teristics in finite form. With the load in a vertical plane and the source at the top or 
bottom of the bearing, two simple universal relationships have emerged between the 
angle indicating the line of centers (a) and the eccentricity (b). 

With the source at the base of the bearing and —cos a = b, the plot of coefficient of 
friction versus the Sommerfeld variable goes through the origin and is essentially inde- 
pendent of bearing length to diameter ratio. Also, lubricant end flow becomes vanish- 
ingly small as the Sommerfeld variable approaches zero. 

With the source ut the top of the bearing a friction axis intercept can be obtained 
depending upon a source parameter, q. With cos a ~ b/2, a rapid rise in the co- 
efficient of friction can also be simulated by properly varying the source parameter. 
Also, lubricant end flow increases monotonically as the Sommerfeld variable approaches 
2er0. 


N A previous paper [1],' a complete oil film solution 
of Reynolds’ equation was obtained for the journal bearing with 
circumferential groove which gave journal bearing characteristics dimensionless co-ordinate in axial direction; z/r 
in finite form. It is the purpose of this paper to extend the length of bearing 
analytical method of solution of Reynolds’ equation that leads to 
simple solutions and obtain a solution which includes the presence For the present co-ordinate system Reynolds’ equation is 
of a point source. Py op 

Muskat and Morgan [2, 3] were the first to treat this problem. — fi + bcos (@ — a)}3 et 
Their work is considered a milestone in fundamental lubrication 26 06 
theory. Muskat and Morgan used approximate methods and the re) 
equations that they obtained were algebraically complex and + ow [1 + bcos (6 — a)) 
somewhat difficult to use. In addition, their solution was applica- 
ble to bearings whose length to diameter ratio was greater than where a is the angular displacement of the line of cunters from 
a /2 and eccentricities less than 0.5. The author also treated the the source. The origin is located midway between the ends of 
same problem in an earlier paper (6) using approximate methods. the bearing. The following boundary conditions will be imposed 
The approximate solution obtained was also restricted to small on the solution: 
eccentricities. The exact solution developed here gives inte- 
grated journal bearing characteristic equations in finite form for 
all length to diameter ratios and eccentricities up to 1.0. ‘ 


viscosity of oil; constant 

oil film thickness; c(1 + b cos (@ — @)) 
angular co-ordinate 

co-ordinate in axial direction 


~Sa 


op 


6uUrb . 
sin (@— a) (1) 


Pressure Distribution 


The pressure function will be determined first. Once the pres- 
sure distribution is known, the other journal bearing characteris- 
tics can be determined. The co-ordinate system shown in Fig. 1 
will be used in this analysis. Symbols are defined as follows: 


p = pressure at any joint in oil film above atmospheric pres- 
sure 

linear velocity of journal 

radius of journal 

difference between journal and bearing radii 

eccentricity of journal and bearing axis 

eccentricity ratio; e/c 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Lubrication Division and presented at the 
Lubrication Symposium, Miami, Fla., May 8-9, 1961, of Tue 
American Socrery or Mecuanicat Encinesrs. Manuscript re- 
ceived at ASME Headquarters, December 20, 1960. Paper No. 61— 
LubS-2. Pig. 1 Cross section of journal bearing with point source 
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2 The pressure function must be axially symmetric with the 
origin and vanish at the ends of the bearing. 

3 The pressure function must have a singularity at 0 = 0, 
w = 0 (source). 

The pressure equation consists of two parts: that due to jour- 
nal rotation and that due to the source. The pressure function 
due to journal rotations is derived in a previous paper [1] and is 
repeated in the following in the terms of the present co-ordinate 
system: 


(0, ©) = a) — sin m(@—a) (2) 
1 
where 
6uUr|2 + b cos (0 — sin (0 — a) 
+ b*)[1 + bcos ’ 


— a) = 


the Sommerfeld pressure function for the finite bearing. Now 


12nUrb cosh 
+ b*)(1 — b*)'/* cosh AB 


A,(w) = (3) 


where 
= 2(1 + 


b(2 + (1 — 


— and = 1/2r 
It should be noted from reference [1] that Equation (2) meets the 
first two boundary conditions, and that A;(w) is the only term 
that contributes to the load capacity. 

Source Function. A fundamental element of a journal bearing 
system is the lubricant source. If a source of some kind is not 
present, the lubricant will be depleted between the journal and 
bearing by end leakage and the journal bearing will cease to oper- 
ate effectively. The source function must satisfy the Reynolds’ 
homogeneous differential equation 


[1 + (0 3b sin (@ a) 


+ [1 + bcos (@ =0 (4) 


The following function will be taken as the source function 


p2(8, w) = —q In (cosh w — cos 
+ > {B,,(w) cos m(O — a) + C,,(w) sin m (0 — a)} (5) 
0 


where B,,(w) and C,,(w) are functions of w to be determined. 
This is nothing more than a term* which has the proper source 
discontinuity at @ = 0, w = 0, plus a Fourier series with co- 
efficients to be determined by Reynolds’ differential equation and 
the boundary conditions. It will be observed that Equation (5) 
satisfies the first and third boundary conditions. 

The boundary conditions that B,,(w) and C,,(w) must satisfy 
will now be determined. Since the source function must be 
axially symmetric with respect to the origin, the slope of the 
source function at the origin must be zero. This requires that 


ow ow 6) 


At the ends of the bearing the pressure functions must vanish. 
Applying this condition at w = 1/2r = 8 in Equation (5) we have 


0 = —q In (cosh B — cos @) 


+ {B,(B) cos — a) + C,,(8) sin m@ —a)} (7) 
0 


2 The term is a solution of Laplace’s equation. 
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Expanding the log term in a Fourier series and expressing cos 
m(@ — a) and sin m(@ — a) in terms of cos m@ and sin m0 we 
have 


cos 
0 = Sent) 
+>, {B,,(8) cos ma — C,,(8) sin ma} cos m6 
0 


+ {B.(B) sin ma + Cq(8) cos ma} sin (8) 
1 


Equating coefficients of cos m@ and sin m@ gives 
Bo(8) = 9(8 — In 2) (9) 

and 

B,,(8) cos ma — C,,(8) sin ma = —2ge~™/m (10) 
from the cosine terms and 

B,,(8) sin ma + C,,(8) cos ma = 0 
from the sine terms. Solving for B,,(8) and C,,(B) gives 
2ge—™ cos ma 
m 


(11) 


B,,(8) (12) 


—ms . 
C.(8) = 2qe sin ma 


m 


(13) 


We shall now determine B,,(w) and C,,(w). If we let? — a = 
t, Equation (4) becomes 
o*p op 
or? 


— 3b sin t — 


b == 
(1 + cos 


+ (1 + cost) the, 
and the source function is 


p(t, w) = —q In (cosh w — cos (t + @)) 


+ Zz (B,,(w) cos mt + C,,(w) sin mt) (15) 
0 


sin + sint 


Substituting quation (15) into (14), expanding 


in a Fourier series valid for 0 < w < ©, and separating cosine 
terms results in 


— m*B,,) cos mt 
0 
b 
+ (B,,” — 3mB,, — m*B,,) cos (m + I)t 


+ (B,,” + 3mB,, — m*B,,) cos (m — i 


= —39 >> e~™”leos (m — 1)t — cos (m + 1)t] cos ma 
0 
(16) 


and the sine terms 


— m*C,,) sin mt 
1 


+ (C,,” — 3mC,, — m*C,,) sin (m + 1)t 
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+ (Ca + 3mCq, sin (m 


= e~™[sin(m — 1)t — sin (m + 1)t] sin ma (17) 
1 
where primes denote differentiation. It will be seen later that only 
the first three B,,(w) and C;(w) contribute to the load capacity or 
lubricant leakage. Focusing our attention on these terms, we 
have after collecting the zeroth, cos t, cos 2¢, and sin ¢ terms: 
zeroth term 


B,” + (B,” + 2B,) = —3qbe-” cos a (18) 


cos ¢ term 

b 
B,” — B, + bBo” + 2 + 2B;) = —3gbe~™ cos 2a (19) 
cos 2¢ term 


b 
— 4B, + 2 (B," 4B,) 


+ = 3qbe-* cos a — 3ge~™ cos 3a (20) 
and sin ¢ term 


+ = 3qbe-™ sin 2a (21) 


Eliminating B,” from Equation (19) by using Equation (18) 
gives 


(2 — b*)B,” — 2(1 + b*)B, + b(B,” + 2B;) 
= 6gb*e-” cos a — 6gbe~™ cos 2a (22) 
Suppose we choose B; (w) in the following way 
= tw 
sinh Ax(w — B) ) (23) 


Biw) = cos 20 ( * 8 
This form is not difficult to arrive at. With some reflection it 
may be surmized that B,(w) should consist of hyperbolic func- 
tions and e~*”. It will be verified that at w = 8, Bw) re- 
duces to —ge~?* cos 2a and the slope at w = 0 is zero; A, is a 
parameter to be determined. Substituting Equation (23) into 
Equation (22) to determine B,(w) gives 

(2 — b*)B,” — 2(1 + b*)B, 

(Mi? + 2)q 


sinh Au(w B) 


= 6gb*e-” cos a + 2b cos 2a (24) 


cosh 


A particular solution of Equation (24) is 
2b(Ay? + 2)q cos sinh Ay(w — 6) 
— — 2(1 + cosh AB 

(25) 
It will be verified that B,(w) meets the boundary condition 


By(8) = —2ge~* cos a when w = 8, and X, is used in meeting 
the boundary condition 0B,/O0w = 0. We thus find that \,? is 


2[(1 + b*) cos a — b cos 2a] 


Bw) = 


at [(2 — b*) cos a + b cos 2a} (26) 

and B,(w) is given by 
sinh Ai(w B) 27 
Bi) = cos a ( A, cosh A,8 ) 
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We can follow the same procedure to determine C;(w). We 
choose C,(w) in the following way 
( Az cosh 2 


where again A, is a parameter to be determined. C)(w) is de- 

termined from the equation 

+ 2) sin 2a@ sinh — 
cosh A, 8 


A solution of the foregoing differential equation which meets 
the boundary conditions is 


(C," C;) = —qb 


(29) 


sinh Aw — 8) 
Ci\(w) = 29 sin (ane +e ) (30) 
where 
1 — 2bcosa (31) 


2 sin a + bsin 2a 1+ dcosa 


It is easy to see that all of the B,,(w) and C,,(w) can now be de- 
termined. In general, a three-term nonhomogeneous second- 
order differential equation is obtained from either Equation (16) 
or (17) by equating the coefficient of cos mf or sin mt to zero [for 
example note Equation (20)]. The highest B,(w) or C,,(w) can 
be obtained by integration of the second-order differential equa- 
tion. The B,(w) or C,,(w) will contain two arbitrary constants 
to satisfy the boundary conditions. 

To insure that the oil film is continuous, the restriction is made 
that the pressure gradient in the axial direction evaluated at the 
end of the bearing be negative. This insures that the velocity of 
the oil is outward 


ow ow + ow 


(32) 


A simple approximate expression can be derived from Equation 
(32) by noting the following: If the first two Fourier coefficients 
of XA» tanh ApBp.(@ — a) are examined, it will be found that they 
correspond to the first two Fourier coefficients of dp,/Ow. Re- 
placing dp,/Ow by Ao tanh ApBp.(8 — a) and taking the average 
slope of Op,/Ow, we have the simple approximate restriction 

2 


— Ao tanh — a) <0 (33) 


The point of maximum negative value of p.(@ — a) is well 
known and is given by 


— bcos 


3b 


cos (0 — a) = “24h 


(34) 


where — a lies in the interval 
Toa fair approximation the feed pressure is given by the follow- 
ing equation 


1 
Py = Po (8 a)(1 + 2q In 1/p 


(A? + 2) tanh 
di? (1 - 


+ 48 [: +bcosa 
where p,(0, 0) has been approximated by p. (@ — a) (: _ 


1 
aia) and p is the ratio of source radius to journal radius. 
cosh 


We have thus determined the pressure distribution in a journal 
bearing with a point source and a complete oil film. As was noted, 
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the pressure function consisted of two parts: that due to journal 
rotation [Equation (2)] and that due to the source [Equation 
(5)]. Since the sum of these two functions satisfy Reynolds’ dif- 
ferential equation and meet the stated boundary conditions, the 
sum is a solution of the problem under consideration. In regard 
to series convergence of the source function, if it is agreed that 
the series in Equation (5) is a Fourier series of some function 
which is at least sectionally cont nuous, and if we concern our- 
selves with integrals of this function, then convergence need not 
be a serious consideration. In the theory of Fourier series there 
is a theorem which states in effect that, even if a Fourier series of 
a function does not converge, the integral of the series does con- 
verge to the integral of the function (reference [5], pp. 80-82). 
See also reference [7], p. 164. 
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Integrated Pressure Components. The integrated pressure com- 
ponent parallel to the axis passing through the source is given by 
the following equation 


8 2s 
ar fi w) cos 


Carrying out the integration with respect to @ and partly with 
respect to w gives 


(36) 


8 
P,= 2m {B,(w) cos a — C,(w) sin a} dw 
0 


+ — e~*®) We (: wane Mf) sina@ (37) 


where 
12uUr*blr 
2 + b*)(1 — b*)'/2 


the Sommerfeld load capacity for the infinite bearing. The in- 
tegrated pressure component perpendicular to the foregoing axis 
is 
8 2r 
P, = p(8, w) sin (38) 


or 


P, = {B,(w) sin a + C,(w) cos a} dw 
0 


tanh AB 
AB 


Substituting Equations (27) and (31) into (37) and (39) and 
carrying out the integration we find 


+ W. (1 ) cos (39) 


(1 — sech — sech 


cos? 


Pi, = | 


and 


P, = tary sin a cos — sech Auf) 


A? d2? 


The total load of the journal bearing is given by the following 
W = + 


It will be noted that if ¢ is set equal to zero (no source) and 8 goes 
to infinity, the load capacity goes over to the Sommerfeld load 
capacity. 
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End Flow. The lubricant flow is obtained by the application of 
the oil flow equation at the end of the bearing 


-2 


9 dw 


(42) 
or the average velocity equation (see reference [2}) 


i= w) (43) 


by considering the flow out of a small cylinder about 6 = 0, w = 0, 
and the thickness h. By either method the end result is 


et! (44) 


3p 
A simple dimensionless oil flow parameter is the following 


Q _(1 + 6b cos a)* 

VN 
where V, = 2mrlc, the clearance volume and the Sommerfeld 
variable S and @ are defined in the following. 


Coefficient of Friction and Sommerfeld Variable. From reference 
[3] the coefficient of friction is given by 


+ 
(1 —  2 W Ww 
the + sign applies to the journal while the — sign applies to the 
uN 
bearing and S is the Sommerfeld variable: () a 
load per unit projected bearing area and N is the revolution per 
second of the journal. 
It is convenient to define a leakage factor K as the ratio of finite 
load capacity to Sommerfeld load capacity for the infinite bearing 


K= W/W. (47) 
The finite bearing Sommerfeld variable is thus given by 


(2 + b*)(1 — 
127°>K 


(45) 


S = 8./K = (48) 


where S,. is the Sommerfeld variable for the infinite bearing. 


Discussion and Further Development 


In most static journal bearing applications the load is vertical. 
For each source location, equations of equilibrium must be set 
up such that the integrated pressure components add up to the 
external load in the vertical direction and zero in the horizontal 
direction (see reference [6]). In this paper we shall consider only 
the cases where the source is at the top or bottom of the bearing. 
For either case P,, must be zero. Equation (41) thus gives 


(1 — sech (1 — sech 


tanh 


) cosa (49) 
Canceling cos a (a # and eliminating W. (: 
in Equation (40) by using Equation (49) we find 
(1 — sech A,8) 

AZ 


Experimentally g is determined by the feed pressure. If we 
were to follow this procedure, it would involve specifying a source: 


tanh 


P, = (50) 
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W 


(1 — sech 
(62) 


P, = WG 


We shall now consider each source location and derive related 
equations for the journal bearing characteristics. 


Source at Base. If the source is at the base of the bearing, P, = 
W and @ is given by 


(1 — sech (53) 


After some manipulation of Equation (49) a leakage factor K can 
be obtained 


K= —(1 — tanh \o8/Ao8) 


where @ ae is less than 1 and a lies in the interval 
(A28)? 


{*/er, 7]. Examination of the leakage factor equation shows that 
the numerator is due to journal rotation while the denominator is 
due to the presence of the source. The coefficient of friction is 
given by the application of Equation (46): 


r (2+ 


(1 — sech \28) . 
If q —a SC is equal to 1 (actually A, = 1), the journal 


runs concentric with the bearing and the load is supported en- 
tirely by the source. The coefficient of friction is then given by 


the Petroff equation . 
(£)s = (56) 


Bien the leakage factor is 
(1 — tanh 
(1 — sech (57) 


and a lies in the interval [/2, 0]. The coefficient of friction is 
given by Equation (55). 

In reference [2, 3] a parameter similar to 9 was used as an in- 
dependent variable. This quantity 9 could be specified and 
Equation (53) could be solved by trial and error for \,8 . This 
gives 2 relationship between b and a depending upon the bearing 
length to diameter ratio. Using the eccentricity 5 as the inde- 
pendent variable, the journal bearing characteristics could then 
be determined’ We will not follow this procedure. Instead we 
will use an experimentally verified relationship between @ and 6 
and show that this relationship is compatible with the derived 
equations for the source at the base of the bearing. Later another 
simple universal relationship (independent of length to diameter 
ratio) between @ and b will be derived for the source at the top of 
the bearing. 


(1 + b cos a)* 


* Muskat and Morgan defined @ as gr? 
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to bearing radius ratio. Also, this would algebraically complicate 
the equations. Rather than do this it is analytically convenient 
to define a dimensionless source parameter in the following way.* 


(51) 


Reference [4] indicates that a cosine relationship appears to 
exist between a@ and 6 for a large number of bearings. For the 


source at the base of the bearing and (1 — sech \x8) 


less than 1, 


let 
— cosa =b (58) 


This relationship allows a to vary from 37/2 to 7. It will be 
verified that \,? and \,? are given by the following expressions 


2 
= 
1 2 
= i (60) 


The source parameter 9 [Equation (53)], the leakage factor K 
[Equation (54)], and hence other journal bearing properties can 
now be readily calculated. The foregoing procedure thus makes 
@ a dependent variable. 

To illustrate the results of this procedure Fig. 2 shows a plot of 
journal friction versus the Sommerfeld variable for 8 = 0 and 
8 = o. A Petroff line is included for comparison. It will be 
noticed that both friction curves go through the origin. This is 
in agreement with the conclusion reached by Muskat and Morgan 
[3] for the source at the base of the bearing. In addition, it will 
be observed that there is little difference between the friction 
curves. It can be concluded that with the universal relationship 
—cos a = b, the friction curve will be essentially independent of 
bearing length to diameter ratio. 


2.0} 
fi 
| 
Broo ZA 
PETROFF 
1.0- A 

| AY 

0 0.04 608 0.12 0.16 0.20 


Fig. 2 Coefficient of friction (r/c)f as a function of the Sommerfeld 
variable S for journal with source at the base of the bearing and —cos a 
=b 


Source at the Top. With the source at the top of the bearing, 
P, = —W and @ is given by 


2 
g (61) 


A glance at Equation (61) shows that \,* must be negative since 
physically g and hence @ are positive. Let —\,? = £?, then the 
equation for becomes 


. _ (FB)? cos 


(62) 


cos [8B — 1 
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7 
4.0- 
20 
3.0) yy, 
rat 
t 
1} 
cosn Ayo — 
“4 


Inspection of equation (62) shows that {8 lies in the interval 
[w/2, 39/2) or plus some additional multiple of 27. 

We shall now derive a universal relationship between a and b 
with the source at the top of the bearing. Let y = cos 2a@/cos a. 


Then £? (Equation 26) becomes 
_ 21 + b? — by) 
(2 — b* + by) 


Suppose we let (? = 2A where A is very large. Solving for y 
gives 


A(2 — b*) + 1 + 0b (2 — b*) 
— A) (63) 
and solving for cos @ gives 
cos a = b/2 (64) 


We see that for the source at the top of the bearing @ can vary 
from 4/2 to 7/3. We shall also show that g can be arbitrarily 
specified. 

kr &(b) ‘ 

Let [8 = ry + - where k is a large odd integer such that 
cos {8 is negative and 6(b) is an arbitrary function of b. Sub- 
stituting this into the equation for g gives 
_ (kw /2 + 6/k*)? cos (kw /2 + 6/k*) 

cos (kr /2 + 6/k*) 1 


hr 2 r? 
(‘*) sin 6/k? = 6(b) (65) 


Thus we see that g can have any arbitrary value. This fact will be 
used later to simulate a rapid rise in the coefficient of friction. 
The leakage factor K is given by 


(1 — tanh AoB/AoB) 
The coefficient of friction is given by 
If we set. b equal to 1 in Equation (67) we find 
r V3 2 
(£)s- 8 (4 + 9) (68) 
for the journal and 
r V3 
(£)s q (69) 


for the bearing. Thus we see that there is a friction axis intercept 
for the journal or bearing depending upon the source parameter 
q. Though this has been demonstrated for cos a ~ b/2, it can be 
shown that in general there is a friction axis intercept depending 
upon the source parameter. 

It is interesting to note that a rapid rise in friction can be 
simulated by properly varying g. For example, the result of 
letting g equal 1/(1 — b*)'/* is shown in Fig. 3. It will be ob- 
served that there is a pronounced minimum and then a rapid 
rise in friction. It should be noted that this is a complete film 
hydrodynamic phenomena and should not be confused with the 
thin film phenomena which occurs experimentally in this region. 
What is happening is that the source is canceling out some of the 
load capacity produced by journal rotation. For 6 near 1, the 
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friction force is approximately proportional to 1/(1 — 6*)'/* 
while the load capacity is proportional to 6/(2 + b*). Since the 
coefficient of friction is the ratio of friction force to load, the 
friction force is increasing at a faster rate than the load capacity; 
hence a rise in coefficient of friction. If 7 is equal to A/(1 — b*)'/*, 
A can be adjusted to vary the point of minimum friction. It 
should be noted further that Equations (33) and (35) cannot be 
used with any degree of accuracy because the series term of the 
source function exhibits an unsteadiness when cos @ is near b/2. 

Fig. 4 shows a plot of the dimensionless oil flow parameter 
versus the Sommerfeld variable for the two cases considered. It 
will be noticed that there is a marked difference in oil flow when 
the source is at the base or the top of the bearing. The difference 
is due principally to the oil film thickness at the source. When 
the source is at the base, the oil film thickness at the source goes 
to zero as the Sommerfeld variable approaches zero: hence after 
a maximum is reached, a steady decrease in oil flow. While, 
when the source is at the top of the bearing, the film thickness 
gets progressively larger as the Sommerfeld variable approaches 
zero; hence a steady increase in oil flow. 


Summary 


Summarizing briefly, a complete oil film solution of Reynolds’ 
equation has been obtained that includes the presence of a point 


8.0— 
6.0- 
5.0— 
4,0— SOURCE AT TOP a 
cos by, > 
B= 
3.0— 
SOMMERFELD PETROFF 
0 0.04 0.08 5 0.12 0.16 0.20 


Fig. 3 Coefficient of friction (r/c)f versus the Sommerfeld variable $ 
for journal. Source is at the top of the bearing and the source parameter 
q varies as 1/(1 — b*)'/2. 


16— 
SOURCE AT TOP 
COS by, 
, Bel 
VcN 
0.6+4 
SOURCE AT BASS 
roc 
COSA*b 
0.24 
0-6 0.04 008 0.16 6.26 


Fig. 4 Oil flow parameter Q/V.N as a function of the Sommerfeld 
variable S for the source at the top and bottom of the bearing 
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source. The solution gives the integrated journal bearing 
characteristics in finite form which permit easy calculations. For 
the situation where the load is vertical and the source is at the top 
or bottom of the bearing, two universal relationships have 
emerged between the eccentricity and the angle indicating the 
line of centers. These relationships are universal in the sense 
that they are independent of bearing length to diameter ratio. 

‘With the source at the base of the bearing and —cos a = b, 
the plot of friction versus the Sommerfeld variable is essentially 
independent of bearing length to diameter ratio. Also, lubricant 
end flow becomes vanishingly small as the Sommerfeld variable 
approaches zero. 

With the source at the top of the bearing and cos a ~ b/2, a 
friction axis intercept can be obtained depending upon a source 
parameter g. A rapid rise in the coefficient of friction can also 
be. simulated by properly varying the source parameter. In 
addition, lubricant end flow increases monotonically as the 
Sommerfeld variable approaches zero. 
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Squeeze Films: A Finite Journal Bearing 
With a Fluctuating Load 


A general method is derived for the solution of the Reynolds equation including the 


effects of tangential and normal velocities. 
bearing under a fluctuating load with no journal rotation. 


It is applied to the solution of a full journal 
The characteristics of a 


finite journal bearing under a cyclic sinusoidal load are shown in curve form. 


Introduction 


SOLUTION of the two-dimensional Reynolds equa- 
tion for the normal motion of two surfaces separated by a thin 
film of lubricant has been obtained for only a few configurations. 
Reynolds considered the approach of parallel elliptical flat plates 
{1],' the work of Needs [2] dealt with parallel plane circular 
plates, and Archibald [3] obtained solutions for several problems 
where the effects of side leakage could be treated analytically. 
In the case of journal bearings, Burwell [4] used leakage factors 
and later [5] used narrow bearing approximations in computing 
bearing characteristics. In order to obtain a solution for the 
squeeze film effects in lubrication analyses, recourse was made to 
the assumption of the infinite bearing and the troublesome prob- 
lem of finiteness was circumvented. Although this assumption 
simplifies the equation and yields qualitative results, it does not 
present a true model of the squeeze film phenomenon. Since this 
phenomenon may contribute greatly to the load characteristics 
of a bearing, the variational techniques previously reported [6] 
have been extended to cover the effects of the squeeze film. 
The purpose of this paper is to present this analytical technique 
and to apply it toward the solution of a finite journal bearing 
sustaining a fluctuating load with no journal rotation. 

Variational Approach. The usual assumptions for thin film 
lubrication are made. Thus the film thickness is small compared 
to other dimensions of the system, the fluid is assumed to be in- 
compressible, the viscosity is constant, and the flow is assumed to 


1 Numbers in brackets designate References at end of paper. 
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menclature 


be laminar. From the previous paper [6], the following theorem is 
taken: 


Of all of the possible fluid motions within a region 
which are compatible with the equation of continuity and the 
prescribed boundary conditions, that motion which minimizes 
the excess of the energy dissipation over twice the rate at which 
work is being done by the specified surface tractions on the 
boundary will be the true steady-state motion. 


It has been shown in [6] that the quantity to be minimized may 
be written in vector form as 


U-U 
J= f [ + 29-(70) | aa 
a h 


where the flux vector is given by 


Consider the film thickness h(x;, 22) as shown in Fig. 1 where 


Squeeze flim system 


A 
Ana 


Qe) 
Qs) 


area, L? 

series coefficients, F/L? 

nondimensional series co- 
efficients 

bearing diameter, L 

average rate of end flow per 
cycle, L*?/T 

average rate of side flow per 
cycle, L*/T 

average rate of total flow 
per cycle, L*/T 

bearing length, L 

speed, rpm 

nondimensional pressure 

flux, L?/T 

end flow rate, L*/T 

side flow rate, L?/T 
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total flow rate, L?/T 
bearing radius, L 
Sommerfeld number, 


BN (*) 
p\e 
nondimensional time 
tangential surface velocity, 
L/T 
load, F 
multiplier of normalized 
load vector, F 
co-ordinate axes 
load per unit length, F/L 
radial clearance, L 
eccentricity, L 
film thickness, L 
minimum film thickness, L 


M1, Us, 


pressure, F/L? 
Wo 
average pressure, ORL’ 
velocity vector, L/T 
bearing length multiplier, L 
time, T 
velocity components, L/T 
eccentricity ratio = e/c 
cycle period, T 
nondimensional variable = 
nondimensional variable = 
z,/r 
viscosity, FT/L? 
boundary, L 
angular velocity, 1/T 
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—h* hU 
Q= Vp + (2) 
| 
h 
Fig.) 
R = 
S = 
q 
D= 
F(e) = T= t= 
U = 
Fis) = 
W = 
F(t) = on > 
Q= e= 
= t= = 
= = o= 


the two surfaces are approaching each other with a normal 
velocity h. The continuity equation is expressed in the following 
form: 

Ous 


V-qt+ 


=0 (3) 
and is integrated over the film thickness A(x, 22) to yield 

0 

Since the upper limit A is a function of the variables with respect 


to which the differentiation is taken, the first term of Equation (4) 
takes the following form 


hd 
V -qdzs + f — dn = 0 (4) 
0 


f, V -qdz; = qdz; — Vh-qh, m1, 22) (5) 
From the definition of Q, 
(6) 


and by substitution using Equations (5) and (6), the continuity 
Equation (4) becomes 


V-Q — Vh-q(h, 21, 22) + uslh, m1, 22) = 0 (7) 


The velocity components evaluated at the limits of integration 
h = 0,h = A(n, 22), are as follows: 


when A=0 q(0, m1, 22) = O w(O, 72) = O 
when A = A(x, 22) 21,22) = 0 urlh, m1, 22) =h 
Thus Equation (7) reduces to 
V-Q+h=0 (9) 


With the substitution of Equations (9) and (2) into Equation (1), 
the following form is obtained: 


U-U 
J = Vp-Vp + + 2ph Jaa (10) 
A l2u h 


It is seen that J includes the film height, the viscosity, the tan- 
gential velocity, the normal velocity, and the pressure. The pres- 
sure distribution which will satisfy the known boundary condi- 
tions on I and which minimizes J will be the solution of the com- 
plete Reynolds equation. 


Fig. 2 Bearing diagram. Bearing length is rr. 


The Finite Journal Bearing. The variational method will be ap- 
plied to a nonrotating journal bearing that is subjected to a 
fluctuating load along the line of centers. Such a bearing is shown 
in Fig. 2 with a diameter 2R and a length L = mr. The eccen- 
tricity e is measured negative when the journal center lies above 
the bearing center and positive when it lies below the bearing 
center. Thus downward velocities are positive and upward 
velocities are negative. The bearing to be analyzed will be a 180 
deg journal bearing extending from 8 = 90 to 270 deg. The re- 
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in 
2 
Fig. 3 Developed bearing surface 


sults of the analysis will be applied to a full journal bearing which 
has axial oil feed grooves at 90 deg to the load line. The negative 
pressures in the divergent film section will be neglected. The 


bearing surface is developed in Fig. 3 and the following change in 
variable is made: 


= 


R (11) 


The integral to be minimized is given by Equation (10) where 


= = 0 (12) 


A pressure distribution which satisfies the boundary conditions is 
a sine-cosine series; 


x x= 
p= > sin n@ cos n,m = 
n m 


since 
(14) 


the pressure gradient is: 


x x 
Vp= R —mA,,,, sin n@ sin no | 
+3 [> | (15) 
n m 


The series coefficients A,,, must be determined such that the 
pressure distribution will minimize the integral J. The procedure 
will be to set the derivative of J with respect to the coefficients 
equal to zero. 


al Vp) . Op ] 
- .Up — =0 (16 


The film thickness is given by 


h = c(1 + € cos 8) 


362) 2 
h? = al + + x + 1) cos @ 


3e é 
+ cos 206 + cos 30 | (18) 


(17) 


where c is the radial clearance and € is the eccentricity ratio. 
The normal velocity between the journal and bearing is 


h = cé cos 0 (19) 


The evaluation of the second term on the right-hand side of 
Equation (16) yields 


44 = — k = odd, =1 
A OA,.; k 


(20) 


= 0 otherwise 
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6 
8 
= 
h +e Np 


The first term of Equation (16) may be evaluated in a similar 


manner. By introducing the following nondimensional terms 

pjc\ 
Pa — 21 
Me ( R ) sated 

A, c 2 

= — | — 22 

4(L/D)?* 
(23) 


then the final form of Equation (16) becomes 
2(2 + 3e*)( MI? + k*)By, + 3e*{ MUL + 2) + Besse 
+ MUL — 2) + k*} + 3e{ MUL — 2) + k} 
{m? — (1 + 1)*}{m? — (1 — 1)%} 


M(m?* + — 9) + 2k? 


—192M 
= k = odd, 


t=1 
tk 


= 0 otherwise (24) 


These equations were truncated so as to form an N X N matrix 
and the series coefficients were evaluated by using a digital 
computer. Eccentricity ratios from —0.99 to 0.99 were chosen 
for a series of L/D ratios ranging from 0.1 to 2.0. 

Equations for Bearing Characteristics. “The equations for the bear- 
ing characteristics can be found in terms of the pressure distribu- 
tion. By using the pressure expression as given by Equation 
(13), all of the bearing characteristics are expressible as functions 
of the pressure series coefficients A, ;. 

Pressure Distribution. The nondimensional pressure distribution 
is given as follows: 


P = >> sin ko cos 10 
l 


By establishing a grid network over the developed bearing surface 
and computing the pressure at each nodal point, the two-dimen- 
sional pressure distribution is obtained. 

Load Capacity. The load capacity of the bearing is the load 
sustained per unit width. 


Y = Rut ( - () ff P cos 6 dodé (26) 

This reduces to the following nondimensional form 
Y ( 1 
Rue \ R 


Side Flow. The total rate of flow from both sides of the bearing is 
found by integrating over the boundary. 


(27) 


(28) 
In nondimensional form this becomes 

Q(s) ( ce \? 

R 
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_ | 82 + 38) 
+ + Bute >> (29) 
k k 


End Flow. The total rate of flow across the ends of the bearing is 
found in a manner similar to that of determining side flow. 


a op 
Qe) = R J, | _ 
2 
* che 
+2 hie (30) 
o 2 2 


The second term of the right-hand side of Equation (30) repre- 
sents shear flow and will be neglected in that it is of the order of 
c/R. In nondimensional form, the rate of end flow becomes 


Qe) fc \? 
(<) = 1)? (+) B,, (31) 


Total Flow. The total rate of flow from the bearing will include 
both the side and the end flows and is given by the following ex- 


pression 
2 
= has 
2 


Qt) ( e 
Energy Loss. For a nonrotating bearing with a fluctuating load 
there is no friction moment. There is an energy loss though 
which is associated with the viscous shearing of the fluid as the 


journal moves under the arbitrary load. The 
average power loss per cycle is given by the following expression: 


HP = —— | 
6600r 0 
Results 


Pressure Distributions. ‘The pressure distribution over the bearing 
surface is shown in Fig. 4 for an L/D ratio of 1.0 and an eec- 
centricity ratio of 0.8. In Fig. 5(a), the pressure distribution 
along the bearing center line is shown for an L/D value of 1.0 and 


(32) 


which reduces to 


—4(L/D) (33) 


action of some 


(34) 


Fig. 4 Pressure distribution, L/D = 1.0« = 0.8 
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(b) 
pressure distributions along the bearing center 


Fig. 5 
line, L/D = 1.0 


an eccentricity ratio of 0.8. In Fig. 5(b), the center-line pressure 
distribution for the previous bearing is shown for eccentricity 
ratios of —0.4, —0.8, and —0.9. 

Load Capacity Curves. Equation (27) is shown plotted in Fig. 6 
for various L/D ratios. This chart shows the relationship existing 
between the nondimensional load variable and the eccentricity 
ratio of the bearing. These curves may be considered as being 
proportional to the load which would be required in order to 
maintain a constant velocity of approach between the journal and 
bearing. If all bearing parameters are known, including the load 
diagram, then it is possible to use these curves in determining the 
motion of the journal. 

Flow Rate Curves. Equation (29) is shown plotted in Fig. 7 for 
various L/D ratios. This chart shows the relationship between 
the rate of side flow (leakage) from the bearing and eccentricity 
ratio. If the bearing parameters are known and if the motion of 
the journal has been determined over a load cycle, then the 


average rate of side flow per cycle can be found from these 
curves. 


System Characteristics 


Bearing Response to Sine Loading. It is instructive to consider the 
response of a journal bearing under an alternating unidirectional 
load of the following form: 


W(t) = W, sin wt (35) 
Equation (27) can be written as 
de W, c\? 
1 R sin wt (36) 
Bix 
Letting 
1 
then 
de 30W, 
aT ~ RLuNefie) (5) 
By defining a Sommerfeld number as 
y 2 
S= (*) 39) 
where 
Ww, 
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Fig. 6 Squeeze film load capacity curves 
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Fig. 7 Squeeze film side rate curves 


then Equation (38) reduces to the following form 
de i 60 sin T 
aT smf(€) 

Equation (41) has been numerically integrated to yield the 
time variation of the eccentricity ratio over the region of T from 
zero to 27. Various values of S were assumed and the resulting 
response curves are shown in Fig. 8 for a bearing with an L/D 
ratio of 0.6. For a Sommerfeld number of 10.0 and varying L/D 
ratios, Fig. 9 illustrates the form of cyclic motion. 

The rate of change of eccentricity ratio with nondimensional 
time is shown in Fig. 10 for several values of S, the L/D ratio 
being 0.6. 

Since the criterion for failure is often the value of the minimum 
film thickness in the bearing, this value is shown in Fig. 11 for 
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Fig. 8 Path of journal center over one cycle of sine loading for various 
Sommerfeld numbers, L/D = 0.6 
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Fig. 10 Velocity of journal over one half cycle of sine loading for various 
Sommerfeld numbers, L/D = 0.6 


varying S. Knowing the L/D ratio and the Sommerfeld num- 
ber, this series of curves will immediately yield a value for the 
minimum film thickness. In Fig. 12 is shown the variation in 
maximum eccentricity ratio with Sommerfeld number for various 
L/D ratios. 

The power that is dissipated over a cycle of sinusoidal loading 
can be found by using Equation (34). With a period of 27 in T, 
the nondimensional power variable may be written as 


_HP ( 
cRuN*? \R 
This power variable is shown plotted in Fig. 13 for various S- 
values. 

The quantity of oil which is available to dissipate the energy 
generated per cycle is found from Equation (29). In terms of the 
nondimensional time 7, the rate of side flow at any instant T is 
given by 
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L/D ratios, S = 10.0 
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Fig. 11 Minimum film thickness variable versus Sommerfeld number for 
sine loading 
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The average rate of side flow F(s) over a cycle of 27 is found to be 


1 
F(s) = af Q(s)dT (44) 
F(s) (<) sin T 
\R 96(L/D)S fle) 


+34 Bute dT (45) 


The average rate of side flow variable is shown in Fig. 14 as plotted 
against S. 
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Fig. 12 Maximum eccentricity ratio versus Sommerfeld number for sine 
loading 
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By dividing Equation (42) by Equation (45), the energy that is 
(dissipated per volume rate of flow is obtained. 
(<) Equation (42) 
F(s)uN \R Equation (45) 
This nondimensional quantity is shown in Fig. 15 for various 
S-values. 
The total flow rate may be written as 
Qt) (<) —&(L/D) sin T 
\R Sf(e) 


which gives the total flow rate at any time 7. By defining an 
average total flow rate a cycle as 


(46) 


(47) 


1 
F(t) = Q(t)}dT (48) 
then Equation (48) may be written as follows 
F(t) ( c \? —4(L/D) * sin T 
-—— 49 
=) Ke ad (#) 


Curves of average total flow rate F(t) are shown in Fig. 16 and 

curves of average rate of end flow F(e) are shown in Fig. 17. 
Application of Charts. In engineering applications, the load-time 

diagram is usually not of a sinusoidal form. In the case of a piston 
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pin bearing, it is determined by the gas forces and the inertia 
forces, is not symmetric, but is periodic in 2x or some multiple. 
Such a load diagram is shown in Fig. 18. Consider a bearing 
which has the following geometry: 
L/D = 04 c/R = 0.001 


N = 2000 rpm 


R = 0.7 in. L = 0.56 in. 
= 1.5 X 10-* Reyns 
The response of such a bearing to the load as shown in Fig. 18 

can be found by numerically integrating Equation (27). Using a 

digital computer with input data corresponding to the charac- 

teristics of a bearing with an L/D ratio of 0.4 as shown in Fig. 6, 


the path of the journal was determined and is shown in Fig. 19. 
The following bearing characteristics were also computed. 
HP 
HP = 0.00244 h,,/c = 0.024 Fa)" 0.0765 


F(t) = 0.0339 in.*/see F(s) = 0.0319 in.*/sec 
F(e) = 0.002 in.*/sec 
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Conclusions 


By using the methods of variational calculus, it is possible to 
analyze the normal approach of two finite surfaces when separated 
by a thin film of lubricant. In the case of a 180-deg journal bear- 
ing, the relationship between the operational geometry of the 
bearing and the load capacity factor are shown in Fig. 6. This 
chart indicates clearly the effects of bearing finiteness and the 
necessity of considering the influence of side leakage when 
analyzing a particular problem. 

If the negative pressures which arise on the diverging film side 
are neglected, then the analysis of the 180-deg journal bearing 
may be applied to the full journal bearing. In this case, the 
pressure curves of Fig. 5 explain the ability of such a bearing to 
sustain high loads when there is a change in the direction of the 
load vector. As the journal approaches the bearing and the film 
thickness is less than the radial clearance, the resistance or the 
“squeeze-film’’ effect rapidly increases to a large value. With 
this increased resistance to motion, the velocity of approach de- 
creases. Then, as the direction of the load is reversed, the 
journal approaches the opposite bearing surface and observes the 
effect of a film thickness that is greater than the radial clearance. 
Since the thick film offers but little resistance to motion, the 
velocity at which the journal recedes from the bearing surface is 
greatly increased over the previous velocity of approach. This 
ability to quickly recede from the minimum film position allows 
the clearance space to replenish its oil supply before the next 
cycle occurs. Figs. 8, 9, and 10 illustrate this characteristic of 
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Fig. 16 Average total flow rate per cycle of sine loading versus product 
of L/D ratio and Sommerfeld number 
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bearings with a fluctuating load. If the direction of the load 
does not reverse, then there is no load capacity in that the film 
thickness will continue to decrease until contact occurs between 
the journal And bearing. 

Although the bearing characteristics shown in Figs. 11 through 
17 apply only to a bearing under a sinusoidal load, the relative 
change in a specific characteristic with a change in L/D ratio or 
with a change of Sommerfeld number might be expected to be 
similar in the case of a different load form. Of special importance 
is the effect of side leakage and L/D ratio which is clearly shown 
by these figures. 

If the load variation is known as shown in Fig. 18, then it is 
possible to determine the motion of any bearing of known 
geometry. By varying the bearing parameters, it is then possible 
to determine the optimum dimensions to satisfy a design criterion 
such as a minimum film thickness. 

In using the curves resulting from this work, the assumptions 
upon which the analysis was made must be recognized. The re- 
sults should not be used in those instances when there is a gross 
violation of the assumptions. 
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DISCUSSION 
R. M. Phelan? 


Mr. Hays deserves commendation for an important con- 
tribution to the literature. In particular, the model he chose 
comes closer to the real-life situation and, therefore, his results 
should be of considerably more use to the designer than those 
from any previous purely analytical studies. However, without 
intending in any way to minimize the significance of this paper, 
maintenance of a proper perspective, which is a necessity to the 
designer, requires a comparison of analytical with experimental 
results. 

Fig. 20 shows the sinusoidal-load curve given by Hays for a 
bearing with L/D = 1 and several curves presented by the 
discusser in the preceding paper. The curves labeled ‘‘Smith”’ 
are experimental results for the case with oil supplied through 
two holes located centrally on a plane at 90 deg with the line of 
action of the load, and the curves labeled ‘‘Phelan’’ are experi- 
mental results obtained after oil grooves were added to the 
bushing used by Smith. The “Area-Factor’’ curve is predicted 
by assuming circular flat plates whose area is a function of the 
ratio h/C. 

The most obvious conclusion is that the Hays’ solution does 
not make adequate provision for all of the variables with which 


? Associate Professor of Mechanical Engineering, Cornell Univer- 
sity, Ithaca, N. Y. Mem. ASME. 


3 R. M. Phelan, ““Nonrotating Journal Bearings Under Sinusoidal 
Loads,”” ASME Paper 61—LubS-6. 


the real bearing must contend. A number of these factors were 
considered in some detail by the discusser in his paper and will 
not receive much attention here. 

For the moment, let us ignore the rather large spread in 
experimental values and assume that the oil-groove bearing with 
medium and large clearances is most closely related to the usual 
real situation. The Area-Factor, Hays’, and experimental 
curves are almost identical in the region of high eccentric- 
ity ratios and agree quite well in the region of lower eccentricity 
ratios. It should be noted that, for €max < 0.9, Hays predicts 
larger and the Area-Factor predicts smaller eccentricity ratios 
than found experimentally. Thus, on the basis of sinusoidal- 
load results, one may conclude that, for a wide range of ec- 
centricity ratios, the Hays’ solution predicts less load capacity 
and the Area-Factor predicts greater load capacity than actually 
exists. From a practical design viewpoint, these differences are 
negligible in comparison with the effects of other variables, but 
further investigation should lead to a better understanding of the 
limitations imposed in each case by the choice of models. 

Fig. 21 is basically the same as Fig. 20 in the discusser’s paper 
except that the load capacity is given in nondimensional form. 
Hays’ solutions for L/D = 1 and L/D = @ have been added 
for comparison with Fuller’s solution and the Area-Factor 
solution. First, it should be noted that the Hays’ infinite- 
bearing curve is identical with Fuller’s for 0 < h/C < 1 and that 
it continues in almost a straight line for 1 <= h/C <2. Although 
this is to be expected because both Hays and Fuller used the same 
model, i.e., a half-bearing with a 7 oil film, it serves as an excel- 
lent confirmation of the adequacy of the number of terms used 
by Hays in the series expressions. 

For the case of a bearing with L/D = 1, the Area-Factor 
curve is the only basis for comparison at this time. It can be 
seen that for thin films (h/C < 0.4) Hays predicts higher capacity, 
and for thicker films Hays predicts lower capacity. 

Although the sinusoidal-load results discussed above offer no 
information in the region of thin films, they support the con- 
clusion that Hays predicts too little capacity and the Area-Factor 
too much capacity when the film is reasonably thick. 

For the Area-Factor case, the constants were determined to 
give the best fit in the critical region of thin films and the benefits 
of the relatively simple expression were felt to outweigh the 
error introduced by the choice of a parabola for the Area-Factor 
equation. 

For the Hays’ solution, it seems likely that the difference arises 
because the top half of the bearing has been ignored. The load 
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capacity contributed by the top half cannot be expressed in 
absolute terms at this time, but it is felt that it comes from two 
major sources—the negative pressures developed in the diverging 
film and the positive pressure developed in pumping the oil 
around the circumference in the top half of the bearing. Since 
the Hays’ model does not include either of these factors and 
since they may be expected to be relatively more significant 
when h/C is very large, it is felt that, even though it predicts a 
capacity somewhat too large, the Area-Factor curve is the one 
more closely related to reality when h/C > 1. 

Of even greater importance than any point already discussed is 
the fact that Hays’ analytical solution predicts a single curve, as 
in Fig. 20, whereas the performance of actual bearings results in a 
family of curves, in fact, a rather wide-spread family of curves. 
As pointed out in the discusser’s paper, the spread indicates that 
factors such as oil supply conditions, i.e., grooving and oil 
pressure, viscosity, speed, and above all, clearance ratios are not 
adequately considered in the Hays’ solution, nor in any other for 
that matter. 

The really disturbing point is that, although one normally 
expects the actual bearing to have less capacity than predicted 
by theory, here we find so many experimental points indicating 
that the actual bearing may have a capacity that is appreciably 
greater than predicted by the theory. As discussed immediately 
above, Hays ignores the top half of the bearing and thereby 
ignores some potential capacity. However, there is no reason to 
expect this support to be in the order of magnitude required to 
shift the Hays’ curve into agreement with the curve labeled 
“Smith, C/R large, 150 psi oil supply.”’ The next obvious 
possibility is experimental error. The experimental results are 
certainly subject to error, but a review of the data and the 
method of operation does not offer any clue as to how errors of 
this magnitude could be possible. Apparently, this phase of 
analytical and experimental study of the squeeze film cannot be 
considered closed. 
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Authors’ Closure 


The author thanks Professor Phelan for his discussion of the 
paper. It is unfortunate that, in making his comparisons for this 
discussion, several misunderstandings have led to false conclu- 
sions. The author will attempt to clarify this situation. 

The most disturbing element to the discusser is the fact that a 
single curve is shown in the paper whereas his test results indi- 
cated families of curves determined by oil supply conditions. 
On this basis he concludes that analytical solutions do not ade- 
quately consider such factors as oil feed pressure, grooving, and 
clearance ratio. This is a false conclusion. Analytical solutions 
do give rise to families of curves, from which a single curve has 
been extracted for use in this paper. The object of the paper was 
to present a new method which would prove helpful in solving 
squeeze film problems and to this end a single illustrative example 
was considered to be both necessary and sufficient. The genera- 
tion of families of analytical solutions reflecting oil feed boundary 
conditions can be accomplished but such a compilation of infor- 
mation should be presented by itself and not as an addendum to 
the present paper. 

In comparing items we require homogeneity of units. In com- 
paring the results of an analytical model to the values obtained 
by actual tests we also require homogeneity of boundary condi- 
tions if the comparisons are to be meaningful. In this illustra- 
tive example the boundary conditions imply that the oil feed 
pressure is great enough to ensure the establishment of a com- 
plete film. Also the pressure is small in comparison to the aver- 
age squeeze film pressure generated over a cycle so that its con- 
tribution to the load capacity may be neglected. Thus we can- 
not compare these results with those shown in Fig. 20 where 
the oil supply pressure is large and contributes to the load capacity 
or where the clearance is so small that the bearing is operating 
with an incomplete film. One might suspect that a comparison 
could be made to test results in the case of a medium to large 
clearance and a fairly low feed pressure. This is borne out ip 


DECEMBER 1961 / 587 


80 
0.2 0.4 1.8 20 
= 


Fig. 20 where the slight discrepancies at lower eccentricity ratios 
can be attributed to the effect of the oil pressure. 

Another erroneous conclusion is reached by the discusser; that 
for sinusoidal loads, over a range of eccentricity ratios, the ana- 
lytical solution inherently yields less load capacity and the Area 
Factor a greater capacity and that the Area Factor is the one 
most closely related to reality (test observations) when h/C > 1. 
But since the constants used in the Area Factor were determined 
by curve fitting using experimental data it should not surprise us 
that this curve could be regenerated. It should surprise us if it 
were not obtainable. Since these constants were chosen to yield a 
best fit over a specific segment of a test curve, no general conclu- 
sions can be made between the two techniques. It should be 
mentioned that the analytical solutions are founded upon basic 
hydrodynamic principles to within the approximations of Reyn- 
olds’ Equation. In contrast, the Area Factor is an empiricism 
and its extension beyond that one particular set of generating 
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data cannot be justified. Consequently conclusions regarding the 
accuracy of this method are meaningless unless the universality 
of the constants for all L/D ratios is proved. 

In conclusion the author believes that the statements of the 
discusser resulted from a misunderstanding of the intent of the 
example and from the mistaken belief that the analytical method 
yields but a single solution to which all test results should be 
compared. The analytical solution given has shown good corre- 
lation with Professor Phelan’s data within the range of appropri- 
ate boundary conditions and the general technique may be utilized 
to find families of curves when this is desired. The author agrees 
that there is much work to be done before this very interesting 
subject is fully understood. Of prime importance is the exten- 
sion of the fine experimental work of the discusser to include 
different L/D ratios and various load forms. Such data are im- 
perative if we are to ascertain the true value of the analytical 
model which is measured by its ability to represent the physical 
system. 
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A Solution of Reynolds Equation for a 
Full Finite Journal Bearing 


Reynolds equation for the pressure in a full finite journal bearing which is nonho- 
mogeneous has been reduced to a homogeneous equation. By separating the variables 
the problem is reduced to an eigenvalue problem. The orthogonal functions expansion 


method is used to determine the eigenvalues and eigenfunctions. 


First four eigen- 


values are calculated. Design charts are prepared for the eccentricity ratios of 0.2, 0.4, 
0.6, 0.8 and length to diameter ratios of 0.5, 1.0, 1.5, and 2.0. 


Introduction 


HE solution of Reynolds equation for pressure in an 
infinite journal bearing was given by Sommerfeld [1].2 The 
partial differential equation for pressure in this case is reduced to 
an ordinary differential equation and the solution is derived by 
integrstion. The solution for a bearing of zero length was given 
by Ocvirk [2]. His solution is based on the assumption that in- 
side the bearing the axial gradient of pressure is of a higher order 
of magnitude compared with the circumferential pressure gradient 
(0P/0Z > dp/d6). The case of a finite bearing lies between 
these two extremes. The governing equation for the pressure is 
linear and nonhomogeneous and has been solved approximately 
by a variety of mathematical techniques. Muskat and Morgan 
[3] have obtained solutions of this problem by expanding the 
pressure as a power series in 7. The zeroth approximation satisfies 
a homogeneous two-dimensional Laplace equation and so do the 
next approximations. The results relate to three cases (a) the 
bearing is flooded and has no external lubricating source, (b) the 
bearing is provided with a central circumferential groove as a 
lubricant source, and (c) the lubricant is fed to the bearing 
through a small circular hole which is represented mathematically 
as & point source somewhere along the central circumference of 
the bearing. The theoretical results for the last case agree with 
the experimental results of the authors. 

Cameron and Wood [4] have carried out an investigation of 
this problem using the Relaxation method of Southwell. The 
numerical solution of finite difference equations is due to Rai- 
mondi and Boyd [5]. The variational technique was adopted by 
Weber [6] and Hays [7]. The possibility of obtaining an exact 
solution was indicated by Fedor [8]. But his own solution was 
approximate and is valid only for 7 < 0.4. An exact and com- 
plete solution has been given recently by Tao [9, 10], considering 
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viscosity as constant, and as a function of pressure alone. The 
nonhomogeneous pressure equation has been reduced to a 
homogeneous equation which has been solved by separating the 
variables. The problem ultimately reduces to an eigenvalue 
problem and eigenfunctions satisfy Heun’s equation. The solu- 
tion obtained is purely formal because the determination of the 
eigenvalues and the constants occurring in the solution has not 
been carried out. However, he has obtained two interesting re- 
sults (i) that the load line is perpendicular to the line of centers, 
(ii) that the load capacity of the finite journal bearing is less than 
that calculated by the infinite bearing theory. 

In this chapter, the orthogonal functions expansion method has 
been used to determine the eigenvalues and the eigenfunctions of 
the equation (5). This equation reduces to an infinite set of 
linear simultaneous algebraic equations for the constants and 
contains the characteristic parameter. The consistency relation 
is an infinite determinant the roots of which are the eigenvalues. 
The method can be used for all values of 7. The expansions con- 
verge very rapidly and only first four terms are sufficient. 


Reynolds Equation and the Solution 


Reynolds equation for the pressure in a finite bearing, when the 
viscosity of lubricant is assumed to be constant, is 


re) op dh 

For a journal bearing, 


h = c(1 + 9 cos 8) 


and (1) expressed in the nondimensional form simplifies to 


oP oP 


Uc? dé (2) 


The boundary conditions are 


6,2 = cylindrical polar co-ordinates eccentricity 
= unit pressure e/c 
p/pv* 


= absolute viscosity 


= film at any point @ from the line of 
center 


radial clearance 
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c= 


load on the bearing, 
velocity of the journal 
kinematic viscosity 


length of the bearing 
radius of the journal 

L/r length to radius ratio 
attitude angle 

h/e 

density of the lubricant 
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| 
U = H= 
v= 


P oP 
Z) = P(x, 2), Z) = (x, Z) (2a) 


L’ L’ 
P (« = (0 =0 (2b) 
Substitute in (2) 
P(O, Z) = &8) + §(8, Z) (3) 
and the equations for &(@) and {(@, Z) are 
d 
a0 {a Ue (4) 
(1+ cos + (1 + cos 6)* =0 (5) 
The boundary conditions may be rewritten as: 
| 
Z) = 50 | = 2) 30 (, Z) (7) 


L’ L’ 


The solution of (4) satisfying the boundary conditions (6) is 
(2 + 9 cos 6) sin 0 
+ (1 + cos 8)? 


This is the solution of the infinite bearing. The equation (5) 
may be solved by separating the variables. Put 


Z) = (10) 


where ¢ is a function of 8 alone and Wis a function of Z only. 
The equations for @ and W are: 


(9) 


_ _3gsind do 

dy 
(12) 


where A is the separation constant. The equations (11) and (12) 
were obtained by Tao who transformed (11) into Heun’s equation 
and gave a formal exact solution involving hypergeometric func- 
tion. This solution does not seem to be suitable for numerical 
work. The solution of (11) can be alternatively obtained by 
orthogonal functions expansions method which makes the de- 
termination of the eigenvalues easier. For this purpose (11) is 
transformed into the standard form by the substitution 


(1 + cos 6)" 
Equation (5) now becomes 


(13) 


(14) 

Due to symmetry of the bearing about the plane z = 0, the 

solution of (12) is taken as cosh \'/1Z. The solution of (14), in 


view of the boundary condition (8), may be taken as a Fourier 
sine series 


= B,, sin 
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Substituting in (14), multiplying by sin (n@), and integrating 
between the limits — to +7, we get 


_ 39 (9 + cos 8) 


4 (1 + 7 cos 6)? cin nd | x > B,, sin m6d0 = 0 (15) 


m=1 


49 
= n*) + > nB,, + — 


(16) 


where J’s, P’s, and Q’s are defined in the Appendix. For dif- 
ferent values of 7 (16) gives an infinite number of linear simul- 
taneous algebraic equations for the constants B,,’s. The con- 
sistency relation for this system of equation is 


AQ) = = 0 = = 1, 2,3,...) (17) 


where 


9 
= — + 16 — — 


— Ps) + (Qe | 


9 

3 

+ 8 al(Pi-i — Pisd) + — i#j 
Table 1 Eigenvalues 
re As N 

0.2 1.037271 4.0432 9.0186 16.0165 
0.4 1.160793 4.208032 9.125842 16.1435 
0.6 1. 2812389 4.599009 9.593949 16 .634848 
0.8 1.348412 4.68775 11.7167 16.7167 


The roots of (17) define an infinite number of eigenvalues. The 
first four eigenvalues can be determined by approximating (17) 
by a fourth-order determinant formed by the first four rows and 
columns and are given in Table 1. The boundary conditions (6) 
and (7) are satisfied by taking P(@, Z) in the form 


PO, 2) = + L (1 + 7 6)? 


t=1 


The condition (2b) or (8) leads to 


L’ (2+ 7 cos 8) sin sin nO 


t=1 
(19) 


The coefficients B,’s can be determined from (19) and (16) 
{in (16) B, and B,, are to be replaced by B,* and B,‘, respec- 
tively, and A by A,}. The coefficients are given in Tables 2 and 3. 


Load Capacity 


The load capacity can be found by resolving the pressure along 
and perpendicular to the line of centers and summing up over the 
circumference of the journal 
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Table 2 8,'/B,' 


i— 1 2 3 4 
n 
1 1 —0.11108 0.0006 —0.00004 
2 0.000809 1 —0.005149 0.0003 
3 —0.0000102 0.03129 1 —0.022 
4 —0.000551 


1 


n 

1 1 —0.449 
2 0.45 1 

3 —0.013 0.291 
4 —0.01 


Table 3 Fourier coefficients 
2 


0.009 —0.0089 
—0.301 0.149 
—0.234 


3 


0.2 By 1.77567 1.276533 0.85101 0.537794 
—0.3871 —0. 1695 —0.018747 —0.027107 
0.01414 0 .0076833 0.00353 0.0018548 
Bé —0.0008651 —0.0001196 —0.000016079  —0.000002 

0.4 By 1.69203 1.24465 0.811802 0.50305 
BY, —0.163139 —0.064472 0.0231071 —0.010933 
B; 0.064721 0.017526 0.003291 0.00093 
—0.0007672 —0.000369 —0 0000858 —0.0000515 

0.6 1.656826 1.127893 0.679458 0.3866 
—0. 2456676 —0.0915973 —0.03745 —0.0157 
B; 0 0335068 0 .0073561 —0.00156192 0.000484 
—0.0049196 —0.00064124 —0.000484 —0.0000011 

0.8 Bt 1.4935 1.1221 0.67123 0.3215 
—0. 1601 —0.076671 —0.03561 —0.0161 
B; 0.045706 0.03123 0.0172 0.0021 
—0.008786 —0.0001 —0 00009 —0.000015 

— Coefficient of Friction 
f ia f ,7o= 9rd dz = W cos a@ (20) The frictional force acting on the journal may be expressed by 


sin Or d@ dz = W sin a (21) 


L 

2 


Since p is an odd function of 8, a = 90 deg, and therefore the line 
of centers is perpendicular to the load line. Equation (21) be- 


comes 
~ + — 99)” a= 


sin 6 sin 


For the infinite mrs neti the load supported by a length L’ 
of the bearing is 
Wo 
pU%? ~ + — 


The ratio W/W... is shown in Fig. 1. 
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(23) 


+ ay (1 + 1008 


dZd@ (24) 

By (18) we obtain 
~ el — 9°) 2r (25) 


The coefficient of friction is defined as the ratio of the frictional 
force to the load W. It is given by 
F cn 


+> 


The function fr/c is plotted against L’ in Fig. 2. The friction co- 
efficient for the infinite bearing is 


1 2n? 
foo (27) 
3n r 


The ratio f/f is plotted in Fig. 3. 
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i—> 1 2 3 4 
70.6 1 —0.202726 0.0290815 —0.003362 
0.202831 1 —0. 137857 0.011931 
—0.001012 0.144383 1 —0.099405 
. —0.00068123 —0.00520994 0.102257 1 
i— 1 2 3 4 
7.4 1 —0.4655 —0.0067034 —0. 123186 
“ 0.1183 1 —0.0012035 0.204201 
—0.000159 —0.066159 1 0.272067 
—0.000041 —0.0043887 0.005 1 
‘- 1 2 3 4 
0.231 1 
| 


Discussion 


The solution outlined in the paper is exact and lends itself to 
calculation on a desk calculator. The method is applicable for 
all values of 7. The results obtained by considering the first four 
eigenvalues are given in the tables. For the value of 7 = 0.6, the 
difference in load capacity calculated on the basis of four eigen- 
values and first three eigenvalues is only 0.2 per cent. This shows 
that the expansion converges rapidly. 

The pressure becomes negative from @ = 0, 6 = w. In this re- 
spect this solution has the same defect as the Sommerfeld solu- 
tion. But the load capacity can be determined by summing from 
—r to 0 and the friction coefficient from —z to +7. 

The results are compared with that of Cameron and Wood and 
Dubois and Ocvirk in Fig. 4. Design data regarding load capacity 
and friction resistance can be estimated. The same technique 
can be used for part journal bearings and sector pad thrust 
bearings. 


4 
4 
4 


+ 4 


| 
= 


ans 
| 
5 | SF NUL 
| pis oN 


Fig. 2 Coefficient of friction versus L/D 
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DISCUSSION 
Paul C. Warner® 


This discusser particularly appreciates the author's fine paper 
since it touches on subject matter of especial interest to him. 
The author states under the heading discussion, ‘““The same 
techniques can be used for part journal bearings and sector thrust 
bearings.’’ The use of this technique on partial journal bearings 
is familiar to the discusser, but he has not seen it applied to the 
sector thrust shoe, and“wouk] very much appreciate seeing it for 
a reasonably general lubricant film shape. While the author 
confined himself to the static load case, it should be noted that the 
same technique may also be applied just as readily to dynamically 
loaded bearings. 

It has been shown that the eigenvalues and eigenfunctions 
are obtained with reasonable effort, but a rather large amount 
of numerical work is still necessary for each L/D ratio. This 
is particularly true if certain dynamic loading cases are con- 
sidered. In addition, the case, where the oil film ruptures, 
seems very hard to handle. The discusser would like to suggest 
an approximation which gives pressure distributions in a finite 
analytical form which can be integrated analytically, hence are 
quite convenient to work with. In addition, the time and ex- 
pense involved in calculation is very greatly lessened. 

One might question the utility of an approximate solution 
when an “exact” solution is available. The justification de- 
pends on a sense of values. If bearing performance data calcula- 
tions are an end in themselves, then no justification exists. 


* Development Engineer, Steam Division, Westinghouse Electric 
Corporation, Philadelphia, Pa. Mem. ASME. 
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However, if these calculated data are to be used for machine 
design, or performance analysis, then we may take the position 
that in almost every case Equation (2) is a fairly rough approxi- 
mation to the truth in that no real journal is really circular and 
cylindrical, nor in most cases can viscosity variation with tem- 
perature be neglected. Furthermore, temperature distributions 
exist across oil films and in the bearing, distorting various mem- 
bers, thereby changing clearance and oil film shape. Viewed 
from this standpoint, an exact solution to Equation (2) is an 
exact solution to an approximate equation, and not to be par- 
ticularly preferred to a good approximate solution to the same 
equation, should the approximation offer worth-while advantages. 

The approximation mentioned may be illustrated by referring 
to the author’s equations. Equation (8) may be rewritten: 


N=1 


— &0) = 


L 
(4) 


(28) 


expanding &(@) in a series of the @ functions, we find 


+ x OWn (4) 
~ 


N=1 


P(8,2) = 1 — 


N=1 


If we assume that 


{ ] quantity may be factored out giving 


Walz) >> ay = 


N=1 


P(0,z)=)1- 


¥i(z) 


Since Yy = cosh Ayz, any load calculation will be of the form 


&(@) (33) 


S sin 6 d0 (34) 


The bracketed quantity may be interpreted as a side leakage 
factor (K,). The utility of the approximation is that the @ func- 
tions need not be evaluated nor any of the \’s except A, which 
may be readily done approximately. Further, £ is a reasonably 
simple analytical function even in the dynamic case. 

To illustrate the degree of accuracy available, Fig. 1 has been 
replotted (Fig. 5), and the approximation indicated using A, from 
Table 1. Even in the extreme case of a long narrow oil film, the 
approximation is reasonable. Fig. 6 gives a similar comparison 
for data from Ref. [11] for the 120-deg partial journal bearing 
centrally loaded. 
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References 
or 
(30) 
whence 
tanh 


CURVE 
x DISCUSSOR'S APPROX. 


=! 


Fig. 5 (Author's Fig. 1) 


DISCUSSOR’S APPX. 


x BOYD & RAIMOND! 
(REFIT) 


Fig. 6 


A result of equation (34) is that 


R\ uN (R\* uN 
xs - K.(*) (4) Pe 


= S. 


If \,L/2 is assumed small, tanh \,L/2 can be expanded, and if 
only the first two terms of the expansion are retained we have 


1 
S=- s 
3\2 


1 L\? 
— 2 = 
3 (AYR) ( 3) ( ) P 
Hence for A,L/2 small, L/D ratio can be accounted for in the 


manner of DuBois and Ocvirk (Ref. [12]) since \,R and S, are 
not a function of (L/D) ratio. It may be noted that since \,R in- 


creases with increasing eccentricity, the range of L/D ratio over 
which the result is valid becomes increasingly limited. 

The approximation suggested here appears to be somewhat 
similar to a method used by J. V. Fedor (Ref. [13}). 


This simi- 


594 / DECEMBER 1961 


larity is illusory since the methods were developed independently, 
are different, and rest on somewhat different bases. This dis- 
cusser’s approximation depends, in general, on film thickness 
and viscosity being a function of 6 only, whereas Fedor’s exact 
calculation for a full journal bearing, assuming no film rupture, 
appears to depend on constant viscosity and the derivative of 
film thickness with respect to # being a trigonometric term. 


Additional References 


11 A.A. Raimondi and J. Boyd,“ A Solution for the Finite Journal 
Bearing and Its Application to Analysis and Design,” Trans. ASLE, 
vol. 1, 1958, p. 159. 

12 G. B. DuBois and F. W. Ocvirk, “Analytical Derivation and 
Evaluation of Short Bearing Approximation for Full Journal Bear- 
ings,”” NACA Report 1157, 1953. 

13. J. V. Fedor, “A Sommerfeld Solution for Finite Journal Bear- 
ings With Circumferential Grooves,’ Trans. ASME, vol. 82, 1960, 
pp. 321-326. 


Author's Closure 


The author thanks Mr. Paul C. Warner for his useful comments 
on the paper. It is interesting to note that the method can be 
applied to dynamically loaded cases also. The type of sector pad 
which the author had in mind is the tilting type of pad which 
has been discussed by R.S. Brand [14]. It is given here for ready 
reference. 


2 (gs 2?) 2 


The pad tilts about a line parallel to the Y-axis. 


Fig. 7 


The discusser’s approximation is useful and elegant also. To 
have either an exact or an approximate solution for an approxi- 
mate equation is a matter of opinion. The magnitude of error in 
making the approximation suggested by (32) is given below: 


| n=1 n=4 

n = 0.2 | 0.7183 | 0.1394 L’ = 2 

n = 0.8 | 0.6799 0.1317 | Z = 0.5 


For the above, the first eigenvalue also has to be calculated with 
reasonable accuracy. When once this is done, determination of 
the Fourier coefficients to the same degree of accuracy may not 
be cumbersome, but it indicates the reasonableness of the ap- 
proximation. 

It is interesting to note that the leakage factor and the non- 
dimensional form of the solution (34) readily enables quick 
estimation of the performance. 


Additional Reference 


14 R. 8S. Brand, “The Hydrodynamic Lubrication of Sector 
Shaped Pads,"’ Trans. ASME, vol. 73, 1951, pp. 1061-1064. 
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Externally Pressurized Step Journal 


CLARENCE R. ADAMS! 
JURA) DWORSKI? 
EDWARD M. SHOEMAKER! 


Bearings 


An externally pressurized gas journal bearing which achieves its load carrying capability 
by utilizing flow throttling dams parallel to the direction of rotation is discussed in this 


paper. Test procedures and equipment used to develop this bearing concept are de- 
scribed. A theoretical method of determining pressure distribution and load carrying 
capacity for the bearing is presented and correlated with experimental data for non- 
rotating shafts. Experiments showing the behavior of the bearing under shaft whirl 
conditions are described and illustrated. Suggested ranges of the design parameters 
are indicated. The paper also points out advantages accruing from the design simplic- 
ity as well as the static and dynamic stability of this bearing concept. 


Introduction 


TERNALLY pressurized step journal bearings are a 
new concept. This concept features shallow circumferential steps 
at each end of the bearing (parallel to the direction of rotation) 
which are used as dams to throttle the externally pressurized gas 
flow on its axial path through the bearing. A major difference 
between this type of bearing and most other externally pressurized 
journal bearings consists in the fact that the flow is throttled at 
the exit rather than the inlet of the bearing. 

Fig. 1 is used to demonstrate the principle of operation. The 
pressurized gas is introduced into a circumferential annulus at 
the center of the bearing. The steps can be located on either the 
bearing housing or the shaft journal to fit design and manufac- 
turing requirements. The shaft rests on the steps at the bottom 
of the journal before the bearing is pressurized. After pressuriza- 
tion of the annulus, a steady-state condition is established in 
which the gas flows out of the ends of the bearing. A pressure 
differential occurs between the upper and lower half of the recess 
space because of the larger leakage gap at the top of the journal 
in the step area. When the pressure differential between the top 
and the bottom of the shaft becomes large enough, the shaft will 

' Research Engineer, Aero-Space Division, Boeing Airplane Com- 
pany, Seattle, Wash. Assoc. Mem. ASME. 

? Research Engineer, Industrial Products Division, Boeing Airplane 
Company, Seattle, Wash. 

Contributed by the Lubrication Division and presented at the 
Lubrication Symposium, Miami, Florida, May 8-9, 1961, of THe 
AMERICAN Society OF MECHANICAL ENGINEERS. Manuscript re- 
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lift and float on the gas cushion. The distance the shaft will lift is 
a function of the load, supply pressure, and bearing geometry. 
The step journal bearing was developed when problems were 
encountered in manufacturing and operating multiple orifice gas 
bearings.*** This bearing had the advantage of being simple 
3C, R. Adams, “The Step Bearing, a New Concept in Air Lubrica- 
tion,” Product Engineering, December 8, 1958. 


*C, R, Adams, “Development Progress on Gas Bearings for Air- 
borne Accessory Equipment,”’ SAE Paper 176C, April 5-8, 1960. 


PRESSURE 


Fig. 1 Externally pressurized step journal bearing 


——Nomenclature 


a = actual eccentricity, in. T = absolute temperature, deg R @ = 0 at bearing top in ex- 
D = shaft diameter, in. v = velocity, in./sec perimental graphs) 
C = radial clearance, in. Ws = step length, in. k = parameter defined by Equation 
f = lift intensity, lb/in. z,y,z = a Cartesian co-ordinate system (10) 
F = total lifting force, Ib (considering the flow region d = step/ length ratio 
h = gap height, in. to be a planar space between / : _ 
H = step height, in. two almost parallel plates) es absolute viscosity, (i ser) /in. 
L = flow path length, in. with locus at the annulus/re- p = gas density, (Ib sec*)/in.* 
m = mass flow rate for elementary cess interface. z axis parallel 

stream tube, (Ib sec) /in. to shaft axis, y = RO, z axis eeneteen ‘ 
P = gas pressure (absolute), Ib/in.* normal to plates. a = ambient 
R = radius, in. € = eccentricity ratio 1 = inlet 
R = gas constant in Equations (4, 5, @ = angular position (@ = 0 at bear- R = recess 

6), in?/(sec* deg R) ing bottom in the analysis; S = step 
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to manufacture and had demonstrated satisfactory static as well 
as dynamic stability. Subsequent development and use of the 
step journal bearing concept in research applications is establish- 
ing its place in the bearing field. 


Bearing Geometry 


The geometry of the gas flow path is defined by several parame- 
ters illustrated in Fig. 2. It is seen that a step journal bearing 
involves two eccentricity ratios. The eccentricity ratio at the 
step is defined by ¢s = a/Cg and varies from a value of zero when 
the shaft is centered to a value of one when the shaft and bearing 
bore are in contact. The eccentricity ratio at the recess, €g = 
a/Cp, varies from zero (corresponding to €s = 0) to a maximum 
value of Cs/C, which corresponds to €s = 1, since thena = Cg. 
This maximum value of €g is termed the “‘built-in’’ eccentricity 
ratio of a step journal bearing. 


ECCENTRIC DISTANCE (a) ECCENTRIC DISTANCE (a) 
RADIAL CLEARANCE (Cs) RADIAL CLEARANCE (C,)-STEPHEIGHT 


R = SHAFT RADIUS 

STEP RADIUS 

RECESS RADIUS 

ANNULUS RADIUS 

Wa" ANNULUS WIDTH 

STEP WIDTH 


C,* STEP RADIAL CLEARANCE 

RECESS RADIAL CLEARANCE 

€5= ECCENTRICITY RATIO AT STEP 
ECCENTRICITY RATIO AT RECESS 
= STEP HEIGHT 

EFFECTWE FLOW LENGTH 


Fig. 2 Eccentricity ratios 


It will be shown in the following analysis that the magnitude of 
the pressure field at any point of the bearing can be expressed in 
terms of only a few dimensionless parameters related to those 
shown in Fig. 2, in addition to the pressure ratio P;/P,. These 
are the eccentricity ratio at the step €s the “built-in” eccentricity 
ratio C;/Cp, and the step/recess length ratio A = Ws/(L — Ws). 


Analysis 

A simplified analysis is outlined in this section which will be 
used in optimizing step bearing geometry from the viewpoint of 
maximizing the load carrying capacity under nonrotating con- 
ditions. (Test results indicate that the self acting lift effect is 
generally small compared with the static lift effect.) 

The following assumptions are applied to the steady com- 
pressible laminar flow in both the recess and step regions: 


(a) The perfect gas law applies. 

(b) The gravitational body force is neglected. 

(c) Velocities are small enough that temperature changes are 
negligible. 

(d) Both channels are so narrow, i.e., hg < (L — Ws) and 
hs < Ws, that inertia effects are neglected in comparison with 
viscous effects. Grinnell’s* analysis indicates that for the test 
bearings inertia effects are probably negligible in the recess re- 
gion but could be important in the step region. For example, the 
critical parameter, average gap height/length, for test shaft ‘“C’”’ 
is 1/2600 in the recess region and 1/600 in the step region. 

For the purposes of a preliminary analysis we assume additionally 
that: 


58. K. Grinnell, ‘Flow of a Compressible Fluid in a Thin Passage,” 
Trans. ASME, vol. 78, 1956, pp. 765-771. 
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(e) The flow is quasi one-dimensional. That is, the streamlines 
are parallel to the X axis and we neglect the Y component caused 
by the pressure differential between the top and bottom halves 
of the bearing. In support of this assumption flow patterns were 
produced experimentally which were essentially one-dimensional. 


Under these assumptions the Navier-Stokes flow equations 
reduce to the rudimentary form 


Considering streamlines for fixed Y, Equation (1) is integrated 
subject to the conditions », = 0; z = +h/2 to give the familiar 
parabolic velocity profile. 


v,(z, = = (= *) (2) 


The mass flow rate for a stream tube of a unit width and height h 
is 


(3) 


From the perfect gas law, p = el so that Equation (3) becomes 


RT 
dP 


Equation (4) is considered first for the recess region and inte- 
grated subject to P = P;; x = 0. Similarly, the condition P = 
P,; z = L is applied to the same stream tube in the step region. 
The solutions are 


h 3 
mr = forOs2<(L—Ws) (5) 


hs* 
mL —z) = 24ypRT (P?— for (6) 
These equations illustrate the parabolic pressure distribution 
along a streamline. 
Since the mass flow rate and pressure are continuous across the 
step, Equations (5) and (6) may be equated for zr = (L — Ws), 
where P = Ps. This results in 


Pi 


Ws 
L-—Ws 


r= 
The gap heights hz and hg are functions of the angular position 
6 given by 
hp = — cos 8) (8) 
hs = — cos (9) 


and since €g/€g = Cs/Ca, the right-hand side of Equation (7) can 
be expressed as a dimensionless quantity 


1 — — €scos 
(10) 
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iF 


This factor contains the essential geometrical parameters of the 
bearing, i.e., A, Cs/Cp, and €s. Equation (7) is easily solved for 


P (8) to give 


Ps 1+k« (11) 


If Equation (6) is solved for m at x = (L — Ws) and substi- 
tuted into Equation (5), making use of Equation (7), the result 
can be solved for the pressure distribution in the recess region 


P(6, x) = - | + 
fo OS2S(L—Ws) (12) 


In an analogous fashion the pressure distribution in the step 
region is obtained as 
z — (L — Ws) 
Pe Ws | 


for (L— Ws) 


P(0, 2) = 


(13) 


A single integration gives the dimensionless lifting intensity at any 
position 


f(z) P(6, xz) cos 640 


2P,.RP 


A second integration gives the dimensionless total lifting force 


F 1 Lfr 


Because of the nature of Equations (12) and (13), the integral 
expressions (14) and (15) can be evaluated only numerically. 

It should be observed that these results are based upon four 
dimensionless parameters P;/P,, \, Cs/Cp, and €s. The load 
(lift) capacity is presented in the dimensionless form F/(4P,RL) 
which is the lifting force per unit projected area divided by the 
ambient pressure. Such an expression has the advantage of 
making possible a comparison of externally pressurized gas bear- 
ings not only for the case in which the gas is discharged to the 
atmosphere, but also where the bearing operates in an ambient 
pressure different from the normal atmospheric conditions. 

Fig. 3 shows a graph of dimensionless load versus length ratio 
\ for distinct Cs/C,z values at P;/P, = 3.0 and eg = 0.75. The 
pressure ratio P,/P,, = 3.0 was chosen as representative of typical 
operating conditions. The value of €s = 0.75 was selected as a 
practical limit allowing a satisfactory operating safety margin. 

It is observed that the lift capacity has a definite maximum 
for each Cs/Czratio. The magnitudes of these lift capacity maxi- 
mums are higher for decreasing C../Cg ratios and occur at decreas- 
ing \ values. However, the tolerances in selecting low \ values 
for high lift capacity bearings are stringent due to the high rates 
of changes of the lift curves in the low A value interval. 

Results at higher or lower pressure ratios P,/P, are not pre- 
sented but define essentially the same optimum bearings. Also, 
according to the analysis, the lift capacity gradient with respect 
to the pressure ratio is almost constant for a given set of Cs/Cp, A, 
and €, values; i.e., the lift capacity of the bearing increases almost 
linearly with the pressure ratio. 

Similar lift curves for other upper limiting values of €gs indicate 
that increasing (decreasing) €s tends to decrease (increase) the 
value of \ at which optimum lift is attained for a given Cs/Cz 
ratio. 

Fig. 4 examines the lift as a function of €s for the optimum 
bearings defined by Fig. 3. For example, in Fig. 3, the value \ = 
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(15) 


0.07 defines an optimum bearing for a Cs/Cz ratio of 0.6 at €s 
= 0.75. In view of the previous statement about the depend- 
ency of the optimum configuration upon €gs but not upon the 
pressure ratio P,/P,, Fig. 4 has the scope to show the behavior 
of bearings, which were optimum at ¢g = 0.75, throughout the 
available lift range (as illustrated for a P,/P, = 3.0). 

Also, the gradient (slope) of the lift versus €g curves in Fig. 4 
represents the dimensionless stiffness of the bearing, the magni- 
tude of the stiffness in force/length units being equal to the value 
of this gradient multiplied by the factor (4P,RL)/Cs. 

For correlation of the analytical and experimental results, test 
data for four bearing/shaft combinations were used. All four test 
shafts had the same weight of 7.25 lb, the same nominal diameter 
2R = 2.0 in., flow path length L = 2.0 in., and characteristic step 
to recess length ratio \ = 0.176. 

The step configurations of the test shafts are shown in Table 1. 


Table 1 


Cr Cs | H 
inches 
0.0007 | 


Cs/Cr| A 
dimensionless 
0.176 
0.176 


0.176 
0.176 


Shaft 
“A”? 0. 001 
“cq” 0.0011 
0.00 


17 0.0010 
~ 0.0009 
~ 0.00035 


~ 0.0003 


0.0007 
0.00075 
0.00125 


1 
1 
1 


6 
1 
55 


The operating data for the test shafts are given in Table 2 (gas 
flow at supply pressure, reduced to 70 deg F; ambient pressure 
equal to standard atmospheric). 


Fig. 4 Lift characteristics of optimum bearings 
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Table 2 


\P:/Pe dimensionless GAS FLOW cfm 

| 2.0 eed 0-57 | 0.92 | 0.25 | 0.18 | 0.13 | 0.47 
| 2.5] 0.46 | 0.43 | 0.43 | 0.62 | 0.32 | 0.25 | 0.18 | 0. 56 
3.0] 0.36 | 0.32 | 0.36 | 0.54 | 0.42 | 0.33 | 0.24 | 0.67 
| 3.5] 0.31 | 0.25 | 0.30 | 0.49 | 0.52 | 0.41 | 0.31 | 0.78 


In order to prepare the analytical data for determination of 
expected operating eccentricity ratios for the four test bearing 
configurations at constant loads, a series of graphs was made. 
Lift capacity versus C's/C, at constant \ = 0.176 was plotted for 
several pressure ratios. The graph for P;/P, = 3.0 is shown in 
Fig. 5. This graph can be interpreted as a vertical section of Fig. 
3 at A = 0.176, but expanded to include €, values different from 
0.75. It may be noted that (for constant ’ bearings) the maxi- 
mum load capacity points (at distinct €s) occur within a limited 
Cs/Cp interval. Furthermore, a horizontal section of Fig. 5 
yields a sequence of Cs/Cg and €s values which correspond to the 
given lift capacity. Hence, the experimentally determined 
operating eccentricity ratios of the four test shafts (shown in 
Table 2) can be directly compared with the analytical prediction. 

When the dimensionless lift capacity F /(4P,RL) corresponding 
to the actual loading for the test shafts (Table 1) is entered into 
Fig. 5, a serious discrepancy between the predicted and observed 
eccentricity ratios €, is discernible. It is evident that the one- 


dimensional analysis results in lift capacity predictions up to 80 
per cent too high. This brings into question also the validity of 
the statements, made hefore, about the optimization of the 
geometrical bearing parameters A and Cs/Cx. 


4 Py RL DIMENSIONLESS 


Cs/Ce DIMENSIONLESS 


Fig. 5 Lift characteristics of } = 0.176 bearings 
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Now, for bearing applications, accurate \ values (being ratios 
of finite dimensions) can be easily determined in hardware design, 
except for the lowest A range. On the other hand, ('s/C, values 
can hardly be pinpointed in the design phase. Since either of the 
clearances C's and Cz is a small difference between two dimensions 
(bore and shaft radii) of considerable relative magnitude, the 
resulting Cs/C, value will be markedly affected by the machining 
tolerances. If, as alleged, the bearing load performance depends 
essentially upon the two ratios \ and C's/C,, it is of primary im- 
portance that the analytical bearing optimization prediction fits 
qualitatively the contemplated Cs/C, design value spread. 

Therefore, the lift factor F/(4P,RL) was calculated on the 
basis of analytical data for shaft “C’’ at P:/P, = 3.0 and €s = 
0.36 (Table 2). This lift capacity factor was now considered to 
be typical for all four test shafts, their actual loads being identical. 

After using this constant lift factor (determined on the basis of 
one operating point for shaft ‘‘C’’ alone) in lift versus Cs5/C, plots 
such as Fig. 5, for different pressure ratios, an €s versus ('s/Cz 
graph (Fig. 6) fitting the geometry of the four test shafts was pre- 
pared. Pronounced optimum C's/C, ratios (resulting in minimum 
€s for constant load) are observed both analytically and experi- 
mentally in Fig. 6. The experimental data verify the correct 
trend of analytical curves. 

As to the large discrepancy between the predicted and actual 
load capacity, a typical pressure distribution will be discussed. 
The bearing with shaft “‘C,” nonrotating, at €s = 0.36 and 
P,/P, = 3.0 is taken as example; the experimental pressure dis- 
tribution curves are shown in Fig. 7. The asymmetry of the 
pressures with respect to the @ = 180 deg position can be traced 
to the measurement method (rotation of the bearing housing, i.e., 
bearing bore with the ten pressure probes, as described later 
under Development Testing) where out of roundness of the bore 
changes the flow gap as the housing is rotated. For the purpose 
of this discussion, the pressure profiles were normalized by 
averaging several sets of test data, resulting in sufficiently con- 


sistent pressure patterns. The following observations are 
relevant. 


(1) Between the annulus/recess interface and recess station 
r/(L — Ws) ~ 0.30 flow transition effects are observed, indicating 


the influence of fluid inertia. While, according to the analysis, 
| | 
2.0 | 


€, DIMENSIONLESS 


EXPERIMENT 
— ANALYSIS eee 


Fig. 6 Shaft loci of \ = 0.176 bearings 
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the pressure gradient 0P/dz is a monotonic function of X, the 
experiment indicates a positive minimum for |OP/dz| at X/(L — 
W,) ~ 0.23. Consequently, the actual pressure function has a 
point of inflexion at that station and is monotonic, i.e., the 
transition effect is subdued. Moreover, the pressure is lower 
than predicted and almost independent of @ in this region (Fig. 
7, pressure taps No. 9 and 10). Since the analytical pressure is a 
function of 8, the relative errors in the pressure prediction at pres- 
sure tap No. 9(z/(L — Wg) = 0.18, measuring point closest to the 
pressure inflexion point) are as follows: 

(a) bottom streamline (9 = 180 deg) 3.2 per cent 

(b) middle streamline (@ = 90 deg) 1.4 per cent 

(c) top streamline (6 = 0 deg) 0.9 per cent 


(2) For the remaining part of the recess region, 0.30 < 2/(L 
— Ws) < 1 (pressure taps No. 2 through 8), the actual pressures 
are sufficiently dependent upon 6, so that a comparison between 
analysis and experiment for individual streamlines is feasible. 
It must be noted that, while the bottom and top streamlines are 
truly axial (because of flow symmetry), the comparison for 
8 = 90 deg presumes a necessarily hypothetical axial streamline. 
In the region considered here, the actual pressure gradients 
|OP/dr( x, are generally smaller than predicted, resulting in an 
apparent pressure “recovery’’ with respect to the analysis so that 


(a) The bearing bottom streamline pressure reaches almost the 
analytical value at — Ws) ~ 0.85. For 0.85 < 2/(L — Ws) 
< 1, the actual pressure gradient is equal to the predicted, while 
the pressure is 0.7 per cent lower than predicted. 

(b) For the middle streamline, 8 = 90 deg, the actual pressure 
reaches the analytical value atz/(L — Ws) ~ 0.67 and therefrom 
to r/(L — Wg) = 1 the differences between predicted and actual 
values of pressures as well as pressure gradients are negligible. 

(c) The top streamline pressure reaches the analytical value at 
r/(L — Ws) = 0.48 but the pressure gradient is still lower than 
predicted. Consequently, for 0.48 < z/(L — Ws) < 1, the top 
streamline pressure is higher than predicted. The maximum 


cof. 


56 
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Fig. 7 


relative difference is 6.4 per cent and occurs at the step [X/(L — 
Ws) = 1). 


(3) The pressure distribution in the step region (0 < 


Ws 
short flow path length Ws and the rapid pressure drop from Pg to 
P,. Pressure measurements in this region were taken (in addi- 
tion to the recess/step interface pressure Ps, pressure tap No. 2) 
at one station only [pressure tap No. 1 at (x — (L — Wg))/Ws = 
0.65]. The measurement at this station shows a pressure pattern 
basically different from that in the recess region. The bearing 
bottom pressure is here considerably lower (25 per cent ap- 
proximately ) than predicted and at the same time lower than the 
bearing top pressure, resulting in a negative pressure difference 
as readily discernible in Fig. 7. The bearing top pressure is only 
2 per cent lower than predicted, the @ = 90 deg pressure about 8 
per cent lower than predicted analytically. 


< ) cannot be discussed fully, because of the 


From the data discussed, it is seen that the one-dimensional 
analysis yields fairly correct results for the individual streamline 
pressures, especially in the recess region. However, since the 
load capacity of the step journal bearing depends entirely on pres- 
sure differences, even slight errors in streamline pressure predic- 
tions influence markedly the analytical load capacity. In the 
case of the analysis presented heretofore, all errors act to give too 
optimistic analytical predictions. In particular: 


(1) For the 0 < z/(L — Ws) < 0.30 part of the recess region, 
inlet flow transition effects prevent the build-up of any noticeable 
pressure difference between the bearing bottom and top as pre- 
dicted by the purely viscous flow theory. 

(2) For 0.30 < 2/(L — Wg) <1 (which is the main lift pro- 
ducing region) the following two effects decrease the available 
pressure difference: 

(a) Fluid inertia, which causes both the bottom and top pres- 
sures to be higher than predicted. The inertia influence is more 
pronounced at the bearing top because of the larger flow gap. 

(b) Two-dimensionality of the flow, which results in a reduction 
of the bottom pressure and a gain for the top pressure. The 
relative influence of the two effects cannot be separated readily. 


(3) In the short step region ( 


flow transition effects result in a negative local pressure difference, 
as stated before. 


Self Acting Effects, Turbine Torque and Stability 


In all test bearings self acting effects were not significant at 
supply pressures exceeding twice the floating pressure, regardless 
of operating speed. This is explained by the fact that at high 
pressures the eccentricity is reduced. 

Fig. 8 illustrates the pressure distribution for shaft “C’’ rotat- 
ing at 10,000 rpm with the supply pressure ratio reduced to 1.5. 
A positive pressure difference in the step region is readily ap- 
parent. Under static conditions the pressure difference in the 
step region was negative. Self acting effects are also apparent 
in the recess region. 

Turbine torque can be created by irregularities in the flow field 
in an externally pressurized bearing. It constitutes a problem, 
for example, in gyro bearings. In multiple orifice bearings this 
effect is commonly produced by misalignment of the orifices. 
The effect is much less pronounced in step bearings where it can 
only be produced by an out of round shaft or bore or by a non- 
uniform step height. 

Stability of externally pressurized step journal bearings under 
static and dynamic conditions is an important asset of this bear- 
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ing concept. Air hammer and hydraulic lockup have been pro- 
duced in bearings of this type only when poor designs with 
excessive clearances were used. 

Synchronous whirl is a peculiarity of well designed step journal 
bearings. In the bearing tested, shafts which had a step height of 
0.001 in. or larger had a tendency to switch from synchronous 
whirl to half frequency whirl as speed was increased. 

Oscilloscope pictures of shaft loci can be used to illustrate 


+++-4 
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Fig.8 Shaft "C" 10,000 rpm pressure distribution 15-in. Hg inlet pressure 
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stability under dynamic conditions. Fig. 9 shows pictures of shaft 
“C” loci taken at various operating conditions and a picture of 
the oscilloscope calibration. Irregularities in the calibration 
circle are caused by adhesion between the shaft and journal as 
the setup is rotated. It can be observed from Fig. 9 that shaft 
“C”’ is capable of stable operation over a wide range of conditions. 
Furthermore, it has synchronous whirl at all speeds from zero to 
25,000 rpm. Under self-acting conditions, shaft “‘C’’ is less 
stable at 5,000 rpm than at 4,300 rpm, possibly because the un- 
balanced load builds up faster than the dynamic support pressure. 

Shaft ‘“‘A,’’ which had a step height of 0.001 in., had a tendency 
to switch from synchronous to half frequency whirl at speeds 
above 20,000 rpm. It also developed a ‘‘critical speed’’ between 
10,000 and 11,000 rpm which could be damped by a slight in- 
crease in pressure; however, further increase in pressure resulted 
in an increased instability at 10,800 rpm. This phenomenon is 
illustrated in Fig. 10 by the changes in shaft loci. 

Shafts with step heights only 0.0003 in. high also showed in- 
stability at a critical speed near 11,000 rpm when the recess 
clearance, was 0.002 in. or larger. However, shafts with a 
0.0003 step did not switch from synchronous whirl over the speed 
range from zero to 25,000 rpm. The critical speed was at- 
tributed to the large recess clearance. A theory which ade- 
quately explains the phenomenon has not yet been developed. 


Development Testing 


Externally pressurized step journal bearings have been 
evaluated by numerous tests. Early test apparatus and results 
are described in (3) and (4). More recent test apparatus, shown 
in Fig. 11, have been developed to determine the following 
variables: 


1 Pressure distribution 
2 Loci of shaft center 
3 Whirl frequency 

4 Shaft speed 


5 Gas volume flow 


Steps were located on the shafts rather than the housing so that 


= 0. 00075 Cs 0. 0075 


Fig. 9 Shaft “C” loci in housing $K11-75561-5A 


CALIBRATION CURVE 


(C.R.0, DRIFT) 
4, 300 RPM 
ZERO” Ho SUPPLY PRESSURE 


Transactions of the ASME 


8 
° 
: 
x 
15, 000 (C.R.0. ORIFT) 
Hg SUPPLY PRESSURE 3,000 RPM 
0. 232 C.F, LEAKAGE 60” Hg SUPPLY PRESSURE 
0.230 C.F.M, LEAKAGE 
Cs 0.00075 Cs = 0.00075 i 
H = 0,00035 
+ | €,MAX 0.7 
0.085 LEAKAGE 


* 


| 


2, 000 RPM 
39.3” Hg SUPPLY PRESSURE 
LEAKAGE 0, 260 CFM 


20, 000 RPM 
©” Ho SUPPLY PRESSURE 


| 


10, 800 RPM 
10” Hy SUPPLY PRESSURE 
LEAKAGE NOT MEAS UREABLE 


10, 800 RPM 
20” Hg SUPPLY PRESSURE 
0. 153 CFM LEAKAGE 


15,000 RPM 
60” Hg SUPPLY PRESSURE 
LEAKAGE 0. 427 CFM 


©” HG SUPPLY PRESSURE 
LEAKAGE 0. 43 CFM 


) 


10, 800 PLM, 
40” Hg SUPPLY PRESSURE 
0. 49] CFM LEAKAGE 


Fig. 10 Shaft "A" loci in housing SK11-75561-5A 


Fig. 11 Dynamic test setup 


simple shaft modifications could be made to change the step 
height and widths as well as the clearances. A two-inch diameter 
bearing bore was used on the test apparatus. In all experiments 
the gas used was air at room temperature. 

Pressures were measured in the supply line and at ten 0.013-in. 
diameter pressure taps along the axis of the bearing. The pres- 
sures from the taps were fed through flexible tubing to a Giannini 
SP-101A pressure scanner where a pressure transducer sensed 
the pressures and sent a signal to a Moseley two-axis autograph 
(Model 2) recorder. The bearing housing could be rotated and 
indexed every 15 deg so that the pressure could be determined at 
240 points around the periphery. Recorded pressures were spot 
checked against 100-in. single-leg mercury manometers to insure 
accuracy of pressure readout to within 0.1 in. of mercury. 

The loci of the shaft center and whirl frequency were deter- 
mined by means of proximity gages installed on the test setup. 
The capacitance type proximity gages which were used are shown 
in Fig. 12. The shaft position was determined on an oscilloscope 
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Fig. 12 Proximity gage installation 


screen by using the two proximity gages to project the shaft loci. 
A three-inch diameter circle on the oscilloscope screen was 
calibrated to the known shaft clearance (measured to 10 micro- 
inches by precision inspection). The oscilloscope was calibrated 
by rotating the entire bearing test stand through 360 deg with 
the bearing depressurized. As the shaft rolled around in the 
bearing clearance the oscilloscope was adjusted so that the shaft 
loci followed the three-inch diameter circle on the oscilloscope 
screen. A check of the shaft position by means of a dial indica- 
tor, accurate to 50 microinches, gave good correlation with os- 
cilloscope readings. Over-all accuracy of eccentricity measure- 
ment was within 0.0001 in. Whirl frequency was determined by 
a Hewlett-Packard Model 202C Low Frequency Oscillator. 

Shaft speed was measured to within 0.1 per cent by a magnetic 
pickup connected to an electronic EPUT counter. Rotation was 
produced by small air jets impinging on a knurled surface machined 
into each shaft to provide a drive turbine, as shown in Fig. 13. 

Air flow was measured by a 0-1 cfm Fisher and Porter “Flow- 
rator’’ rotameter to an accuracy of 0.01 cfm. 
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Fig. 13 Pressure distribution test fixture 


Conclusions 


Analytical and experimental results have demonstrated the 
practicability of externally pressurized step journal bearings. 
The analysis should be used to optimize bearing design. The 
experimental program suggests the following ranges for practical 
design parameters: 

(1) Step height, H, should be 0.0003 to 0.0010 in., preferably 
0.0005 in. or less. 

(2) Step radial clearance, Cs, should be 0.0004 to 0.0008 in. 

(3) A built-in eccentricity ratio, Cs/Cz, between 0.4 and 0.7 
should be used. 

(4) Step widths, Ws, should be 0.020 in. or more to eliminate 
the need for extremely careful shaft positioning. 

(5) Flow path length to diameter ratio, L/D, should be be- 
tween 0.7 and 1.0. 
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The simplicity of design of externally pressurized step journal 
bearings makes precision production economical. Step bearings 
can be made from any materials which can be turned, ground, or 
lapped. They also can be made by plating to form the steps, by 
chem-milling to form the recess, and by casting the steps into a 
housing. 

Stability of the step bearing under static and dynamic condi- 
tions has been very satisfactory. Further investigation of whirl 
frequency and stability is required to explain how they are affected 
by the various bearing variables. 

The basic step journal bearing which has been described is 
limited to use in applications where the load is light or high 
supply pressures are available. Further refinements of the bear- 
ing have been made which increase the load capacity; however, 
these innovations cannot be discussed until patent coverage is 
obtained. 

Applications which require a minimum turbine torque are 
ideally suited to step journal bearings. Applications in which 
momentary contact may occur between rotating and nonrotating 
surfaces can also benefit from the use of step bearings. When 
contact occurs in most journal bearings it takes place over a large 
area causing a sudden absorption of rotational energy. 

In the step bearing the rate of energy absorption is small be- 
cause of the small contact area. The gradual absorption of 
energy is a fail-safe feature of these bearings. 
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Rolling-Contact Fatigue Studies With Four 
Tool Steels and a Crystallized Glass Ceramic 


The rolling-contact fatigue properties of crystallized glass ceramic balls together with 
AISI M-1, AISI M-50, Halmo, and WB-49 alloy steel balls tempered to various hard- 
ness levels were determined in the NASA spin rig and in the five-ball fatigue tester. 
A continuous increase in fatigue life and load capacity for each steel was observed with 


increased ball hardness. 


These results correlate with resistance to plastic deformation 


as measured with spherical specimens in rolling contact but do not correlate with elastic 
limit and yield strength measured for bar specimens. These bar specimens showed op- 
timum values at intermediate hardness levels. Extremely low scatter in fatigue life for 
the ceramic balls indicate that the degree of structural homogeneity may be an important 
factor in life scatter of bearing materials. 


EMPTS to improve the operating life of rolling- 
contact bearings have lead to an effort to relate the effect of 
various material properties to the fatigue life of the bearing ele- 
ments. Elastic limit and hardness are measures of the minimum 
stress required for, and the resistance to, permanent deformation 
of a material. Although material fatigue can occur at stress levels 
considerably below those associated with plastic deformation, 
yield strength and resistance to impression (or hardness) are basic 
measures of material strength and hence offer promise of correla- 
tion with fatigue life. The rate of strain used in determining 
these properties is low compared with that encountered in high- 
speed rolling-contact bearings, but the rate used in determining 
bardness is somewhat higher than that of the elastic-limit deter- 
mination. Furthermore, the stress pattern generated by the con- 
tact of the hardness indenter is more similar to that of noncon- 
forming bodies in rolling contact than is the stress pattern in 
tension or compression test specimens. For these reasons, hard- 
ness may be a measurable material property that correlates with 
fatigue. 

The determination of rolling-contact fatigue life is admittedly 
quite expensive, because many specimens have to be tested and 
the data must then be treated statistically. Therefore, if we can 
achieve any correlation between an easily measured property of a 
bearing material and its rolling-contact fatigue life, it would be 
quite useful with respect to both cost and time. For this reason, 
the phase of this paper that concerns itself with the relation be- 
tween mechanical properties including hardness and fatigue life 
was undertaken. 

Problems with mechanical strength, dimensional stability, cor- 
rosion resistance, and long-time hardness retention preclude the 
use of metallic alloys for rolling-contact bearings at ambient tem- 
peratures much above 1000 deg F. For applications in the 
temperature range extending several hundred degrees above the 
limits of metallic alloys, crystallized glass ceramics offer promise. 
While they do not have the high strength and ductility of alloy 
steels, they do retain their strength, hot hardness, and corrosion 
resistance through higher temperature ranges. It would be ad- 
vantageous to evaluate the fatigue properties of ceramic materials 
in the actual temperature range in which they have properties 
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that are superior to those of steels, but unfortunately suitable 
lubricants have not been developed for this temperature range. 
Preliminary unlubricated tests of the glass ceramic showed that 
severe wear prevented runs long enough to produce fatigue 
failure. This indicates the necessity for some form of lubrication 
in a study of the fatigue life of materials such as Pyroceram. Al- 
though test rigs exist that are suitable for conducting very high- 
temperature fatigue tests, these cannot be run at the present time 
because of this lack of an adequate lubricant. Test temperatures 
in these experiments were of necessity limited by presently availa- 
ble lubricants. Since no published data are available on rolling- 
contact fatigue for ceramic materials, it was felt that a program 
at limited test temperatures would produce information of value. 
The object of the research described in this paper, which is 
based on work reported initially by Carter, et al. (Refs. |1 and 2]'), 
was to investigate the effect of material hardness on the rolling- 
contact fatigue life of several tool steels, to compare fatigue life 
for these steels with other material properties associated with 
hardness, and to investigate the fatigue properties of a crystallized 
glass ceramic over the maximum temperature range at which 
tests could be conducted with presently available lubricants. All 
of the experimental results, and these include the fatigue data, 
hardness data, and mechanical property data for a given alloy 
composition, were obtained from the same heat of material. 


Apparatus 


Two types of rigs, the rolling-contact fatigue spin rig and the 
five-ball fatigue tester, were used in these tests. The fatigue spin 
rig, which is shown in Figs. 1(@ and 6) consists essentially of two 
balls driven at high speed on the inner surface of the race cylin- 
der by an airjet. Loading is applied by centrifugal force. In- 
strumentation provides for speed control and automatic failure 
detection and shutdown. 

The five-ball fatigue tester, shown in Figs. 1(c and d), con- 
sists essentially of a driven test ball pyramided upon four lower 
balls positioned by a separator and free to rotate in an angular 
contact raceway. Specimen loading and drive is supplied 
through a vertical shaft. By varying the pitch diameter of the 
four lower balls, the bearing contact angle 6 [Fig. 1(d)] may be 
controlled. Again, by using a failure detection and shutdown 
system, long-term unmonitored tests were made possible. «» 

In both test rigs the lubricant was introduced in droplet form 
into the immediate vicinity of the test specimens. Two lubri- 
cants were used in conducting these tests. A synthetic diester 


1 Numbers in brackets designate References at end of paper. 
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(b) Schematic diagram 
Fig. 1 Test apparatus (rolling-contact fatigue spin rig) 


meeting the MIL-L-7808C specification was used for all of the 
tests involving the tool steels and for most of the room-tempera- 
ture tests of Pyroceram. This oil had a kinematic viscosity of 14 
centistokes at 100 deg F. The second lubricant was a highly 
purified paraffinic mineral oil, Pennsylvania State University, 
Petroleum Refining Laboratory MLO07341, having a 100 deg F 
kinematic viscosity of 107 centistokes. At the high test tem- 
perature (700 deg F) this fluid was boiling, but the kinematic 
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(c) Cutaway view 


(d) Schematic diagram 
Fig. 1 Test apparatus (five-ball fatigue tester) 


viscosity of the liquid phase as measured by the Petroleum Re- 
fining Laboratory was approximately 1.1 centistokes. These 
lubricants will be referred to as the diester and the mineral oil. 


Specimens and Procedure 


Groups of °/-in-diameter M-1, M-50, and Halmo steel balls 
of varying hardness were tested in the fatigue spin rig. The 
chemical composition of these materials is shown in Table 1. 
Standard test conditions were room temperature, a synthetic 
diester lubricant, and 800,000-psi maximum Hertz stress. One- 
half-inch-diameter WB-49 steel balls with various hardnesses 
were tested in the five-ball tester under the same standard test 
conditions. The composition of this material is also shown in 
Table 1. A range of hardnesses was obtained for each of these 
steels by varying the tempering temperature. A schedule of the 
heat-treatments used to produce this range of hardness for each 
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Table 1 Analysis of test materials 
Analysis, per cent by weight 
Mn Cr V W 


Material 
AISI M-1 
AISI M-50 
Halmo 
WB-49 


0.32 3.76 1.15 1.53 
3.97 1.07 0.01 
4.79 0.51 
4. 


0.25 
0.26 
0.3 
0. 4 2.0 


0. 
30 6.8 
Table 2 Test material properties and heat-treatment 

(Melting process, induction vacuum.]} 


Retained Austenitic 
Hardness, austenite, grain 
P Rockwell per cent size, 
Material C- by volume ASTM 


Salt: 
8- 1450, 3'/.min 


AISI_M-1 
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of these four materials is shown in Table 2. All specimens for a 
given material were obtained from the same heat of material. 

The WB-49 balls were tested in the five-ball tester rather than 
in the spin rig because speed limitations in the fatigue spin rig 
prevented testing the softer balls of this material at the desired 
stress level. Although the standard test conditions were em- 
ployed in testing the WB-49 balls in the five-ball tester, the rolling 
velocity and area of running track were lower than in the spin rig, 
so that direct comparison between the fatigue lives obtained in 
the five-ball tester and in the spin rig cannot be made. 

Balls from three of the hardness levels for M-1, M-50, and 
Halmo and the two highest hardness levels of WB-49 were run 
in the five-ball fatigue tester to obtain wear and deformation data. 
These balls were run at a 40-deg contact angle to a total of 10,000 
stress cycles at 750,000-psi maximum Hertz stress. Wear and 
deformation volume were measured from the transverse profile 
traces of the running track of these balls obtained by means of 
the Talyrond Contour Tracer. 

Since no rolling-contact fatigue data were available on glass 
ceramic materials, and after it was determined that the Pyro- 
ceram 9608 balls could not be run in the spin rig because of the 
dependency of stress on speed in this rig, a stepload test was con- 
ducted in the five-ball fatigue tester to establish the general load- 
carrying capacity of this material. Successive 30-minute periods 
at increased loading on the same test ball produced a failure after 
4 minutes of running time at a maximum Hertz stress of 340,000 
psi. Since this result indicated limited life at higher stress, all 
subsequent testing was conducted at maximum Hertz stresses of 
265,000, 295,000, and 330,000 psi and at room temperature and 
700 deg F. 

In order to compare the fatigue results obtained for the Pyro- 
ceram with steels, a group of '/:-in. M-1 balls of a hardness of 
Rockwell C-62 was run at a 40-deg contact angle in the five- 
ball tester at room temperature. All test conditions were the 
same as those used in testing Pyroceram balls except for the con- 
tact stress, which in this test was a maximum Hertz stress of 
800,000 psi. The stress used in the test of the M-1 balls was of 
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necessity much higher than used in the Pyroceram tests in order 
to fatigue the higher load capacity tool steel. 


Results and Discussion 


Fatigue Life. For aircraft applications high reliability is of para- 
mount importance. Therefore, early failures of bearings are of 
primary interest, and hence, for comparison purposes, the sig- 
nificant life on the Weibull plot is the 10-per cent life. A Weibull 
plot is a plot of the statistical per cent of the ball samples failed 
as the ordinate against the log of stress cycles to failure. 

Weibull plots of three hardness levels of M-1 tool steel balls, 
Rockwell C-62, 64.5, and 66, are shown in Fig. 2. Simila rresults 
for M-50 balls with hardnesses of Rockwell C-60, 60.5, 62, and 63 
are shown in Fig. 3. Fig. 4 shows similar results for Halmo balls 
of Rockwell C-59, 60, and 62. The results obtained in the five- 
ball tester with WB-49 balls of Rockwell C-55, 60, 65, and 68 are 
shown in Fig. 5. For purposes of clarity the individual data points 
have been omitted from these Weibull plots. These plots of the 
four potentially high-temperature bearing steels indicate that 
rolling-contact fatigue life increases with increasing hardness. 
These data are tabulated in Table 3. 

Load capacities for each material at each hardness level have 
been calculated, and the ratio of load capacity to the load capacity 
of the hardest material in each has been calculated. As can be 
seen from Table 3, the M-1 balls at Rockwell C-62 exhibited a 
capacity of just 52 per cent of that for the balls at Rockwell C-66. 
The M-50 balls at the softest level (Rockwell C-60) had a capacity 
of about 71 per cent of those at the highest hardness. The softest 
Halmo balls had a capacity of about 50 per cent of those at the 
highest hardness, while the WB-49, which was tested over the 
greatest hardness range (from Rockwell C-55 to 68), showed 
that the Rockwell C-55 balls had a capacity of just 39 per cent of 
those for the Rockwell C-68 level. 

The results of Table 3 show that a large variation in load ca- 
pacity may be produced by control of material hardness within 
the range applicable to bearing steels, and that the highest hard- 
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Fig. 2 Summary of rolling-contact fatigue lives of three hardness levels 
of AISI M-1 tool-steel balls. Maximum Hertz stress, 800,000 psi; room 
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Fig. 3 Summary of rolling-contact fatigue lives of four hardness levels 
of M-50 tool-steel balls. Maximum Hertz stress, 800,000 psi; room tem- 
perature; diester lubricant; spin rig. 


Table 3 

Ratio of C 

Hardness to hardest 

Material § RockwellG- P ke C in group 
AISI M-1 62 875 97 4020 0.518 
(spin rig) 64.5 875 570 7240 0.934 
66 875 695 7750 
AISI M-50 60 875 65 3520 «0.711 
(spin rig) 60.5 875 116 4270 0.862 
62 875 176 4890 0.989 
63 875 182 4950 «1.000 
Halmo D9 875 41 3070 0.498 
(spin rig) 60 875 110 4160 0.676 
62 875 350 6160 1.000 
WB-49 55 173 1.7 206 0.394 
(five-ball 60 173 4.3 281 0.538 
tester) 65 173 5.8 303 0.580 
, 68 173 2.5 522 1.000 


C = load capacity, or contact load in pounds that will produce 
failure of 10 per cent of test specimens in one million stress 
cycles; C = P 

P = actual contact load, Ib 

Ly = actual 10-per cent life, millions of stress cycles 
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Fig. 4 Summary of rolling-contact fatigue lives of three hardness levels 
of Halmo tool-stee! balls (adjusted to 800,000-psi stress). Maximum 
Hertz stress, 750,000 psi; room temperature; diester lubricant; spin rig. 
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Fig. 5 Summary of rolling-contact fatigue lives of four hardness levels 
of WB-49 tool-steel balls. Maximum Hertz stress, 800,000 psi; 40-deg 
contact angle; room temperature; diester lubricant; five-ball tester. 


ness of a given alloy shows the highest load capacity. These data 
in general agree with unpublished fatigue data obtained with full- 
scale bearings. As part of a co-ordinated research effort, the 
elastic limit, yield strength, and ultimate strength in both tension 
and compression as a function of hardness were measured for bar 
specimens from the same material heats of M-1, M-50, and Halmo 
as were used to obtain the rolling-contact fatigue data (Ref. [3]). 
In general, an increase in mechanical strength with higher hard- 
ness was observed up to an optimum hardness, after which 
strength tended to deteriorate at very high hardness values. These 
results indicate that there is no apparent correlation between 
mechanical strength properties such as elastic limit, yield 
strength, and ultimate strength as measured in bar specimens 
and rolling-contact fatigue at the stress levels at which the tests 
reported herein were conducted. 

Weibull plots of rolling-contact fatigue life for two groups of 
Pyroceram balls are shown in Fig. 6. The two groups of speci- 
mens (lots A and B) were both from the same formulation, cast, 
and heat-treatment, but from different finishers, and were tested 
to observe the consistency of results obtained with balls from dif- 
ferent sources of supply. Fig. 6(a) shows the life results for lot A 
and Fig. 6(b) for lot B. As would be expected, the plots show 
a decrease in fatigue life with increasing contact stress. Fig. 7 
shows plots of the log of stress against the log of the 10 and 50- 
per cent fatigue lives for specimen lots A and B, respectively. 
These plots show fatigue life varying inversely with the 10.5 to 
13.8 power of stress. These values when compared with inverse 
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Fig. 6 Rolling-contact fatigue life of crystallized glass ceramic balls. 
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Fig. 7 Rolling-contact fatigue life plotted against maximum Hertz stress for 1/2-in. crystallized glass ceramic balls. Room temperature; synthetic 


diester lubricant. 


9th or 10th power relation normatly associated with steels show 
that Pyroceram is slightly more sensitive to stress than are steels. 
As a compensating factor for this apparent higher sensitivity to 
contact stress, the relatively low elastic modulus (12.5 10° psi) 
of Pyroceram allows greater elastic deformation of the contacting 
bodies. Hence the stress produced in Pyroceram is a little lower 
than that of steel at the same ball loading. 

The contrast in fatigue-life results for the two lots of Pyro- 
ceram tested, which show that the lot B had a better life by about 
2 or 3 to 1 than lot A, indicates that specimen finishing techniques 
may be important. Both lots were formulated, cast, and heat- 
treated by the same supplier. 

Fig. 8 is a Weibull plot of the rolling-contact fatigue life of a 
group of M-1 balls run in the five-ball fatigue tester under the 
same conditions as the Pyroceram specimens except for the maxi- 
mum Hertz stress (800,000 psi). The 10-per cent failure life at 
this stress level was approximately 5'/, million stress cycles. 
Since the test stresses in the Pyroceram and M-1 steel tests were 
much different, the two materials cannot be compared directly on 
the basis of this test. 

When materials are tested at different stress levels, direct com- 
parisons of fatigue lives can be made only by adjusting one of the 
lives using the proper stress-life relation for that material, or by 
making a comparison on the basis of load capacity. On this 
basis, Figs. 6 and 8 may be used to compare the relative fatigue 
lives of Pyroceram and steel. By calculating the load capacity C 
or the contact load in pounds that will produce failure of 10 per 
cent of the test specimens in one million stress cycles, it is found 
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Fig. 8 Rolling-contact fatigue life of AISI M-1 tool steel balls. Contact 
angle, 40 deg; room temperature; synthetic diester lubricant; maximum 
Hertz stress, 800,000 psi. 


that the M-1 balls have a capacity of 305 pounds while the 
average of the two lots of Pyroceram balls is a capacity of about 
20 pounds. Thus, the Pyroceram balls have approximately one- 
fifteenth the capacity of M-1 steel balls at room temperature. 
Fig. 9 shows Weibull plots for two groups of balls (specimen lot 
A) that were run at a 40-deg contact angle and 330,000-psi maxi- 


1961 / 607 


a 
° MAXIMUM 
HERTZ oO 
STRESS, 
° PSI 
“ a 0 265,000 
© 330,000 
: ° 
4 
a MAXIMUM 
HERTZ 
; STRESS, 
PSI 
4 & 295,000 
. © 330,000 — 
| 
330x193 340x103 
+1) "6 
\S 
38 20 
3 
} 
fo) 
° 
> 2 
— 
8 
° 
6 
4 


mum Hertz stress with the mineral oil lubricant at room tempera- 
ture and at 700 F. It can be seen that the fatigue life at 700 deg 
was approximately one fourth that at room temperature. Al- 
though actual data are not available, Pyroceram should not ex- 
perience an appreciable loss in strength at 700 F. On the other 
hand, the test lubricant experiences important changes in proper- 
ties between room temperature and 700 F. Its viscosity is re- 
duced from 107 centistokes at 100 F to 1.1 centistokes at 700 F. 
Based upon previous work that established a relation between 
rolling-contact fatigue life and viscosity, a reduction in life of 
about 3'/; to 1 would be expected because of lubricant viscosity 
effects alone. Thus, the observed loss in fatigue life at the 
higher temperature could be accounted for by changes in lubri- 
cant properties. In other words, deterioration of the Pyroceram 
material did not necessarily occur. Therefore, with proper 
lubrication, Pyroceram may be useful in the temperature range 
above 1000 F where alloy steels soften and become unsuitable 
for use. 

Deformation and Wear. Wear and deformation volumes were 
measured for each of the four tool steels from transverse surface 
profile traces of the ball running track obtained by use of the 
Talyrond Contour Tracer. Fig. 10 shows plots of these volumes 
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Fig. 10 Deformation and wear of tool-steel-ball running tracks of varying 
hardness. Maximum Hertz stress, 750,000 psi; 40-deg contact angle; 
10,000 stress cycles; five-ball tester. 
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against material hardness. In each case a general trend toward 
decreased wear and deformation with higher material hardness 
was observed. The plastic deformation is defined as the amount 
of material volume displaced from the ball specimen running 
track. Hardness is a measure of the resistance of a material to 
permanent deformation by an indenter. The stress pattern gen- 
erated by the contact of a hardness indenter is more nearly like 
that produced by a ball on a race in rolling-contact bearings than 
is the stress pattern of a bar specimen in tension or compression. 
The continuous improvement in resistance to plastic deformation 
for these alloys with higher material hardness shown in Fig. 10 
correlates with the observed upward trends of rolling-contact 
fatigue life. 

These results seem to indicate that resistance to plastic defor- 
mation may be the important material property in rolling-contact 
fatigue. 


Metallographic Observations 


Retained Austenite. Each of the four tool-steel specimens used in 
this investigation was fabricated from a very clean vacuum- 
melted heat of material. Cleanliness ratings for these materials 
are given in Table 4. Since only the tempering temperature was 
varied between specimen groups of each alloy, cleanliness and 
prior austenite grain size were held constant for each alloy com- 
position. 

The per cent by volume of retained austenite for these various 
heat-treatments of the materials studied can be found in Table 2. 
The per cent retained austenite increased with decreasing temper- 
ing temperature and increasing material hardness. Because the 
amount of retained austenite is controlled by tempering tem- 
perature and is hence related to hardness, it is difficult to evaluate 
independently the effect of retained austenite on rolling-contact 
fatigue life. However, in the tests reported herein, if there was 
any detrimental effect on fatigue life because of the presence of 
greater amounts of the soft retained austenite phase in the micro- 
structure of the harder specimen groups, it was of lesser magnitude 
than the beneficial effect of the higher material hardness. 

Life Scatter. A wide range in rolling-contact fatigue lives of 
nominally identical specimens tested under the same conditions is 
considered normal for both full-scale bearings and bench-type 
tests. For most rolling-contact fatigue tests, the scatter in lives 
of the individual test specimens produces a slope of approximately 
1 on a Weibull plot. For a slope of 1 on a Weibull plot, the 50- 
per cent life is about five times the 10 per cent life, and reference 
to Fig. 8 shows that this is approximately true for the M-1 tool 
steel tested in the five-ball fatigue tester. However, the fatigue 
results of the Pyroceram (Figs. 6 and 9) are quite different from 
those usually obtained with normal bearing materials. This is so 
because of the much lower scatter exhibited in fatigue lives of 
Pyroceram balls. The total seatter observed in the Pyroceram 
test was of the order of 2 or 3 to 1 as opposed to the normal 20 or 
more for steels. 

A further indication of limited scatter with Pyroceram was the 
appearance of several distinct failure spalls simultaneously. Al- 
though this phenomenon rarely appears when normal steels are 
tested, it was a rather common occurrence on the Pyroceram 


Table 4 Nonmetallic inclusion ratings of test materials 


[Jernkontoret charts (ASTM spec. E45-51).] 
in‘ series? -— -Thick series*-—— 


Material A B Cc D A B Cc D 
AISIM-1 0 1.0 0O 1.5 0 0 0 0 
AISIM-50 0.5 1.5 0.5 2.0 0 0.5 0 0.5 

mo 06 2.0 0.56 323.0 0 0 0 0.5 
WB-49 1.56 0 1.0 i 

* Designation: 
A sulfides C silicates 
aluminates D oxides 
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balls tested in this investigation. The consistent results between 
individual specimens and the multiple spalling of the same speci- 
men indicate that the crystalline glass ceramic is much more 
homogeneous than steel. This material, having its origin as a 
single-phase glassy substance, is of very high purity and not sub- 
ject to the high-temperature reactions that produce foreign 
matter, such as nonmetallic inclusions, in bearing steels. This 
indicates that inclusions may be an important factor in the 
early failures and life scatter encountered in bearing steels. 
Spall Characteristics. The rolling-contact fatigue failures pro- 
duced in Pyroceram balls were quite similar in appearance to 
those observed with bearing steel balls. Figs. 11(a@ and b) show 
fatigue-failure spalls produced on Pyroceram 9608 and AISI 
M-1 balls, respectively. Spalls for both materials were localized 
in area and limited in depth penetration. The surface crack pat- 
tern associated with the spall formation is similar for both ma- 
terials. However, a contrast between Pyroceram and bearing 
steels was observed in the rate of progression from incipient failure 
to a spall large enough to produce detrimental effects on per- 
formance such as increased vibration and torque. Fatigue failures 
in steels usually propagate rapidly to a general spalling once the 
initial surface spall appears. For spalls on AISI M-1 balls the 
propagation time was a fraction of 1 per cent of the total fatigue 
life. Pyroceram showed a much slower rate of spall propagation 
than that of bearing steels. Fig. 11(c) shows a failure spall that 


has developed in 1.8 million stress cycles. Fig. 11(a) shows the 
fully developed fatigue spall that is defined as a spall which is 
approximately as wide as the track at 2.4 million stress cycles, and 
Fig. 11(d) shows the failure appearance after an intentional over- 
run of 9.2 million stress cycles. The slow rate of failure propa- 
gation and also the limited extent of the spalls were not antici- 
pated for a very hard, brittle material such as this crystalline glass 
ceramic. This suggests that the material may be resistant to 
crack propagation if the high rates of loading and predominantly 
tensile stress associated with fracture tests are avoided. In roll- 
ing contact the principal stresses are in compression, and severe 
localized overstress due to nonuniform loading is avoided. 
Pyroceram and steels have some structural features in common 
that may account for the similarity of fatigue-failure appearance. 
Fig. 12(a) is an electron photomicrograph of Pyroceram taken 
some distance away from the surface of the ball specimen. The 
predominant feature that distinguishes this material from glass is 
the presence of a crystalline phase consisting of randomly oriented 
rhombohedrons distributed in an amorphous matrix. Fatigue 
theories as applied to steel usually associate failure with the 
existence of a crystal structure. It is possible for crystallized 
glasses to behave similarly to steels when subjected to cyclic 
stressing, because they are partly crystalline. The crystals 
present in Pyroceram may act as a barrier to prevent crack 
propagation across the entire section of the material. In none 
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(d) 9.2 X 10° stress cycles 


Surface views of representative failure spalls with crystallized glass ceramic (Pyroceram 9608) and M-1 tool steel 
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of the 61 Pyroceram specimens tested in this investigation was a 
general fracture failure observed. General fractures would cer- 
tainly be expected to occur in completely amorphous glass ma- 
terials. 

Fig. 12(6) shows structural changes in the subsurface zone of 
high shear stress in Pyroceram. These structural changes bear 
a superficial resemblance to those observed in steel specimens in 
that the matrix damage tends to appear in the plane of maximum 
shear stress. The existence of the glassy phase and the much 
finer crystal size of Pyroceram prevent further comparisons. 


Summary of Results 


The fatigue spin rig and the five-ball fatigue tester were used 
to determine the rolling-contact fatigue life of groups of M-1, 
M-50, Halmo, and WB-49 tool steel balls tempered to various 
hardness levels, and also of Pyroceram balls. Tests of the tool- 
steel balls were run at room temperature with a synthetic diester 
lubricant and at 800,000-psi maximum Hertz stress. The 
Pyroceram balls were run at stress levels of 265,000, 295,000, and 
330,000-psi maximum Hertz stress, at room temperature and at 
700 F, and with two lubricants, a synthetic diester and a highly 
refined paraffin-base mineral oil. The results of these tests are 
as follows: 


1 Rolling-contact fatigue life, and thus load-carrying ca- 
pacity, of each of the four tool steels studied increased con- 
tinuously with increasing hardness. The improvement in load 
capacity was of the order of 30 to 100 per cent over the hardness 
range tested. No maximum fatigue life or load capacity at inter- 
mediate hardness values was observed. 

2 Fatigue-life results for the four tool steels did not correlate 
with previously published mechanical strength results for bar 
specimens from the same heats of materials. These tests of 
tension and compression strength showed an apparent optimum 
strength at intermediate hardness values. 


3 Deformation and wear tests conducted with the tool-steel 
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of crystallized glass ceramic. Faxfilm replica chromium shadowed at 45 deg, polished with sapphire abrasive 
on sitk wheel, and etched 16 seconds in solution containing 10 per cent hydrogen fivoride and 10 per cent hydrogen chloride. < 25,000. 


specimens indicate that resistance to permanent plastic deforma- 
tion increased with increasing hardness. These results indicate 
that a qualitative correlation between resistance to permanent 
plastic deformation and fatigue life in rolling contact exists. 

4 The room-temperature load-carrying capacity of the 
Pyroceram material was found to be approximately one fifteenth 
that of a group of M-1 tool-steel balls. 

5 Fatigue life of the Pyroceram was found to vary inversely 
with approximately the 11th and 14th power of stress. This 
shows a slightly greater sensitivity to contact stress than steels 
which normally have an inverse 9th or 10th power relation. 

6 At 700 F, fatigue life for the Pyroceram was approximately 
one fourth of that observed at room temperature. This dropoff 
in life was attributed to a reduction in viscosity and degradation 
of the lubricant rather than to changes in the Pyroceram material 
itself. 

7 Ascatter between short and long-lived specimens was much 
lower for the Pyroceram than is normal for a bearing steel. Since 
the ceramic does not have appreciable foreign matter comparable 
to nonmetallic inclusions in steel, the low scatter may indicate 
that the degree of structural homogeneity is an important factor 
in life seatter of bearing materials. 

8 The Pyroceram balls produced rolling-contact fatigue-failure 
spalls similar to those observed with bearing steels. Failures 
were localized in area and limited in depth of spalling. 


References 


1 Thomas L. Carter and Erwin V. Zaretsky, “Rolling-Contact 
Fatigue Life of a Crystallized Glass Ceramic,’"” NASA TN D-259, 
1960. 

2 Thomas L. Carter, Erwin V. Zaretsky, and William J. Ander- 
son, “Effect of Hardness and Other Mechanical Properties on Rolling- 
Contact Fatigue Life of Four High-Temperature Bearing Steels,” 
NASA TN D-270, 1960. 

3 G. Sachs, R. Sell, and V. Weiss, ““‘Tension, Compression, and 
Fatigue Properties of Several SAE 52100 and Tool Steels Used for 
Ball Bearings,’"’ NASA TN D-239, 1960. 


Transactions of the ASME 


a 


DISCUSSION 
G. J. Moyar? 


The authors have continued their series of valuable contribu- 
tions to the store of information in the literature on rolling con- 
tact fatigue. The unique data on pyroceram ball failures are 
particularly interesting. 

On the basis of tests at relatively high stress levels as regards 
design stresses the authors emphasize the importance of static 
hardness as a material property qualitatively correlating with 
the 10 per cent fatigue life. In so far as plastic deformation in 
rolling contact relates to fatigue, could the authors comment on 
the observations made by Drutowski [4] wherein the influence 
of percentage of retained austenite on plastic deformation in 
rolling is emphasized in contradistinction to static hardness at 
stress levels nearer design levels (below 500,000 psi)? 

It is reported that unpublished fatigue data on full scale bear- 
ings agree in general with the data of Table 3. Could the authors 
give any more information regarding these data? 

Plastic deformation in rolling contact even at room tempera- 
ture is a cumulative phenomenon enhanced by the complex cycle 
of stress created by the rolling action [5]. The rate of accumula- 
tion is initially very rapid for high load levels [6]; however, for 
lower loads the initially slower but more steady rate of accumula- 
tion into millions of stress cycles has special significance with 
regard to progressive fatigue failure. In one sense it denotes 
an intensification of residual stresses [7] which arise as a result of 
elastic accommodation of the restricted incremental flow. 

Akaoka’s data [8] suggest that stability or resistance to plastic 
deformation under the complex cyclic loading due to rolling, 
and not indentation, is a criterion of material suitability for 
fatigue endurance in rolling contact. In his tests with steels 
of the same hardness, mechanical work or forging ratio was the 
dominant factor. Therefore, it does not follow that resistance to 
static indentation is a sufficient index of fatigue resistance over 
a full range of applied stress and material conditions. 

Finally, how are the photomicrographs in Fig. 12 oriented with 
respect to the surface of the ball and the direction of rolling? 
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The unpublished fatigue data on full scale bearings referred to 
by Dr. Moyar were obtained by the Marlin-Rockwell Corpora- 
tion and presented in [9]. These data summarized in Fig. 13 
were obtained with four hardness levels—Rockwell C-59, C-60.4, 
C-62, and C-63. SAE 52100 steel, 207 size bearings running 
under a 1750-lb radial load were used. The results shown in this 


? Department of Theoretical and Applied Mechanics, Talbot 
Laboratory, University of Illinois, Urbana, Ill. 
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figure substantiate that rolling-contact fatigue life increases with 
increasing hardness. 

Drutowski and Mikus [4] investigated the effect of per cent re- 
tained austenite on rolling friction. Specimens of hardened 52100 
steel were prepared with amounts of retained austenite from 0 
to 18.4 percent. The hardness of these specimens varied from 
Rockwell C-58 to C-64. While hardness is a measure of the re- 
sistance of a material to permanent deformation by an indenter, 
elastic limit is the minimum stress required to permanently de- 
form a material. The measurements taken [4] revealed an in- 
version between elastic limit and hardness. It was found that, 
with retained austenite levels up to 3.9 per cent, the elastic limit 
remained approximately constant. However, when the struc- 
ture contained 7.4 per cent or more of retained austenite, the 
elastic limit fell off drastically. This occurred despite the fact 
that the specimens with the 7.4 per cent retained austenite had 
a Rockwell hardness of C-62, while the specimens with 0 per cent 
retained austenite had a Rockwell hardness of only C-58. This 
inversion between elastic limit and hardness is also indicated 
by data compiled by Sachs, et al. [3, 10], Muir, et al. [11], and 
Grobe, et al. [12]. Since it is apparent that a correlation does 
exist between rolling fatigue life and hardness, it follows that a 
similar correlation with elastic limit cannot exist. 

Akaoka [8] in his fatigue studies used four groups of cylindri- 
cal specimens made out of the same alloy but each from a differ- 
ent heat of material. Specimens manufactured from three of 
the heats had the same forging ratio while a fourth had a lower 
forging ratio. All four groups of specimens had different mean 
lives, the shortest life being exhibited by the group having the 
lowest forging ratio. It should be pointed out, however, that 
bearing steels of the same chemical composition but from different 
heats of material will give significantly different lives [13]. 
Therefore, from these data, no valid conclusions can be reached 
as to the effect of forging ratio on rolling-contact fatigue life. 
Suppose, however, forging ratio is an important factor in in- 
fluencing fatigue life and eventually an ultimate forging ratio for 
bearing manufacture is achieved. Then to what hardness 
should these bearings be tempered? Although the data reported 
herein showing the correlation between material hardness and 
fatigue life were obtained from balls manufactured by standard 
forging techniques, the authors do not believe it presumptuous 
to conclude that this relation would exist with other forging 
ratios which may be used to manufacture bearings. 
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Fig. 13 Summary of rolling-control fatigue lives at four hardness levels 


aaa steel, 207-size bearings; radial load 1750 tb (data from ref. 
9)) 
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In answer to Dr. Moyar’s last inquiry, due to the high magni- 
fication (X< 25000) of the photomicrographs in Fig. 12, the orien- 
tation of each micrograph with respect to the surface cannot be 
determined with any degree of certainty. Initial' cracks as 
shown in Fig. 12(b) usually appear in the subsurface zone of re- 
solved shear stress nearly parallel to the surface and then tend 
to propagate in a plane approximately 45 deg to the surface. 
The method of crack propagation from this initial stage requires 
further study. : 
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A Flow Model for Two-Phase Slug Flow in 
Horizontal Tubes 


The paper presents a construction of a simplified model approximating the actual 
observed flow pattern. The resulting expressions for frictional pressure drop are found 
to agree fairly well with the author's data for steam and water and the data for air and 


water of other investigators. 


The similarity with a portion of the Chenoweth-Martin 


correlation appears to present a logical explanation for the applicability of that correla- 


tion to slug flow. 


Introduction 


Is RECENT YEARS, more and more investigators have 
turned to the study of the rather complicated problem of the 
pressure drop produced by cocurrent flow of liquid and a gas or 
vapor. Although a considerable number of data are available and 
several ingenious general correlations have been proposed which 
allow predictions of the behavior of this type of flow, much is yet 
to be learned, particularly in the field of the flow mechanism itself. 
It is indeed remarkable, that such a general correlation as that of 
Lockhart and Martinelli [4], which has been developed without 
regard for flow pattern, can be applied over practically the whole 
range of variables. 

Visual studies have shown several distinct flow patterns ranging 
from complete separation to complete mixture of phases [1]. 
For either extreme the flow is somewhat easier to analyze, but the 
many transition regions are quite complicated. The slug flow, 
the pattern in which either all or part of the cross section of the 
tube becomes filled alternately with gas and liquid slugs, is one 
of the most complicated flow patterns. The complication is com- 
pounded by high turbulence and fluctuations. In spite of this 
the pressure drop may be predicted fairly well from some of the 
general correlations available. 

Most of the experimental data and the correlations belong to 
the field of two-phase flow in which the ratio of phases along the 
tube remains constant, such as the flow of air and water, al- 
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though they have been successfully extended to the flow of flash- 
ing mixtures. 

It was the purpose of this investigation to study the behavior 
of saturated mixtures of water and steam at very low qualities 
and to compare the results with the available correlations. The 
range of the experimental data covered adiabatic flows at 
moderate velocities and qualities below 2 per cent at atmospheric 
pressure in smooth horizontal tubes. The use of glass tubes al- 
lowed visual observation of flow; the flow pattern was found to 
be almost entirely in the slug flow region. Based on this, a flow 
model was developed and the resulting equation resembles rather 
closely the applicable portion of the empirical Chenoweth-Mar- 
tin [3] correlation. While the relationships developed here do 
not compete with the foregoing correlation either in improved 
accuracy or range, they do, it is felt, offer a logical explanation 
for its applicability to the slug flow region. 


Experimental Approach 


The experimental apparatus for the determination of pressure 
drop as a function of flow rate and quality is shown in Fig. 1. It 
consisted of a closed system with circulation provided by a small 
centrifugal pump. The water in the upstream reservoir was 
heated to boiling in order to maintain a constant temperature 
during the tests. Leaving the tank, the water, slightly sub- 
cooled to prevent cavitation, entered the two variable area flow 
meters connected in parallel to provide more flexibility and 
better accuracy. It then entered the test section through a 
throttling valve where most of the flashing occurred. At the 
exit of the test section the mixture entered a separator from 
which the water was returned directly to the pump while the 
vapor passed through the condenser and condensate meter before 
being returned to the pump as condensate. 


Nomenclature 


a = fraction of liquid flowing in slugs ft. = friction factor associated with r = internal radius of tube, ft 
A = cross-sectional area of tube, eq liquid in channel flow Re, = Reynolds number associated 
A oe onal tthe | g = acceleration of gravity, ft/sec? with liquid in slugs 
« = cross-sectional area of the lower H = total head in channel fi ft * F 
part of tube filled with liquid » ate ne Re, Reynolds number associated 
= fraction of upper part of tube with liquid in channel flow 
only, sq ft 
A, = cross-sectional area of the tube filled with slugs = =. Re, = Reynolds number one al 
filled with vapor and liquid ay, + 971 liquid flowing with q = 0 
slugs, sq ft p = absolute pressure, psf R, = hydraulic radius of the fraction 
D = internal diameter of the tube, ft Ap* = fictitious, all-liquid pressure of tube filled with liquid in 
friction £ 2gA4PD drop in Chenoweth-Martin channel flow, ft 
Ce 9 vy correlation R, = hydraulic radius of the fraction 
f, = friction factor associated with q = ratio of vapor flow rate to liquid of the tube filled with slugs, ft 
liquid in slugs flow rate (Continued on next page) 
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Fig. 1 


The test section consisted of a glass tube about 6 feet long and 
was insulated with fiberglass to approximate adiabatic flow; 
windows covered with transparent plastic were provided in the 
insulation to permit observation of the flow pattern. Two tubes, 
0.420 in. ID and 0.315 in. ID, were used for the tests. The 
measurements of pressure drop were taken about 1 foot apart in 
the tube, leaving more than 1 foot upstream as a “calming sec- 
tion’’ to allow the establishment of the flow pattern. The pres- 
sure taps consisted of small copper tubes inserted into holes 
drilled in the glass tube. A 0-1 psid pressure transducer was 
used as sensing element and its output was recorded on a San- 
born oscillograph. The temperature measurements were taken at 
the up and downstream ends of the tube by means of calibrated 
copper-constantan thermocouples inserted directly into the 
stream. 

The vapor flow rate was determined by collecting the con- 
densate over a measured time interval in the condensate meter at 
the exit of the condenser. The condensate meter was simply a 
100 cc graduated cylinder with the bottom removed. 

The range of variables was obtained by the adjustment of the 
throttling and tank entrance valves, but it was not possible to 
hold any one variable constant while varying others. This re- 
sulted in considerable scatter over the entire range, thus making 
it impossible to plot well-defined experimental curves. 


—————Nomenciature 


[== COOLING WATER OUT 


U 


FILTER 


Schematic representation of experimental equipment 


The basic accuracy of the instruments was good, but because 
of the highly fluctuating nature of the flow an over-all accuracy 
better than +10 per cent cannot be expected. It is for this rea- 
son that a considerable number of points was taken over a narrow 
range to take advantage of statistical averaging. 

The transparency of the tubing was utilized to establish the 
flow type. While the open-channel flow of water along the bot- 
tom and the presence of the liquid slugs were definitely ob- 
served, it was not possible to establish the shape of the slugs either 
by visual observation, or by means of stroboscopic light or 
photography. High-speed motion picture would have been quite 
useful in this case. As may be seen from Fig. 2 the visual observa- 
tion agrees fairly well with Baker’s pattern chart [2]. 

The numerical data obtained were those of pressure drop as a 
function of flow rate and exit quality. The ranges of variables 
covered were as follows: 


Flow rates: 50-320 lb per hr 
Qualities: 0.01 per cent-2 per cent 
Tube diameters: 0.420 in. and 0.315 in. 


The pressure throughout the range was slightly below at- 
mospheric. The quality at each point of the tube was found 
from the exit quality by assuming an isenthalpic process and 
thermodynamic equilibrium throughout. It was found that for 


velocity of liquid in channel 
flow, fps 

velocity of vapor, fps 

vapor weight rate of flow, pps 

liquid weight rate of flow, pps 

distance along the tube, ft 

height of liquid level in tube, ft 

two-phase pressure drop per 
unit length, psf per ft 

pressure drop due to liquid flow- 
ing with g = 0, psf per ft 

fictitious pressure drop of liquid 
flowing with g = 0 and Re = 
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na (1+ 
specific weight of liquid, pef 
specific weight of vapor, pcf 
absolute viscosity of liquid, lb 
per ft sec 
angle between the 
and the radius extending to 
the surface of the liquid 


Ordinates for Baker’s Pattern Chart 


L = liquid flow rate per unit area (total 
tube), lb /hr-ft? 


gas flow rate per unit area (iotal 
tube), lb /hr-ft? 


(es) 


specific weight of gas, pef 
specific weight of liquid, pcf 


surface tension of liquid phase, 
dynes per cm 


surface 


liquid viscosity, centipoises 
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Fig. 2 Baker's flow pattern regions [2] showing area of experimental 
data 


the 0.420-in. diameter tube the evaporation along the tube was 
relatively low and the pressure drop per unit length practically 
constant, so average values were used. For the 0.315-in. diameter 
tube the evaporation was significant and the pressure gradient 
varied along the tube. For this tube the quality was averaged to 
the mid-point between each pair of pressure taps and this value 
was used with its corresponding pressure drop as a separate point 
in Fig. 6. 

The temperature measurements were taken to check the agree- 
ment between the actual temperature and the saturation tem- 
perature determined from the known pressure at a particular 
point. In general, the actual temperatures agreed well with the 
saturation temperatures for the 0.315-in. diameter tube and were 
slightly lower by a maximum of about 2 deg F for the 0.420-in. 
diameter tube. 

The heat loss from the tubes was checked by running hot water 
through the tube and measuring the resulting temperature dif- 
ference. The heat loss calculated from these tests was applied 
as a correction in calculating qualities along the tube by assuming 
that it serves to condense the corresponding amount of vapor. 


Construction of Flow Model 


Based partially upon visual observation and utilizing some of 
the basic ideas developed by Whitesel [6] the liquid is assumed 
to behave as in Fig. 3. Part of the liquid flows in the lower part 
of the tube obeying the laws of open channel flow, while the re- 
mainder of the liquid flows in disk-shaped slugs which alternate 
with vapor in the top portion of the tube. The liquid in the slugs 
has of necessity the same average velocity V, as the vapor, while 
the liquid along the bottom may have a different average velocity. 


The analysis is limited to small vapor-to-liquid weight flow 
ratios, so that the pressure drop produced by vapor alone is only 
a small percentage of the total and will be neglected. It is 
further limited to turbulent flow in both the slugs and the 
channel. Further simplifying assumptions are as follows: 

1 The liquid in channel flow is only negligibly influenced by 
shear forces at its free surface. 

2 For the liquid slugs, the shear stress at the interface is 
approximately equal to that at the walls. 

3 Both liquid and vapor are saturated throughout. 
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The differential equation for horizontal channel flow is 


dy (Ve 
+= +2 (2) (1) 


dH /dz is the head loss due to friction and may be expressed as 


Expressing velocity in terms of weight flow rate and area and re- 
arranging terms, equation (1) becomes 


89 RAY, de 
1 dW, 1 dA, 1 =| 
[ Ad (2) 
The differential pressure drop produced by the liquid slugs in 
the upper portion of the tube is 
dp ve Vi dV, 
R, + de l (3) 
Again, expressing velocity in terms of weight flow rate and area 
the following differential equation is obtained after a considerable 
amount of algebraic manipulation: 


de 8 


gA.7: dz Ye Ye 1 + q 1 + q dx 


Equations (2) and (4) represent the basic differential equa- 
tions, but they do not describe the flow completely since there are 
three independent variables: pressure, geometry of tube, and a, 
the fraction of liquid in the slugs. 

If quality is constant, the acceleration terms are assumed to 
vanish and the two equations take on a considerably simplified 
form 


dx 8g 


(5) 


dx 8g 


(6) 


Limiting the equations further to smooth tubes and turbulent 
flow with Re <100,000 Blasius’ relationship may be used for the 
friction factor 


For liquid flow in the channel 
Re, 
Aw 


and for the liquid in slugs 


na, = (4 4 
Ay 


Substituting in equations (5) and (6) 
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dp 0.316 (1 — 


dz 8g 4 


dp 0.316 ‘Com aw ( + 0.75 


In order to discover something about the variation of a, the 
experimental data for the 0.420-in. diameter tube were substituted 
into the foregoing equations, since the very low evaporation rate 
along the tube there appeared to justify the neglecting of the ac- 
celeration terms. 

An interesting fact was immediately discovered when a was 
plotted as a function of the angle 6 for given values of g, W; and 
dp/dz. The curves of both equations were almost coincident 
over a considerable portion of the range and it became evident 
that a clear point of intersection could not be determined. On 
the other hand, this observation justified further simplification of 
the equations by the assumption of a = 1. 

Equation (7) now vanishes and equation (8) becomes 


_ dp _ 0.316 X Wy ( 
dr g Ve q 
It will be further noted that, for liquid flow only, 
g 
so two-phase flow pressure drop may be represented as 
0.75 
(10) 
‘) 


It is perhaps of interest to note here that it is possible to gain 
some insight into the dependence of dp/dr upon a without 
reference to experimental data. Equations (7) and (8) were com- 
bined to yield 


Ap, 


Aprp = Ap, (: + 


(11) 


From equation (11) @ was found as a function of angle @ (see 
Fig. 3) for a range of values of (y;,/7,)g and then dp/dz was com- 
puted as a function of a from equation (8). The ratio of dp/dr to 
dp/dz at a = 1 is plotted in Fig. 4 and from this figure it may 
be observed that the maximum deviation from dp/dz at a = 1 is 
about +30 per cent except for low values of a and (7,/7y,)g. One 
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Fig. 4 Variation of calculated pressure drop over the range of a as 
compared with the pressure drop ata = 1 
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may conclude from this that the assumption made in equation 
(9) is at least not unreasonable. 

Equation (10) may be modified to cover the rough tubes also. 
Since Blasius’ equation cannot be used, equation (9) will now be 


in this form 


. (1+ ) 

dr 2g A*Dy, 

f, is a function of the Reynolds number of the slugs and of the 
pipe roughness. But 


) ( ) 
Re, = ——({1+— = Re, {1 + — 
Apu, 


(12) 


If Ap,, is defined as a pressure drop produced by the liquid alone, 
except that in computing the friction coefficient /,, the Reynolds 


number for liquid flow is multiplied by (1 + Sa ‘), then 


Ww? 


2g A*Dy, 


Ye 
Equation (13) then becomes a more general equation applying 


to all tubes and equation (10) is now a special form of equation 
(13) applying to smooth tubes only. 


All the experimental points for 0.420-in. diameter tube have 
been plotted in Fig. 5 and the curve is from equation (10). For 
this tube the rate of evaporation along the tube is quite low and 
the agreement with the curve is rather good. The experimental 
points for the 0.315-in. diameter tube, however, fall some 20 to 
30 per cent higher than the curve. Actually it is surprising that 
the agreement is still that good, because the pressure drop which 
is produced by the acceleration of liquid due to increasing 
amounts of vapor, is calculated to be over 50 per cent of the total 
pressure drop. It is probable then that there are other factors 
which tend to lower the effects of this acceleration pressure drop. 
The practical significance of this fact appears to be the extension 
of the applicability of equation (10) well into the range where the 
neglecting of the acceleration terms would not be otherwise 
warranted. 

Although equations (10) and (13) have been developed for the 
flow of a mixture of water and steam, they should apply even 
better to two-phase, two-component mixtures such as air and 
water. There are several general correlations applying to this 
case and it is interesting to compare them with the foregoing 
equations. The Lockhart-Martinelli correlation [4], perhaps the 
most widely known and used, cannot be directly compared with 
the present method, since its dimensionless parameters contain a 
ratio of gas to liquid viscosity, as well as the density ratio to a 
power different than that of the weight flow ratio. However, as 
may be seen from Fig. 7, for steam and water the Lockhart- 
Martinelli curve is practically coincident with that of equation 
(10). 

The Chenoweth-Martin correlation [3] may be expressed as 
Aprp/Ap,;* = (LVF)~°*-* over the range under consideration. 
LVF, the liquid volume fraction, may be expressed as 

Win+Wdy, Substituting this in the previous equation, the 
following is obtained. 


Ap, = 


Apre = Api, (: + (13) 
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Fig. 5 Experimental data for saturated water and steam in glass tube of 
0.420 in. ID 
Aprp ( %: y" 
Ap,* Ve 


Ap,* is the fictitious all-liquid pressure drop calculated for the 
rate W, + W,. This differs from Ap, of equation (10) since the 
latter is calculated for W; only, but the difference is small, be- 
cause in this range the ratio of W,/W, is very low. 

The other difference lies in the fact that equation (14) does not 
take into account the pipe roughness, and the exponent could be 
considered almost an average between 1 for the completely rough 
region and 0.75 for the smooth tubes. Fig. 7 shows the compari- 
son of the Chenoweth-Martin correlation with the smooth tube 
equation (10) and Fig. 8 shows the application of equation (13) 
to the data of Reid, et al. [5]. These data were selected be- 
cause they were reported to be in the slug flow region and they 
agreed very well with the Chenoweth-Martin correlation. 
Fig. 8 then gives an indirect comparison between equation (13) 
and the Chenoweth-Martin correlation for commercial pipes. 


(14) 
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Fig. 6 Experimental data for saturated water and steam in glass tube 
of 0.315 in. ID 
Conclusions 


The experimental data have confirmed the basic similarity of 
the one and two-component two-phase flows and the applicability 
of the correlations developed for the two-component two-phase 
flow. The Lockhart-Martinelli method correlates the data quite 
well, although it originally was not intended for the slug flow. 

Based upon observed flow type, a somewhat sounder theoretical 
basis is presented for the slug flow range. The resulting equations 
bear a remarkable similarity to the Chenoweth-Martin correla- 
tion which is claimed to have been developed empirically. This 
correlation has been found to agree well with data of many 
investigators. 

Although it has been established that part of the liquid flows 
along the bottom and part is carried in slug form, the relationship 
between the two parts could not be determined. Such a relation- 
ship would not only allow a better theoretical treatment of the 
problem of frictional pressure drop, but would also provide as- 
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Fig. 7 Comparison of some correlations with equation 7” = 
(14% 


sistance in the analysis of the more complicated problem, that of 
flow with large momentum pressure drop. 
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Adiabatic Flow of Flashing Liguids in Pipes 


The assumption of a homogeneous fluid in thermodynamic equilibrium has fre- 
quently been made in describing the behavior of a vapor-liquid mixture flowing in con- 
stant area pipes. Although this flow model is acceptable for a range of conditions, its 
extensive use has been prohibited by the large amount of computational labor involved. 
In the present paper the equations of this flow model are reviewed, several conventional 
but unnecessary restrictions are removed, and computed results are presented on working 
charts suitable for practical pur poses. 

Critical flow rates and the amount of subcooling necessary to avoid flashing in the 
pipe were given special attention. 


Introduction 


HE present study deals with the flow of liquids 
through a pipe into a receiver where the pressure is below the 
saturation value belonging to the initial temperature of the 
liquid, so that evaporation may occur in the pipe. The liquid is 
assumed to flow through a well-rounded inlet into the pipe (Fig. 1) 
which is assumed to be horizontal and to have a constant cross- 
sectional area. The receiver is kept at a constant static pressure 
Py. 

The following assumptions are made for this model: 


1 The flow is adiabatic. 

2 The flow is steady. 

3 Thermodynamic equilibrium exists in the whole system. 

4 The liquid is completely incompressible before it flashes 
and its specific volume equals the saturation value. After flash- 
ing, compressibility of liquid is allowed. 

5 The flow is one dimensional, i.e., all quantities entering the 
analysis are constant in any plane perpendicular to the pipe 
axis. 

6 The two phase flow can be treated as if the substance were 
homogeneous. 

7 Frictional effects can be neglected in the entrance section. 

8 Friction factors are constant along the pipe in both flow 
regions, though different for each region. 


The fifth assumption, together with the sixth, implies that in 
the two phase region where liquid and vapor are flowing together 
the velocities of the two phases are equal. 

Note that there are no simplifying assumptions regarding the 
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thermodynamic properties of the substance, as were often made 
in past papers. 

As the liquid flows along the pipe its pressure drops due to ac- 
celeration in the inlet section, and due to friction in the constant 
area section. At some point of the pipe, denoted by S, the static 
pressure reaches the saturation value and evaporation starts. Be- 
tween points S and 3 two phase flow will exist. 

The mechanism of frictional pressure loss is necessarily different 
in the liquid and in the two phase regions. To express this dif- 
ference we adopt the notation A for the friction factor in the liquid 
region and K for that in the flashing region. Both friction factors 
are considered as known constants during the derivations. For 
practical design calculations these friction factors have to be 
known. The liquid friction factors can be obtained from a num- 
ber of handbooks as a function of Reynolds number and relative 
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surface roughness. This is not the case for the two phase region. 
The proper procedure for obtaining two phase friction factors is 
to derive them from experimental results. They could also be 
calculated from some appropriate theory, but the results would 
have to be supported by experimental data, which again places 
the emphasis on more experimental work. K was found to be 
between 0.010 and 0.015 in Ref. [5], but it would be unjustified 
to attribute general validity to these numbers. 

The friction factor is essentially a local property of the flow, 
which is conveniently used to link the “internal” flow pattern 
at some cross section to the over-all pressure distribution for the 
whole pipe, which is the subject this paper is primarily concerned 
with. 


! Numbers in brackets designate References at end of paper. 


For the liquid region of the flow (between points 1 and S) we 
can write, from elementary considerations; 


Ww c 29(P: — P,) 


Vs, (1+. 4) 


A fs 
This equation is valid if the P,; — P, pressure difference—which 
is equivalent to the subcooling—is large enough to prevent flash- 
ing in the converging inlet section. 
For the two phase region the flow has to satisfy the following 
equations: 


G= 


(1) 


a Momentum equation (for derivation see almost any fluid 
flow textbook): 
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Fig. 2 Flow chart for P, = 10 psia, G) = 158.0 Ib/sec, ft” 
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+ at = 0 (2) d_ Expression for the specific volume of the mixture: 


v = + (5) 

i Sinan opentions Using Equations (3), (4), and (5), the variation of specific 
c ct volume along the pipe as a function of pressure and flow rate can 

weet tt Oe be found (Eq. (6) in the Appendix). In this equation the usual 
assumption of isentropic or isenthalpic change of state is elimi- 

ec Continuity equation: nated, as the vy = f(P) relation obtained corresponds to the actual 
Fanno type flow. Substituting the expression for v into the 

Ww a a 4) momentum equation (Eq. 2) it can be integrated between points 

A v S and 3 to give the following relation: 
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Fig.3 Flow chartfor P, = 25 psia, G) = 347.7 Ib/sec, ft 
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r-8 


a+ (he — B) 
2hp = (9) 
Knowing the flow rate G, Eq. (9) gives the K L,,/D value re- 
quired to produce a pressure drop from the saturation pressure P, 
to the exit pressure P;. Note that L,, is not the over-all pipe 
length, but only that part of it in which flashing flow occurs. In 
order to solve the complete problem, one has to compose a solu- 


+ 2 In vy, 


tion from the equations for the liquid and two phase regions of 
the pipe. This will be done in the following section. 

For the case of water the computed results are presented in 
Figs. 2 to 9 as KL,,/D versus G/G, plots, with (P, — Ps)/P,, 
i.e., the percentage pressure drop as parameter, for the following 
saturation pressures: 10, 25, 50, 100, 250, 500, 1000, 2000 psia. 
The significance of G) will be explained later. 

The quantity of the mixture at the pipe exit (z;) was also 
computed, using Equations (5) and (7). The results have shown 
that the flow rate has very little influence on the exit quality and 
thus it is practically determined by the saturation (P,) and exit 
(P;) pressures. Fig. 10 represents the computed results in di- 
mensionless form. 
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Fig. 4 Flow chart for P, = 50 psia, = 625.7 Ib/sec, ft? 


Transactions of the ASME 


Assuming that the flashing occurs in the constant area section, 
the flow rate and the location of the flashing point is determined 
from the condition that the sum of pipe lengths with liquid flow 
and with flashing flow, respectively, has to be equal to the total 
length of pipe. We can write: 


Ly, 
D 


G 


G 


P,—P, 

] 
f signifies the functional relationship as given by the presented 
charts or by Equation (9), if the problem concerns fluids other 
than water. Given the values G, P;, P,, and L/D, the caleula- 
tion procedure to determine the exit pressure P; is as follows: 

Assume K and \. Pick G from Fig. 12. Calculate L, from 
Equation (1). Obtain L,, = L — Ly, calculate G/G, and 
KL,,/D. Using Figs. 2 to 9, obtain (P, — P;)P, and hence P3. 

If P; is known, and G is required, the procedure is trial and 
error: Assume G and see if the given P,; results. Too low a cal- 
culated P; means the assumed flow was too high and vice versa. 
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Fig. 5 Flow chart for P, = 100 psia, = 1116 Ib/sec, ft? 
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If all pressures and the flow rate are known from experiment, 
the K value may be obtained from the charts. G) is obtained 
from Fig. 12, Ly from Eq. (1), and KL,,/D from Figs. 2 to 9 as 
a function of G/G) and (P, — P;)P,. K is then obtained by 
multiplying KL,,/D by D/L,,. 

The derivations actually assumed constant K, but in reality K 
is expected to vary somewhat along the pipe length: Hence the K 
thus obtained will be an average value of the local K’s along the 
pipe and should properly be denoted by X. If the local K value 
is desired, one has to know the pressure gradient (dP/d£) at that 
point and calculate K by using Equations (2), (4), and (6). K 
gives more information about the flow, while X is more practical 
for pressure drop calculations. 


Critical Flow Conditions 


Assuming fixed inlet conditions and fixed pipe geometry, the 
flow rate of a compressible, homogeneous fluid will increase with 
decreasing back pressure and will reach its maximum value when 
the following condition is satisfied: 


d 
(11) 
dP /p-p, @ 
The v = f(P) function in our case is given by Eq. (6). Carrying 
out the differentiation and eliminating the square root term from 


the derivative by using Eq. (6) again, we get for the maximum 
flow rate using Eq. (11): 
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Fig.6 Flow chart for P, = 250 psia, Gy) = 2363 Ib/sec, ft 
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J Pa 
where the prime denotes differentiation with respect to pressure.* 
This maximum flow rate is commonly called the critical flow rate. 
When this occurs, the change of state of the fluid is locally isen- 


tropic at the end of pipe, and the velocity here equals the local 
velocity of sound, given by the equation: 


op agu* 


= 
1 1 
net Por 
2 The pressure derivatives of a and 8 may be epproximated with 
sufficient accuracy by finite differentials. 


Ga = 


(12) 


(13) 


This expression of the acoustic velocity for vapor-liquid mix- 
tures is valid for any substance, any steam quality, and any pres- 
sure below the thermodynamic critical pressure of the substance. 
Numerical values calculated from this relation agree very closely 
with the values of Ref. [9], which were based on an entirely dif- 
ferent approach. 

Equation (13) gives the critical flow rate as a function of exit 
pressure and exit specific volume. It may also be expressed as a 
function of pressure ratio and the saturation pressure directly 
from the derivative of Eq. (6), yielding the following formula: 


(14) 
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Fig.7 Flow chart for P, = 500 psia, G, = 4095 Ib/sec, ft 
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A look at Eq. (9) will show that the P,, P; (=P.r), and Ge 
values determine a (KL,,/D)cer value necessary to produce the 
P,-P pressure drop with flow. 

Thus we see that the two phase region with critical conditions 
is characterized by two degrees of freedom: Selecting P, and P.:, 
a flow rate is uniquely determined by Eq. (14) and (KL,,/D)ecr 
by Eq. (9). 


Critical values were computed for water by a digital computer 
and are plotted in Fig. 11 in a self-explanatory dimensionless 
form. An example marked with dotted line in Fig. 11 shows 
that for P, = 10 psia and KL,,/D = 5.9 the critical pressure is 
P.r = 0.73 P, and the critical flow rate is Ge. = 0.68G. 


Maximum Possible Flow Rate With Flashing 


A special case of critical flow occurs if the velocity of the liquid 
equals the velocity of sound in the two phase mixture with zero 
steam quality. In this case the fluid reaches acoustic velocity at 
the instant of flashing: P, = Per. Using Eq. (12) with r = Oand 
v = vy we get: 
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Fig.8 Flow chart forP, = 1000 = 6932 Ib/sec, ft? 
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The significance of this G. becomes apparent, if we consider that 
for G the corresponding KL,,/D equals zero by Eq. (9), the 
lower and upper limits of integration being the same. Hence 
L, = L — L,;, = L and the pipe will be filled with water along 
its entire length, no matter how low the back pressure is. The 
pressure at the pipe exit will be P,. 

Formulating this result in a different manner, we can say that 
flashing will be impossible in the pipe if the flow rate is equal 
to or larger than G. To establish this flow we have to pro- 
vide a sufficiently high P; — P, pressure difference for a given 


G = (15) 


inlet temperature, or a sufficient subcooling of the liquid for a 
given inlet pressure. The required P; — P, can be calculated 
easily if we consider that in case of Gy flow rate the pipe is filled 
with water hence Eqs. (1) and (15) both are valid. Equating 
the right-hand sides, G, is eliminated and we have the relation: 


where P>) denotes the smallest P; pressure which is already suf- 
ficient to suppress flashing in the pipe. Alternatively, the cor- 
responding static head z = (Pio — P,)r;, can also easily be 
obtained. 
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Fig. 9 Flow chart for P, = 2000 psia, G) = 11490 Ib/sec, ft? 
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G is thus seen to depend on P, (i.e., on the initial temperature) 
only, while the Py» pressure depends on the pipe dimensions also. 
The Go, (Pio — P,)/(1 + AL/D), and 2/(1 + AL/D) values are 
plotted as functions of P, in Fig. 12 for water. 


Summary 


Equations of the homogeneous, equilibrium model of vapor 
liquid flows were developed without the use of some conven- 
tional restrictions. Particular attention was paid to the effect 
of inlet subcooling. Relationships governing critical flow con- 
ditions were derived. A particular class of critical conditions 
with purely liquid flow in the pipe was investigated more closely. 


Actual computations were carried out by computer and the re- 
sults are presented in the form of working charts. The charts are 
valid for water only, but the equations presented may be used 
for any pure substance. 

The broader question of the range of validity for the homogene- 
ous model can be answered on the basis of extensive test results 
only. Since these were not available to the author, the answer 
could not be given here. At any rate, the presented charts should 
greatly facilitate finding this answer. 

The very meager applicable data from the literature seem to in- 
dicate that the homogeneous model has increasing validity with 
increasing pressures, increasing velocities, and decreasing pipe 
diameter. 


Ps 
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Fig. 10 Steam quality at pipe exit 
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APPENDIX 


First the equation of the Fanno-line is obtained by eliminating 
z and ¢ from Eq. (3) by using Eqs. (4) and (5). 


G hy, [ ( hye 
— 94 y— la, — | =0 


Noting that the terms h,,/v,, and hy — (hy,/v,,)v, are dependent 
on the pressure only, denote these by @ and §, respectively, and 
express v from the foregoing quadratic relation: 


oJ 2G? 
© 


The negative sign before the square root is of no interest here, 
hence it is omitted. The bracketed term contains the small dif- 
ference of two large numbers and can be written in a form having 
better computational accuracy as follows: 


10,60 — 


2(hr — B) 


at qat 8) 


Next we eliminate c from the momentum equation (Eq. 2) by 
Eq. (4) and obtain after simplifications: 


dy gdP 


v= 


1K 


Integrating from point S to the pipe exit, we get 


Pa 
Kly 


Having previously obtained the o(P) function (Eq. 7) the pre- 
scribed integration can be carried out to give Eq. (9). 
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Fig. 11 Flow rates ond Kly,/D valves under critical conditions 
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Fig. 12 Parameters for maximum possible flow rate with flashing 
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DISCUSSION 
H. N. McManus, Jr.* 


Mr. Sajben has presented an interesting treatment of a com- 
plicated problem and is to be complimented. 

The assumption by the author of a homogeneous mixture, 
and the consequent consideration of the acoustic velocity sug- 
gests comparison with the work of Heinrich* which dealt with 
flow of foams. Heinrich found that the acoustic velocity was 
not only a function of pressure and temperature but also a func- 
tion of vapor-liquid ratio (quality). In fact, the foam acoustic 
velocity exhibited a minimum for a specific mixture ratio which 
was much less than the acoustic velocity of the gas. 

The form of Equation (13) suggests a similar behavior of 

* Assistant Professor of Mechanical Engineering, Cornell Univer- 
sity, Ithaca, N. Y._ Assoc. Mem. ASME. 
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acoustic velocity in this model since specific volume is dependent 
upon pressure, temperature, and, of course, vapor-liquid ratio. 
It would appear that this dependency on quality presents the 
possibility of choking at some position other than the pipe outlet 
for some flow conditions. Hence, a more complicated behavior 
could be encountered than considered in this work. With this 
possibility present, it would appear necessary to determine 
whether the point at which choking was encountered was at the 
pipe outlet or possibly at some intermediate position in order 
to determine the critical flow rate. 

This writer would be interested in the author’s opinion and 
thoughts on this matter. 


Author's Closure 


Professor McManus raised a very interesting question concern- 
ing the dependence of acoustic velocity on the properties of the 
vapor-liquid mixture. 

For the flow model postulated in the paper the answer may be 
found by considering Eq. (13), which gives the acoustic velocity 
as a function of two variables, the steam quality and pressure 
of the mixture. The temperature is defined by the pressure for 
the assumed thermodynamic equilibrium. 

From the condition for the existence of an extremum: 
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da?/dz = 0, 
we obtain from Eq. (13) and Eq. (5) after simplifications: 


1 
28" '+—)=0 
+0(a'+ 4) 


This equation has to be satisfied for a minimum to exist. It is 
a matter of looking up material properties to show that for water 
this relation is not satisfied in the range from 0.4 psia up to the 
critical pressure, and hence a minimum does not exist. For vapor- 
liquid mixtures of other substances one would have to ascertain 
whether the above condition is satisfied or not. It is not likely 
to be satisfied. 

It can be shown that for a given flow rate and saturation pres- 
sure, the L,, (P;) function possesses a maximum when the velocity 
(cs) equals the acoustic velocity. This indicates that choking 
occurs at the pipe end. 

The quoted work of Heinrich refers to isentropic flows of two- 
phase, two-component mixtures, like, e.g., air-water mixtures. 
Other assumptions made by him are identical to those made in 
the present paper, therefore, the different behavior of the two 
types of mixtures is due to their physical properties and not 
caused by different methods of analysis. It points out that cau- 
tion is necessary in extrapolating results between these two types 
of flows. 
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Flow 


An Experimental Study of Vortex Chamber 


It is shown that a relatively simple analysis predicts the functional variation of tem- 
perature and pressure in a vortex chamber with radius and inlet velocity. 
dicted variation is in good agreement with experimental observations. By assuming that 
the flow at the outside of the chamber occupies some effective flow area, which is es- 


The pre- 


sentially independent of flow rate, the inlet velocity may be expressed in terms of the 


chamber dimensions and the fluid properties at entrance. 


The effective flow area 


assumption ts verified experimentally for two chamber exit configurations using air. 


Introduction 


) oan flow which is created in a circular chamber as a 
result of the tangential injection of a gas at the outer edge, and the 
subsequent discharge of this gas through an orifice or nozzle in 
the side of the chamber, has recently become of interest because 
of its application to the stabilization of electric arcs in plasmajet 
generators. To facilitate an understanding of vortex stabilized 
ares it is worth while to examine the vortex chamber flow under 
cold conditions, i.e., without a high temperature central core 
generated by the arc. There have been noteworthy analytical 
studies of compressible vortex flow [1-7]! and it is believed that 
the experimental results of this investigation will be supplemental 
to the previous work. 


Experimental Investigations 


A vortex chamber was constructed of plexiglas with provisions 
for detailed pressure measurements in the flow. The diameter of 
the chamber was five inches and the length was four inches, with 
the flow discharging into either a three-quarter inch or a two-inch 
tube. The apparatus is similar to a Ranque-Hilsch tube except 
that all of the flow passes out one end and no attempt is made to 
separate the cool gas in the center from the hotter stream at the 
outer periphery. A photograph of the experimental set-up is 
shown in Fig. 1 with the */,-in. tube in place. 

The rear wall of the chamber was equipped with static pressure 
taps located in radial increments of '/, in. which were also used 
to insert probes into the flow. During the course of the experi- 
ments attempts were made to study the chamber flow in detail 
by inserting a one-sixteenth-inch diameter probe in the rear of the 
chamber. It was found that the disturbance caused by even this 


1 Numbers in brackets designate References at end of paper. 
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Headquarters, November 20, 1959. Paper No. 61—Hyd-11. 


small body altered the static pressure readings in the chamber by 
as much as 50 per cent; consequently, the probing efforts were 
abandoned and the collection of data was confined to the static 
pressure measurements along the rear and front walls of the 
chamber and along the outer edge. These measurements were 
made for both the 2-in. and */,-in. exit configurations. 

The vortex was created in the chamber by injecting air tan- 
gentially through two diametrically opposed feeder tubes at the 
outside edge of the chamber. Each feeder tube had 16 '/,.-in- 
diameter holes along its length and was so constructed that the 
angle of injection could be varied from radial to tangential. How- 
ever, the present study is concerned only with the tangential 
injection. 


Results of Experiments 


Data were taken for both the */,in. and 2-in. outlet tubes, 
with flow rates ranging from 0.0046 lby/sec to 0.024 Iby/sec. 
Static pressures on the front and rear walls of the chamber were 
coincident at equal radial distances and followed a smooth varia- 
tion with radius. The static pressures at seven different axial 
positions along the outer wall of the chamber, in two different 
angular positions, differed by amounts less than one per cent. 
The pressure at the outside of the chamber varied from just 
above atmospheric to approximately 20 psia. 

Pressure profiles for the chamber flow are shown in Figs. 2 and 
3. To generalize these profiles a rather simple energy analysis 
may be used which expresses the pressure ratio as a function of 
radius. The viscous action and kinetic energy contribution 
of the radial velocity component may be neglected in comparison 
to the effect of the tangential velocity component. Thus, the 
energy balance for laminar, axially symmetric flow becomes 


aT dv d% dv\? dv 
rou | 0, + 0%] + u[ 


@T 
— + = 


Nomenclature 


A, = effective flow area at entrance to 
chamber 
parameter defined in equation (8)  -~anated 


radius 


general vortex exponent 
polytropic exponent 


tangential component of velocity 
in vortex flow 


isentropic exponent 


constant defined in equation (2) 
specific heat at constant pressure 
thermal conductivity 

length of vortex chamber 


mass flow rate 
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height of effective flow area at en- 
trance to vortex chamber 

gas constant 

temperature 

radial component of velocity in 
vortex flow 


density 


dynamic viscosity 


Subscripts 
1 = outside edge of chamber, or entrance 


conditions 
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Fig. 1 Vortex chamber with */,-in. tube 
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Fig. 2 Chamber pressure profile for */,-in. exit 


and this may be solved for the temperature distribution if the 
tangential velocity profile is known. Unfortunately, this in- 
formation is not available; but, by assuming a general vortex 
velocity distribution 


vr® = const = ¢ (2) 


some useful information may be obtained from equation (1). 
Using the assumed velocity profile the energy equation is 
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Fig. 3 Chamber pressure profiles 


1 aT  c™ 
a + r= (1 RePr) a + C, Pr(Re — 2n )r 

(3) 


where the Reynolds number is rpu/u. If the chamber is as- 
sumed to be adiabatic and the inlet velocities and temperatures 
are specified, the solution to (3) is easily obtained as 
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: 
A 0.0048 
0.00463 0.0073 
0.00715 | 0 0093 
| | 0.0113 
0.00903 | | | 0.0132 
| /| | 0.015: 
0.9 }2.0 
0.0170 Yj 
0.0124 | 0.0188 
© 0206 
0.0147 
0.0224 
| 
were | | | 0232 
= | 
| 0.0183 © 0260 | 
0.0200 0.0277 | 
| | 0.0291 
| 
0.022 | | 
| | 
0.85 


For even modest mass flow rates this expression reduces to the 
constant stagnation temperature condition 


T L(t)" ‘| 


For example, equation (5) is in error by less than '/, per cent at 
a mass flow rate of 0.01 lby/sec in the test chamber described 
in the foregoing. The Reynolds number corresponding to this 
flow rate is 396. Physically, this simplification means that the 
energy transport due to the radial velocity component over- 
shadows the energy effects due to viscosity and heat conductivity 
at sufficiently high flow rates. As a matter of interest, this result 
is in contrast to the variation of stagnation temperature with 
radius which is experienced in a Ranque-Hilsch tube; however, 
the situation is different in a Hilsch tube because the radial flow 
is very small. 

For purposes of analyzing the experimental data, the assump- 
tion will be made that the flow occupies an effective area at inlet 
which is essentially independent of flow rate. Then equation (5) 
may be written 


Ti 2C,Ai*p;? 


(5) 


(6) 


* 2C,L% Ar) 


(8) 


The effective flow area assumption is difficult to justify in a 
physical sense, particularly in view of the complex phenomena 
which occur in the injection process. However, it is verified re- 
markably well by the experimental data. 

The pressure ratio may be obtained from the temperature ratio 
by assuming a polytropic relation 


Tp'-"/™ = const. 


The inviscid relation 


(9) 


Thus, 


(10) 


(11) 


may be used to calculate the value of the polytropic exponent 
since the viscous energy effects are overshadowed by the con- 
vective energy transport and the inertia effects due to the tan- 
gential velocity are large compared to those due to the radial 
component. Differentiation of equations (9), (5), and (2) with 
respect to r, successive substitution into equation (11), and use 
of the equation of state gives 


= 


(12) 
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If the side walls of the chamber exerted no restraining force 
on the vortex, the flow would be that of the free vortex 


vr = const 


since angular momentum must be conserved. For this case equa- 
tion (12) would give m = 7, i.e., the vortex would also be isen- 
tropic. This is not a general result and must be considered along 
with the assumptions and simplifications used to obtain equation 
(12). Certainly, when viscous effects become important the 
flow would not be isentropic. 

The experimental data have been replotted in Figs. 4 and 5. 
These particular co-ordinates were chosen to determine the degree 
to which the experimental data approximated the isentropic free 
vortex. According to equation (10) an isentropic free vortex 
would plot as a straight line with a slope of unity. Consider first 
the data for the */,-in. exit. Straight lines are obtained but their 
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Fig. 4 Chamber flow data for */,-in. exit 
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Fig. 5 Chamber flow data for 2-in. exit 
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slopes are approximately 0.7 instead of unity. For the highest 
flow rates the curves deviate from straight lines near the outer 
edge of the chamber [(r;/r)? — 1] <1. The pressure variations 
for the 2-in. exit approximate straight lines in the outer region of 
the chamber but in the central portion the vortex is markedly 
decayed. This decay is the result of a transformation of part of 
the vortex rotational energy into an axial kinetic energy as the 
flow moves out the exit. 

The value of the vortex exponent n may be determined from 
the slope of the lines in Fig. 4 in the regions where (r;/r)? >> 1 and 
the values of the parameter a in equation (10) may be determined 
from the intercepts. For all of the experimental data reported 
the inlet temperature were constant. The chamber depth was 
also held constant so that it would be possible to check the effec- 
tive flow area assumption by noting that 
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Fig.6 Mass rate of flow versus static pressure parameter for */,-in. exit 
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Using the values of a determined from Figs. 4 and 5 and the 
measured mass flow rate it is seen from Figs. 6 and 7 that the 
assumption of a constant effective flow area at entrance is valid. 
The slopes of the two lines are identical, as would be expected, 
since the air was injected in precisely the same manner for both 
exit configurations. 

It may be noted that the lines in Fig. 4 are very nearly parallel, 
indicating that the vortex exponent is relatively independent of 
flow rate. The average value of n for all these lines is 0.68. 
Corresponding to this, equation (12) yields a value of n, = 1.243. 
An iterative procedure may be used with equations (10) and (12) 


= const X pi Va (13) 
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Fig. 7 Mass rate of flow versus static pressure parameter for 2-in. exit 
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Fig. 8 Correlation of experimental data for chamber flow for */,-in. exit 
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to obtain more accurate values of n and mn. The value of n ; 


changes very little in this iteration process and n = 0.68 is a 
satisfactory representation of the data. To check the value of m 
the data may be replotted in the co-ordinate system of Fig. 8. 
The slope of the straight line is then (nm, — 1) /m, and the data may 
be represented by n; = 1.28. The two values of n, agree within 
three per cent indicating that the polytropic process seems to be a 
satisfactory method of representing the data, and the assumptions 
pertaining to equation (11) are appropriate. 


Conclusions 


Vortex chamber flow may be satisfactorily approximated by a 
generalized vortex relation as given by equation (2) and the as- 
sumption of a constant stagnation enthalpy in the flow. The re- 
sults of the experiments show that it is quite satisfactory to as- 
sume that the flow occupies some effective area at inlet and that 
this area is essentially independent of flow rate. Thus, a rather 
simple calculation of vortex chamber flow for engineering pur- 
poses may be made using either equation (7) or (10). The value 
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of the vortex exponent n may be determined from experiment. 
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Report 1 


for Accelerating Flow Cascade 


In previous reports, theory (1, 2|' and experiments |3-7] were discussed on profiles 
that promised to possess desirable characteristics when incorporated into cascades of 


given arrangement. 


These previous studies concerned profiles destined for use in 


decelerating cascades. The present report is the first of a series on accelerating cascade 


profiles. 


1 Introduction 


(1) Profiles Specially Adapted for Use in Cascade (Cascade Profiles). 
Hitherto, design of blades for axial flow turbines, pumps, and fans, 
as well as for ship propellers, was based on experimental results 
obtained on single blade profiles, modified with corrections to 
take account of interference between blade elements. 

The new approach to this problem proposed by the present 
author is to put aside the concept of adapting already established 
profile forms, and to search for entirely original forms particularly 
suited for use in cascades of given formation (that is, given cas- 
cade angle @ and pitch-chord ratio ¢/l) [1, 2]. It has been 
demonstrated with decelerating cascades [3-7] that profiles can 
be found which, while not necessarily performing particularly well 
as single blades, manifest extremely favorable characteristics 
when used as blade elements of a given cascade formation. The 
author’s method of developing profile forms of such desirable 
character, which are named ‘‘cascade profiles,” is to begin by pre- 
scribing a suitable configuration for the pressure distribution 
around the profile, and then to work out theoretically the profile 
outline that should create the predetermined pressure distribu- 
tion. 

(2) Types of Prescribed Pressure Distribution Configuration and Their 
Comparative Evaluation. The author has in previous reports [3] 
classified the configuration of pressure distribution into three 
general types to see whether a certain type of configuration to be 
prescribed might be found to be inherently better than the other 
types. The three types differed from each other according to the 
form taken by the pressure distribution curve on the negative 
pressure (upper) side of the profile: “Type 1” was that in which 
the pressure on this side gradually decreased toward the tail be- 
tween two points on the chord (z; and 22, Fig. 1); in “type 3’’ the 
pressure increased within the same section, while in ‘type 2” the 
curve was level. 

The results of cavitation tests performed on a number of pro- 
files designed to represent these three fundamental types indicated 
that, for decelerating cascades, the type 3 pressure configuration 
produced profiles proving superior to the other two types in the 
range of relative low speeds corresponding to cavitation co- 
efficients greater than 0.6. When this coefficient k, was less than 
0.6, specimen of type 1 was found to give better performance. It 
must, however, be remembered that the series of 10 profiles chosen 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Cavitation Subcommittee of the Hydraulic 
Division of THe American Society or MecHanicaL ENGINEERS 
and presented at the ASME-EIC Hydraulic Conference, Montreal, 
Canada, May 7-10, 1961. Manuscript received at ASME Head- 
quarters, November 28, 1960. Paper No. 61—Hyd-1. 
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to represent the three types were designed under certain restric- 
tions in order to ensure some uniformity in the pressure curve 
configuration and thus facilitate mutual comparison and evalua- 
tion: For instance, values common to all ten profiles were 
adopted for 22, Zz, and z, (see Fig. 1). The foregoing study was 
therefore followed by others [4, 7] in which the restrictions were 
removed, and modified and improved profiles thus developed, of 
all three types, were submitted to cavitation tests. As a result, 
two profiles belonging to type 3 were discovered which not only 
performed well at low speed (k, > 0.6), as expected of type 3 
profiles, but also compared well at high speeds with the best pro- 
files tested so far in the type 1 [2]. On the other hand, per- 
formance of the type 1 and type 2 models examined in the course 
of the study did not fulfill expectations. 


TNA 14760 

7NA.13/68 

TNA 10368 
TNA.1/366 


0368 


168 


TNA 10366 


TNA. 11368 


TNA 13168 


TNA 14/66 


Fig. 1 Pressure configurations prescribed in designing cascade profiles, 
and the resulting profile outlines 
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These results led the authors to the conclusion that the type 3 
pressure configuration promised to be the basis for the best pro- 
files for decelerating cascades [7]. Though it may perhaps be 
somewhat hasty to state conclusively on the foregoing evidence 
that good decelerating cascade profiles will not issue but from the 
type 3 pressure configuration, the author believes that they have 
provided useful guiding information concerning the pressure 
configuration to be adopted in the theoretical design of cascade 
profiles. 

(3) Object of the Present Report. Study was initiated in the 
search for profiles best suited to accelerating cascades. It was 
not presumed a priori that since type 3 gave the best results for 
decelerating cascades the best profiles for accelerating cascades 
should by inference emerge from designs based on the type 1 
configuration. Profiles were worked out from both type 1 and 
type 3 configurations, and four out of the several profiles thus 
designed were selected for test. 


2 Specimens Subjected to Test and Method of Experiment 


(1) General Designing Procedure. The modified version [2] of 
the author’s method of calculation and design was followed in 
determining the profile outlines. They were designed with a view 
to incorporation in a cascade of pitch-chord ratio ¢/1 = 1.0 and 
cascade angle 6; = 27.92 deg. These values for 0, and ¢/l were 
adopted to correspond to those expected in a Kaplan turbine 
blade assembly at a radius where the blade profile would have a 
thickness-chord ratio of 8 per cent. This cascade formation was 
given the designation “No. 1,’’ and appears as the first digit 
in the six-digit titles given to the present series of profiles. All 
the profiles have a common thickness ratio of 8 per cent (repre- 
sented by the numeral 8 appearing last in the six-digit designa- 
tion) and a designed lift coefficient (C,.) of 0.6 (represented by 
the numeral “6,”’ next from the last digit). It might be men- 
tioned in passing that the middle digit indicates the type of pres- 
sure configuation, while the preceding digit gives the serial num- 
ber of the profile. 

The pressure configurations of types 1 and 3 adopted in calculat- 
ing the profiles, as well as the profile outlines, are reproduced in 
Fig. 1. In this figure pressure is represented by 


P — Po 
qx 


where 


p = pressure on the profile surface 
Po = pressure corresponding to vr. 
P=» = geometrical mean velocity of the velocities at points 
upstream (»;) and downstream (v) of cascade 
qo = stagnation pressure corresponding to v. 


This pressure is plotted against displacement along the chord, 
represented in percentage of the chord length. 2, 22, 73, and 2, 
on the pressure curves represent points of juncture between the 
straight stretches in the distribution curves and their curved 
ends. The positions of z, to z, shown in Fig. 1 pertain to the 
profile T.N.A. 10368. It will be seen that only the profiles based 
on the type 3 configuration have this straight stretch. This form 
was inspired by the profile N.A.S. 10368 [4]. The pressure curves 
selected to represent the type 1 configuration were not drawn with 
this straight portion. This curved form was adopted in this case 
in persuance of the success obtained with this variant in previous 
experiments [4]. The pressure configuration of the four profiles 
is given numerically in Table 1, while Table 2 contains the values 
of z, to z, together with the pressures corresponding to these 
points, as well as pmin representing the pressure at its mini- 
mal point. The resulting profile outlines based on these pressure 
configurations are presented numerically in Table3. An analysis 
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Table 1 


Pressure distribution prescribed in calculating cascade profiles 


x: Distance from the leading edge (per cent of chord length) 
Po: Negative pressure side 
Pu: Positive pressure side 


Po: Pressure corresponding to va; qa = 
Vo: Geometrical mean of velocities prevailing in front and to the rear of 
cascade 
Profile, TNA10368 | TNASIIO8 TNA SY/O8 
10000 | 1.0000 10000 | | | 20000 | 10000 10000 | 10000 | 
| “0154 | | | 05600 11500 | 46500 \ 21390 05870 | 
| L224 | 05600 | | 4/990 47020 | 04/90 \- 00900 | 47990 | 
| 470 41626 | 01560 \-02750 03220 \-02000 | | _| 
14,70 | “46905 | \- 067. SS 0/500 23900 | 42570 \- 03/90 | 42990 | 
| 1786 _|- 06254 | 06005 | 01560 00660 | C2066 14000 02690 | 
0500 | | 4/626 \-05000 0/500 04900 | L2000 \- 04700 WTA 
| 41606 \-OS008 | 0/500 \-O5/30 | \- | 02560 | 
| | | 0/560 \- 60 | 4/700 \- 46070 | 02770 | 
| $000 | 2508 | 41626 \-055¥0 | 0/480 \-06500 | 0/990 | 
\-0 696 | 41426 | \-05720 | | 70 | 
47/0 4344 | 4/606 \-09000 | \-05070 | 2/050 26290 
75,00 _| 03894 | | 4316 | 00875 \- 05600 | 00900 \- a5: | 20960 | | 
| $2.14 | 20706 \-03610 | \-b5/4 0 | GUO \-048/0 | 0050 
8630 02008 | \-O3775 | 20960 04/00 | \- 05530 | Q0060 | 
| 9330 |: \-02950 |-01270 \-G2600 | 
96,99 \-02/78 \-01960 \-0/500 \ 0/990 | | C0660 | 
9929 21908 | \- \-0/500_\-0 1400 \-0/500 11790 | 
70000 \-0.7268 \-0/790 \-0/990 \-0/730 | 


Table 2 Principal values characterizing the pressure distribution pre- 
scribed in developing cascade profiles 


(pi ~ ps represent pressures at points x, ~ x4, pmin the minimum pressure) 


Profile TNA TNA WOE 
% - 
% 65 65 - 
% 
Ly % 65 
% 70 56 
| | -067¥ | -G636 
| G169 0158 - 
| | GIF | | - 


Table3 Specified dimensions of cascade profiles 


x: Distance from the leading edge (per cent of chord length) 
yo: Height of negative pressure side from chord line 
Yu: Height of positive pressure side from chord line 
Protile| TWA 10366 | TNA 1/368 | TNA | 
| 4G Io Nu | So_ LP Ya 
| O96 | -070 | 477-059 | 77-020 | 
| | 257 | -O96 | 160 | -039 | 131 | O29 | 
470 398 | -137 
14,70 | $17 | -152 | S06 \-126 | 449 -055 | 3286 
| 1786 | $99 | | 600 | -190 | $72 | -060 | £07 | -047 | 
| 2500 | 656 | | 676 | 120 | | 616 
| 9290 | 643 | 693 | -106 | 725-055 | 708 -a23 
| 687 | | 479 | | 757-052 | 768 | 
SQW 647 -069 | 640 | -099 | 757-049 | 778 | 
| $92 | | 598 | -030 | 725 -046 | 795 
670 | | | $36 | -017 | | -035 | 653 -029 | 
7500 | ¥09 | G09 | ¥50 -006 | -032 | 556 | 
4630 | 254 | O01 | 256 | 357 |-063 | 3301 -0W | 
9430 | 183 | | 108 | 237 | -0 | 217 | -046 | 
96,99 | 103 |-030 | | -007 | 129 | | 107 | | 
99.20 | |-b22 | 040 \-006 | O5¥ | -Q40 | 032 | | 
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Fig. 3 Cavitation tunnel 


of the profile forms is given in Fig. 2 and Table 4. It will be seen 
from this that with both T.N.A. 10368 and 11368 of the type 3 
the maximum camber W,,x = 3 per cent, which occurs at rz, = 45 
per cent. Compared to the type 1 models T.N.A. 13168 and 
14168, with wmax = 3.55 per cent, z, = 45 per cent and Wmax = 
3.85 per cent, z, = 47 per cent, respectively, the camber of the 
type 3 models is smaller though its maximum occurs at much the 
same position along the chord. On the other hand, maximum 
thickness of the profile occurs at distinctly different points (2): 
in the two type 3 profiles 73 = 30 per cent, while with the 13168 
and 14168 of type 1 z5 = 44 ~ 48 per cent. 

(2) Experimental Device and Method. Improvements were 
brought to the cascade cavitation tunnel already described in a 


Table 4 Principal values obtained upon analysis of the profile forms 


bmax: Maximum thickness-chord ratio (per cent) 
x3: Position of maximum thickness from the leading edge (per cent of 
chord length) 
max: Maximum camber-chord ratio (per cent) 
Xw+t Position of maximum camber from the leading edge (per cent of 
chord length) 


Protile 5 max % 
TNA 10968 
TNASIIEE 
TNA 13/66 
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Fig. 4 Velocity distribution curves at the section immediately upstream 
of the cascade 


20 


40 


10 


previous report [8], in order to obtain the velocities required for 
testing accelerating cascades. The original equipment did not 
meet the present requirements not only because of insufficient 
pump capacity but also because cavitation was caused down- 
stream of the movable wall. The modifications added to the 
tunnel, shown in Fig. 3, were as follows: 

(i) The 600-mm axial flow pump (lift 4.2 m, maximum delivery 
0.37 m*/sec, 500 rpm) was replaced by a centrifugal pump lifting 
0.4 m?/sec to 9.5 m at 630 rpm (“P” in Fig. 2); 

(ii) The conduits K;, Ks, and K, were improved in form; 

(iii) The distance H between the honeycomb G and the bend B 
in the conduit was shortened to allow extension of the stretch 
K; 


As a result of the foregoing modification the velocity distribu- 
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tion of the point immediately upstream of the cascade was found 
to be quite satisfactory, as shown in Fig. 4. The distribution 
curve is symmetrical both vertically and horizontally, and is quite 
level over a large portion of the section, while the stagnation 
pressure of this velocity level is only 2.2 per cent above that of 
the mean velocity (as compared to 2.6 per cent before modifica- 
tion). 

The method of experiment has already been reported [8]. The 
specimen chord and breadth were equally 100 mm for the 
profiles. Seven elements were set in cascade and the movable 
walls of the tunnel situated downstream of the cascade were ad- 


ty 
INA 10368 a/as= 104 
R = 


— 


justed to reproduce the effect of a cascade with an infinite series 
of blade elements [8]. The cascade angle (@ in Figs. 4 and 5) is 
27.92 degrees when the incidence angle a, is zero, the measure- 
ment of which is made by referring to the velocity in front of the 
cascade; namely, the cascade angle 6 = 6, + a, where @, is 
the cascade angle at a, = 0. The pitch-chord ratio t/l = 1.0. 


3 Experimental Results 


(1) Mede of Cavitation Occurrence. The manner in which cavita- 
tion occurred during tests is presented in Figs. 5 to 8. Ao and A 
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Fig. 5 Left: Relation of incidence angle «.. to the position of head \o and tail \ of incipient cavita- 
tion (J = chord length). Right: Relation between k,.. and size \ of cavitation. 
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Fig.6 Left: Relation of incidence angle «... to the position of head \y and tail \ of incipient cavita- 
tion (1 = chord length). Right: Relation between k,.. and size \ of cavitation. 
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Fig.7 Left: Relation of incidence angle .. to the position of head \, and tail \ of incipient cavita- 
tion (J = chord length). Right: Relation between k,.. and size \ of cavitation. 
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plotted against a. on the left-hand side of the drawings represent 
the positions of cavitation head and tail, respectively. a. is the 
incidence angle based on the direction of the geometrical mean 
velocity v.. of flow before (v,) and after (v) passing the cascade. 
The right-hand curves relate the angle a.. to flow velocity at the 
instant of cavitation inception in the different zones, and at 
various degrees of cavitation development indicated by the 
parameter )//, flow velocity is represented by cavitation co- 
efficient 


1 


where p.. is the static pressure corresponding to v.., between which 
two there exists the relation p,/y + = + V2?/2g, and 
Pq is the saturation pressure at temperature ¢, of the water. 

The water temperature t, = 12 ~ 16 deg C, and it may suffice 
here to mention that a/a, on the figures represents the degree of 
air content,_[9], and R the Reynolds number, expressed by R 
= where l is the chord length. 

It is seen from the figures that in all the four profiles tested 
cavitation occurred in zones I (vacuum side toward head), II 
(pressure side toward head), and III (vacuum side toward tail), 
but not in the zone IV (pressure side toward tail). The lines ly, 
Il, and III, drawn on the a.-k¢. curve in the figure indicate 


by ~16C 


TNA 14/68 1,04 


R =(04~12)-10% 
SIN. 


the conditions under which incipient cavitation occurs. It might 
be remarked here that in the case of T.N.A. 10368 and 11368 zone 
I is free of cavitation (see curve of incipient cavitation on right 
side of Figs. 4 and 5). When A/l < 100 per cent the cavitation 
tail is liable to cause erosion of the profile surface. This range is 
indicated by shading in the figures. The violent vibrations ex- 
perienced in previous experiments did not occur during the 
present series of tests. 

(2) Variation in Lift Coefficient and Drag-Lift Ratio. The influence 
of cavitation coefficient kz. on lift coefficient C,.. is indicated in 
Figs. 9 to 12. Similarly, the drag-lift ratio C../Cee is plotted 
against C,.. with kz. as parameter in Figs. 13 to 16. The lines 
denoted by Ip, Ilo, and III, in these figures indicate the conditions 
under which incipient cavitation occurs in zones I, II, and ITI, 
respectively. A peculiarity to be noted is the deterioration in 
lift observed shortly before the main drop occurs at higher speeds. 
This effect is seen only in the case of T.N.A. 10368 and 13168 at 
certain incidence angles, and was also observed with the N.A.S. 
10368 [2], 12168 [7], and 11268 [7]. It may be mentioned in pass- 
ing that since the drag is not affected significantly in this range 
of cavitation coefficient the drag-lift ratio is correspondingly 
raised in this area. 

(3) Polar Diagram. The polar diagrams of the 4 profiles at dif- 
ferent values of cavitation coefficient are given in Figs. 17 to 20. 


t/L=10 
6,~2792° 
0; 


SSS Leck Side Erosion 


Face Side Erosion 


i Wied 0% 0b 08 


Fig. 8 Left: 


Relation of incidence angle a.. to the position of head \) and tail \ of incipient 


cavitation (| = chord length). Right: Relation between k,.. and size \ of cavitation. 
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Fig. 9 Variation of life coefficient C,.. with cavitation coefficient k,.. at different incidence angles 
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Fig. 10 Variation of lift coefficient C,... with cavitation coefficient k,.. at different incidence angles 
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Fig. 11 Variation of lift coefficient C... with cavitation coefficient k,.. at different incidence angles 
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Fig. 12 Variation of lift coefficient C... with cavitation coefficient k,.. at different incidence angles 
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Fig. 13 Relation of drag-lift ratio C,.../C,... to lift coefficient C.... at differ- 
ent cavitation coefficients k,.. 
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Fig. 14 Relation of drag-lift ratio C...../C,... to lift coefficient C,,... at differ- 
ent cavitation coefficients k,.. 


Table 5 Principal data concerning the performance of the profiles at 


kin = 3.0 
A: When exerting normal lift 
8: At normal incident angle 
For = min 
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Fig. 16 Relation of drag-lift ratio C..../C... to lift coefficient C.,... at differ- 
ent cavitation coefficients k,... 


Profile performance is summarized numerically in Table 5. It 
may be seen that, as it has happened before [4, 7], the profiles do 
not produce the designed lift at the designed incidence angles. 
This discrepancy is particularly marked in the case of T.N.A. 
11368, which, while designed to yield a lift of 0.6 ata, = —1.12 
deg, gives only 0.54 at this angle, while it rises to the specified 0.6 
at a. = —0.9 deg. 

(4) Comparison of Performance. 

1 Performance curve. The polar diagrams of the four profiles 
are compared in Figs. 17 to 20. An evaluation of the polar 
curves is given in the following, which gives the sequence of 
the four T.N.A. profiles according to smallness of C,.. at vari- 
ous values of C,. and kaw. 


pecemBer 1961 / 643 


= ‘ 
- 
at | | 
0° | r haw + + + + j 4 
aes | 07 40 25 | 
te 
Gee |_| 
te + + + + + + Com } 
we + + + 4 | 
— - | | 
Cue) | OL as ag 
au 
4 


13166 


10306 


Fig. 17 Comparison of polar diagrams of the four profiles T.N.A. 
10368, 11368, 13168, 14168 (atk... = 3.0, 2.0) 


7 
NA 12166 


TNA 11366 


+ 
4 


Fig. 18 Comparison of polar diagrams of the four profiles T.N.A. 
10368, 11368, 13168, 14168 (at ks. = 1.4, 1.0) 


(i) When C,. = 0.6 
At kaw = 3.0 ~ 1.6: 10368, 11368, 14168, 13168 
At = 14 ~0.6: 10368, 13168, 14168 


(ii) When Con < 0.5 
At kaw = 3.0 ~ 0.3: 10368, 11368, 13168, 14168 


(iii) When C,. > 0.7 

At kao = 3.0~1.8: 10368, 11368, 14168, 13168 
At kaw = 16~ 1.4: 11368, 10368, 14168, 13168 
= 1.22 ~ 1.0: 11368, 10368, 13168, 14168 
At kaw = 0.8: 11368, 10368, 14168, 13168 
At kaw = 0.6: 11368, 13168, 14168, 10368 


It is seen that the T.N.A. 10368 excels over the others when 
the lift does not exceed the designed value C,.. = 0.6, but as soon 
as the velocity rises above ka. = 1.8, it is superceded by 11368. 

It should be remarked that the profiles 10368 and 11368, which 
share the honors, both belong to type 3. This is contrary to the 
expectation that, since type 3 proved the most adapted to de- 
celerating profiles, the best accelerating profiles should emerge 
from the type 1 pressure configuration. 
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Fig. 19 Comparison of polar diagrams of the four profiles T.N.A. 
10368, 11368, 13168, 14168 (at k... = 0.8, 0.6) 
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Fig. 20 Comparison of polar diagrams of the four profiles T.N.A. 
10368, 11368, 13168, 14168 (at k... = 0.4, 0.3) 
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Fig. 21 Comparison of four profiles T.N.A. 10368, 11368, 13168, 14168 
with respect to conditions of cavitation incipience 


2 Mode of cavitation occurrence. The various forms under which 
cavitation occurred in the four profiles may be compared with 
each other by examining Figs. 5 to 8, while Fig. 21 provides com- 
parative evaluation on the following points: 


(i) Cavitation coefficient ka. at which incipient cavitation 
occurs in zones I to III (depending on incidence angle a..). 

(ii) Range of ka. in which the profile is exposed to danger of 
cavitation erosion (delimited by the lines representing \/l of 
incipient cavitation and \/l = 100 per cent). 


The sequence of the four profiles according to the velocity at 
which incipient cavitation sets in in the different zones is as fol- 
lows: 


Zone I: 10368 = 11368 (does not set in), 14168, 13168 


Zone Il: (a@_ < —3°) 10368, 14168, 13168, 11368 
(@_ > —3°) 10368, 11368, 14168, 13168 
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Zone III: (a. < —2°) 


(Qe > —2°) 


11368, 10368, 13168, 14168 
10368, 11368, 13168, 14168 


It will be seen that 10368 leads the others on this account also. 

3 Incidence angle for minimum drag-lift ratio. Fig. 22 compares 
the four profiles from the viewpoint of stability of incidence angle 
for minimum drag-lift ratio. The sequence based on this cri- 
terion is: 

14168, 10368, 11368, 13168 


In this respect, however, none of them equal profiles already 
established by us. 


| TWA 11368 


TWA 1368. 
TWA 13168 — 


Fig. 22 Variation with cavitation coefficient k,.. of incidence angle a.. 
for minimum drag-lift ratio 


4 Some Considerations on Results Obtained 


The criteria chosen on a past occasion [7] for comparing the 
performance of cascade profiles are as follows: 


(i) Cue should be small for a wide range of incidence angle: To 
this end it would be suggested that sudden changes in the pressure 
gradient should be avoided, that is, the pressure distribution curve 
should be free of sharp bends. 

(ii) Cue should be small also at low speeds, to which end it 
should help to avoid occurrence of turbulent separation, which in 
turn should be helped by joining z; to the profile tail by a straight 
line in prescribing the pressure configuration. 

(iii) To make C,.. as small as possible at C,.. = 0.6 (designed 
value): One expedient to this end is to flatten the slope of the 
stretch z; to xz: on the back (negative pressure) side in order to 
minimize the acceleration of flow in the boundary layer. 

(iv) To retard cavitation inception: It should contribute to 
this end to make the trough of the back side pressure curve as 
shallow as possible (minimizing the absolute value of pmin in 
Table 3). 


We will examine whether and how the T.N.A. 10368, judged to 
be the best among the four profiles, fulfilled the foregoing criteria 
in reference to the pressure configuration prescribed in designing 
the profiles. 

Criterion 1: Fulfilled; but not by following the principle sug- 
gested for realizing this aim, since the pressure configuration of 
this profile contains a bend sharper than the other three (at the 
point z = 5 per cent on the back side). 

Criterion 2: Fulfilled very satisfactorily; and by utilizing the 
suggested principle. 

Criterion 3: Also fulfilled; the pressure slope is quite small 
though exceeding that of T.N.A. 11368. 

Criterion 4: More or less fulfilled, but the negative pressure is 
the lowest of the four, and the result has therefore not been ob- 
tained by the suggested means. In this last connection, it may be 
surmised that incipient cavitation does not invariably set in as 
soon as the flow is subjected to negative pressure if this is only for 
a very short period of time. Further consideration of this matter 
should, however, await verification by measurement of the actual 
pressure configuration. 

In general it has been seen that the suggested measures for 
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meeting the criteria do not by themselves alone necessarily bring 
about the objectives aimed at. Factors influencing the desired 
effects are not simple, and causes not accounted for must be at 
play. To conclude, much further study is necessary before the 
relation between the pressure configuration and cavitation per- 
formance (and profile performance in general) can be determined. 


5 Comparison Between Cascade Profile Obtained and Profile 
Already Established 


In order to compare the cavitation performance of cascade 
profiles with the profiles already well established, the Clark Y and 
Ogival profiles of both 8 per cent thickness ratio were chosen, and 
tests on the profiles with test specimens of identical dimension 
(100 mm chord and breadth), and with identical cascade condi- 
tion (0; = 27.92 deg, t/l = 1.0). 

(1) Performance. Performance curves are compared in Figs. 23 
to 25, main numerical data of which are given in Table 6. The 


of de profile T.N.A. 10368 
with those of already established profiles Clark Y.8 per cent and Ogival 
8 per cent (ky. = 3.0 ~ 1.8, ku. = 1.4) 


we 


Cum 


Fig.24 Comparison of polar diagrams of cascade profile T.N.A. 10368 
with those of already established profiles Clark Y.8 per cent and Ogival 
8 per cent (k,.. = 1.0 and 0.8) 
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Fig. 25 Comparison of polar diagrams of cascade profile 
with those of already established profiles Clark Y.8 per cent and Ogival 
8 per cent (kz. = 0.6, 0.4, and 0.3) 


curves for T.N.A. 11368, 13168, and 14168 were omitted to avoid 
overcrowding of the figures. The chosen cascade profile T.N.A. 
10368 together with the two profiles contrasts as follows according 
to cavitation coefficient and lift exerted: 


kaw = 1A ~ 3.0 


Cos > 0.6 10368 Clark Y.8 Ogival 8 
Cow < 0.5 Clark Y.8 10368 Ogival 8 
kaw = 1.0 
Coo > 1.0 10368 Ogival 8 Clark Y.8 
10> Coo > 0.6 10368 Clark Y.8 Ogival 8 
Caw <0.5 Clark Y.8 10368 Ogival 8 
kino = 0.8 
Cow > 0.6 10368 Clark Y.8 Ogival 8 
Cow <0.5 Clark Y.8 10368 Ogival 8 
kaw = 0.6 
Cow > VA 10368 Clark Y.8 Ogival 8 
Cow < 0.35 Clark Y.8 10368 Ogival 8 
kin = OA 
Cow > 04 10368 Clark Y.8 Ogival 8 
Cow < 0.35 Clark Y.8 10368 Ogival 8 
kaw = 0.3 Clark Y.8 10368 Ogival 8 


It is seen from this that when C,.. > 0.6 the sequence of su- 
periority is 10368 — Clark Y.8 — Ogival 8 while for C... < 0.5 the 
sequence changes to Clark Y.8 — 10368 — Ogival 8. 

(2) Mode of Cavitation Occurrence. This is given in Fig. 26. It 


is seen that the profile T.N.A. 10368 is less prone to cavitation 
than the protiles Clark Y and Ogival. 

(3) Incidence Angle for Minimum Drag-Lift Ratio. Stability of a. 
with changing kz. is better with the Clark Y.8 than with the 
T.N.A. 10368. 


Table 6 Comparative data regarding performance between cascade 
profile and profiles already established 


Prov //e | Ae 
Clark 200% 00238 -23° 
| TWA | "10095 1-195" 
Clark V8 gs | 40210 | -1,77° 
10368 \ 20100 00200 -1,4° 
| 00197 - 1.32" 
7WA 10366.\ “gone 
ClarkY8 | | | | -053° 
TNA 10368 °° | -01° 


(1) In the search for a profile outline particularly adapted to 
incorporation in accelerating cascades, four forms of cascade 
profiles were designed on the basis of the method devised by the 
author, and cavitation performance was determined by experi- 
ment. 

(2) In the design, account was taken of experience gained by 
the author in the past on such work. 

(3) The tests resulted in profiles based on the type 3 pressure 
configuration issuing with the best performance with regard to (i) 
late inception of cavitation in zone LII (the case of low per- 
formance), and (ii) low drag at the designed lift coefficient. 

(4) Though it may yet be premature to judge that the fore- 
going evidence already disproves the previous assumption that 
type 1 profiles should be the best adapted to accelerating cascade 
(based on the fact that the type 3 proved best for decelerating 
profiles), the author believes that the foregoing report should 
provide some guidance in the search for cascade profiles yielding 
superior performance. 

(5) It was proved that the present cascade profiles offer per- 
formance superior to already established profiles. In this respect, 
it may be said that the aim of this research was partly ac- 
complished. 


“de 


Fig. 26 Comparison of cascade profile and already established profile 
with respect to mode of cavitation occurrence 
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Fig. 27 Variation with cavitation coefficient kz. of incidence angle a... for minimum drag-lift ratio 
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On the Mechanism of Cavitation Damage by 
Nonhemispherical Cavities Collapsing in 
Contact With a Solid Boundary 


A perfect fluid theory, which neglects the effect of gravity, and which assumes that the 
pressure inside a cavitation bubble remains constant during the collapse process, is given 
for the case of a nonhemispherical, but axially symmetric cavity which collapses in con- 
tact with a solid boundary. The theory suggests the possibility that such a cavity may 
deform to the extent that its wall strikes the solid boundary before minimum cavity volume 
is reached High-speed motion pictures of cavities generated by spark methods are 
used to test the theory experimentally. Agreement between theory and experiment is 
good for the range of experimental cavities considered, and the phenomenon of the cavity 
wall striking the solid boundary does indeed occur. Studies of damage by cavities of 
this type on soft aluminum samples reveals that pressures caused by the cavity wall 
striking the bounda y are higher than those resulting from a compression of gases inside 
the cavity, and are responsible for the damage. 


CHARL F. NAUDE 
Research Engineer. 


ALBERT T. ELLIS 
Associate Professor of Applied Mechanics. 


California Institute of Technology, 
Pasadena, Calif. 


Introduction 


NTIL the present, most of the theoretical efforts to 
explain damage by cavitation were spent in attempts to under- 
stand the collapse process of spherical cavities in an infinite 
liquid. This problem is complicated because effects of compressi- 
bility, surface tension, and viscosity play an important role. 
Furthermore, the behavior of the gaseous substances inside the 
cavity, and especially the nonequilibrium behavior of the in- 
cluded vapor under high rates of compression are not known. 

It has been realized for some time that the spherical shape of a 
collapsing cavity is unstable in the sense that a finite initial per- 
turbation of the spherical shape will grow very large as the cavity SOLID PLANE 
collapses. This instability is demonstrated elegantly in a publica- sc aadait BOUNDARY 
tion by Plesset and Mitchell [{1].? Fig. 1 The spherical co-ordinate system 

In view of the asymmetric perturbing influences which act on 
a cavity collapsing close to, or in contact with, a solid boundary, 
it appears reasonable to expect that cavities which do not remain 
spherically symmetric during collapse could play an important 
role in cavitation damage. Eisenberg [2] recognized the possibil- 
ity in 1950 when he speculated that jets formed during the un- 
symmetrical collapse of cavitation bubbles could be responsible 
for the damage. Kornfeld and Suvorov [3] also suggested this 
mechanism of damage in a 1944 publication. 

The object of the present study is to investigate the collapse 


Theory 


Consider a cavity which is symmetric about a line normal to a 
solid plane boundary. A spherical co-ordinate system as shown 
in Fig 1 is chosen for the formulation of the problem. 


(6,1) 


The following assumptions will be used: 
The liquid is incompressible. 
The pressure inside the cavity is constant. 
The effect of viscosity is negligible. 
Surface tension and adhesion are negligible. 
The effect of gravity is negligible. 


A brief discussion of the validity of the assumptions follows at the 
end of the theoretical work. 


process of, and the mechanism of damage by, cavities in contact 
with a solid boundary which collapse nonhemispherically mainly 
as a result of initial perturbations of the hemispherical shape. It 
is hoped that such a study may be the first step in understanding 
the mechanism of damage by cavities which collapse nonhemi- 
spherically as a result of other effects. 


' Condensed from a 1960 California Institute of Technology PhD 
thesis by C. F. Naudé. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Cavitation Subcommittee of the Hydraulic 
Division of Tae American Society or Mecuanicat ENGINEERS and 
presented at the ASME-EIC Hydraulic Conference, Montreal, 
Canada, May 7-10, 1961. Manuscript received at ASME Head- 
quarters, January 30, 1961. Paper No. 61—Hyd-8. 
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With the assumptions listed above the problem is reduced to 
solving the differential equation 


0,1) = 0 (1) 


where ® is a scalar potential function such that V@ = gq, the 


velocity vector. 
satisfied: 


The following boundary conditions must be 
(2) 


(3) 


ob 5 Po — Pe 
p 
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where p.. and p, are the constant pressures at infinity and in the 
cavity, respectively, and p is the liquid density. 


ab _ 1 ob ak] _ aR 
or r? 06 20 ot 
where ¢ is the time. ‘A solution to Equation (1) which satisfies 
Equations (2) and (3) is 


n=1 


where P:,(cos 8) are Legendre polynomials, and @) and are 
time-dependent coefficients in the expansion. One is thus led to 
express 


= + Rest) Paa(cos 0) 


n=1 


where R, and &;, are time-dependent coefficients in the expansion. 
The procedure for solution is then to substitute Equations (6) 
and (7) into Equations (4) and (5), thus obtaining the differential 
equations that must be satisfied by @o, dan, Ro, and Ren. These 
differential equations are then solved with the initial conditions. 


0) = + >> 8) (8) 


n=l 


dR 
= 6, 0) = (0) Px(cos 8). (9) 
n=1 


The quantities Ro(0), Re»(0), and (0) are specified. Time 


t = Ois chosen such that dR)/dt = 0. 

In view of the nonlinearity of Equations (4) and (5), an at- 
tempt is made to obtain a perturbation solution for restricted 
values of the quantities den and Ron. 

First Perturbation Procedure. Assume that the sums on the right- 
hand sides of Equations (6) and (7) are small compared to @/r 
and Ro, respectively, so that all interactions between terms in 
these sums may be neglected. Substituting Equations (6) and (7) 
into Equations (4) and (5), and using the orthogonality of Le- 
gendre polynomials, one finds 

2. 


Pe 
- Ro RoX0) — re» | (10) 


(11) 


The time at which Ry becomes zero is given by 


0.915Ro(0) 


Sle 


The P(cos 8) component of the bubble thus still satisfies the 
Rayleigh theory. 


0 3 
With the substitutions ew 


0 


(12) 


the following equation is obtained for the Ren: 


n d n 
a- + ) - (2n — = 0. 


(13) 
Equation (13) is of hypergeometric form [4], with 
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a(n) = (-1 + i(48n 25)'/*) 


1 
b(n) = sg (7! — i(48n — 25)'/*) 


and the general solution can be written in the form [4] 


A 42, 3; 1 i 
Yon ont a,a 3’ 2’ z 


+ Bz~(1 — (-» + + 


A anYon, + BanYany (15) 


where the hypergeometric function F is given by 


F(a, B; ¥; 
(a, 8; 2) = 


and (16) 


(a)m = T'(a + m)/T(a). 


The constants A:, and B;, are readily determined from the initial 
conditions 


A a = 1 


Be, = 0.892 — 


(17) 


The solutions yen, and ys, are shown in Figs. 2 and 3, respec- 


2.0 


10 


4. 

| 
09 O08 06 OS O04 O03 O2 O11 


Fig. 2 The first solution to Equation (13), yon,, as a function of Ry/R)(0) 


10 O6 OS O04 O3 O2 


R/R 


Fig. 3 The second solution to Equation (13), yon, as a function of 
R,/Ro(0) 
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tively, as functions of Ro/R,(0). 
the same as the one obtained by Plesset and Mitchell [1]. In 
the present case, odd Legendre polynomials have been eliminated 
because of the boundary. Both yen, and yon, exhibit an interesting 
characteristic, namely, that they oscillate with increasing ampli- 
tude and frequency as Ry approaches zero. Physically this im- 


The solutions given here are 


plies that a finite initial perturbation, )) RexP2a, of the hemi- 
n=1 

spherical shape could grow so large that the cavity wall could 
strike the solid boundary before Ry) becomes zero. Because of 
the large perturbation quantities that are involved at this stage 
of collapse it is not possible to apply the simple theory that has 
been presented. As far as damage by cavitation is concerned, the 
suggestions offered by this theory are interesting enough to 
stimulate further investigation. 

Second Perturbation Procedure. Consider a somewhat more 
physically realistic cavity for which Ry > R: > Ry > Re, and Ran 
is negligibly small for n > 4 in Equation (7). The most sig- 
nificant interactions between terms in the sums of Equations 
(6) and (7) will be retained in this analysis in an attempt to 
obtain a better description of the behavior of the cavity when 
perturbations of the hemispherical shape become fairly large. 

One then finds that Ry and @» will satisfy Equations (10) and 


2 
(11) within terms of order [ 4 . 


RO) 
= Yo’ now satisfies 
+ (4 r) (2n — 1)yen’ = Fea(z) 
forn = 1,2, and 3. (18) 
Fi =0+0 (19) 
+ 4742 — y2’— 6392 — 1)z? 


1 Ee 


dy.’ dy,’ 
+ — 1)z ys! + 63K 2 — = 


d 
— 4228) yo’? — 17328(2 — = 


\? R0) 
i. (2 
1+ 
The only difference between Equations (13) and (18) is that (18) 
contains a forcing function F2,. One may thus write 


+ 19395(2 — ( 


Yan’ = Yont+Yanp (22) 


where Yay is a particular integral of Equation (18). The par- 
ticular integral can be found readily by variation of parameters 
[5] 
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1 
cap = — Ue dx \dxr 
(23) 


where tz, is a solution to the homogeneous Equation (13). The 
lower limits of the integrals have been chosen in such a way that 
Yonp and dYy2,,/dt vanish initially, so that Equations (17) are still 
valid. The singularities of the integrals at x = 1 are integrable, 
and the singularities at the zeros of ve can be shown to be re- 
movable. 


Because F; = 0, y2’ can be written in the form 


Yo" = Y2, + Bowe, (24) 
The function F, can then be expressed 
R2*(0) 
=| | 4, 25 
F, | [ 4 + B.F,, 2 4s] ( ) 
so that 
R(0) 
[Yapr + + (26) 
where 
— da | dr. 
(27) 


In Fig. 4 y%,,, with ¢ = 1, 2, and 3, are shown as functions of 
R,/R(0). Fig. 5 is a magnification of the portions of these func- 
tions for which Ry/Ro(0) > 0.4. 

In Fig. 6, theoretical cavity shapes at different values of 
R,/R (0) are demonstrated. The initial conditions for this cavity 
are the same as for the experimental cavity demonstrated in Fig. 
18, and can be specified by Ro(0) = 0.225 in., RO) = 0.065 in., 
RO) = —0.0127 in., B, = —0.83, By = —5.45, T = 524ys. 
The jet which enters the cavity and strikes the solid boundary is 
evident. The fact that the radius of curvature of the jet becomes 
zero at the time of impact is not physically realistic, and is 
probably the result of a breakdown of the perturbation procedure 
plus the fact that surface tension has been omitted from the 
theory. 


10 8 6 é 2 
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Fig. 4 The three components of the particular integral of Equation (18) 
withh = 2 
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Fig. 5 The three components of the particular integral of Equation (18) 
with n = 2 for Ro/R)(0) 0.4 


The Validity of the Assumptions 

1 An estimate of the error introduced by neglecting com- 
pressibility can be obtained from the work of Gilmore [6]. For 
a cavity collapsing in water under a constant pressure difference 
of 1 atm, the error in cavity radius reaches about 10 per cent when 
= 0.1. 

2 For a vaporous cavity the assumption of constant cavity 
pressure will become poor when the cavity wall velocity becomes 
comparable to the velocity of the vapor molecules at the tem- 
perature inside the cavity. Assuming isothermal collapse, which 
is probably pessimistic, the assumption will become poor for a 
cavity in water when the wall velocity reaches 2000 ft/sec. With 
a pressure difference of 1 atm, this corresponds to Ry/Ro(0) 
= 0.05. 

3 A rough estimate of the effect of viscosity can be obtained 
by using the two-dimensional boundary-layer theory for a sud- 
denly accelerated plane wall. The boundary-layer thickness 6 is 
given by [7] 6 = 4 Vv vt where v is the viscosity and ¢ is the time 
after the motion began. Replacing ¢t with T from Equation (12) 
one finds that for cavities with R,(0) > 0.1 in. in water, the 
boundary-layer thickness will reach at most 20 per cent of Ro 
when R)/R)(0) becomes 0.15, provided the pressure difference is 1 
atm. The effect becomes much smaller as Ro(0) is increased. 

4 A comparison of surface tension forces with inertia forces 
shows that, for bubbles collapsing in water, under 1 atm pressure 
difference, radii of curvature of the order of 10~* ft have to occur 
at Ro/R(0) = 0.05 before these forces become comparable. 

5 A rough calculation based on the work of Cole [8] shows 
that the effect of the solid boundary greatly supersedes the effect 
of gravity for cavities of the type considered here. 


Experimental Results 


Because the convergence of the perturbation theory which was 
presented could not be proved, and because perturbation quan- 
tities become very large during the final stages of collapse, it 
seemed necessary to perform some experiments to cast more light 
on the subject. 

A series of motion pictures of cavities generated by spark 
methods were taken with the Ellis Kerr cell camera [9]. The 
magnitude of the perturbation of the hemispherical shape was 
varied by simply changing the distance of the spark gap from the 
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Fig. 6 Theoretical cavity shapes for different values of R)/R)(0) 


solid boundary. Since indented portions of the cavity wall could 
not be photographed, an indirect means of observing the jet enter- 
ing the cavity had to be found. Use of a photoelastic solid 
boundary proved to be the most successful method. 

In Fig. 7 a typical motion-picture record of a cavity collapsing 
on a CR-39 photoelastic boundary is presented. Frames below 
one another in vertical columns are consecutive, and columns 
follow one another from left to right. Ry, Re, Ry, and R, as func- 
tions of time were found from a Legendre analysis of the motion 
pictures. 2) reached its maximum of 0.244 in. in frame 9 of the 
first column. At this time, RO) and RO) were 0.113 and 
— 0.0334 in., respectively. B, and B, had the values —0.57 and 
—2.4. The time for complete collapse 7 was approximately 
570 ws. The small disturbance which originates near the center 
of the cavity base in frame 12 of column 5 is believed to be the 
result of the impinging jet. 

The large disturbance in frame 9 of column 6 probably cor- 
responds to the compression of gases in the cavity, because after- 
ward the cavity volume increases again. 

In Figs. 8, 9, and 10 experimental points of Ro/Ro(0) as a func- 
tion of time, and R./R.(0) and R,/R,0) as functions of Ro/Ro(0) 
are compared with the theory. Dotted vertical lines in these 
figures indicate when the cavity became indented. Points to the 
right of the dotted lines depend on an estimate of the shape of the 
indented portion which was greatly aided by a knowledge of when 
the jet struck the solid boundary. The dotted curve in Fig. 10 
shows the results of the first perturbation procedure, while the 
solid curve was calculated by means of the second perturbation 
method. Agreement between theory and experiment for this par- 
ticular cavity was better than average. Considering the scatter 
of the experimental data, agreement was good in the range of 
cavities which were considered. 

In Figs. 11 and 12 an attempt was made to obtain a simul- 
taneous comparison of R,/R(0) for ten different cavities with the 
theory. Such a comparison is necessarily based on an apportion- 
ing of the difference between theory and experiment to the ye, 
and ys, parts of R:/R.(0). The method of apportioning that was 
used is as follows: 

Suppose that at R,/R,(0) = w, an experimental value of R:/ 
R(0) was found to be yx. The difference € between theory and 
experiment at this point is then 


€ = — Yow) = + Boyo(w) — Yoe(w). 


One may then write 


Yo(w) = ES —€ 


| 
y2,(@) | + | 


| | ] 
B + 


= Yre(W) + 


The “experimental” points of t/2¢, and yz, are then compared with 
the theory. 
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Fig. 8 R)/R(O) as a function of t/T for the cavity in Fig. 7 
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Fig. 9 R/R(O) as a function of R,/R,(O) for the cavity in Fig. 7 
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Fig. 10 R./R,(0) as a function of R,/R)(O) for the cavity in Fig. 7 


Despite the evident weakness of the method of apportioning, 
Figs. 11 and 12 give a good indication of the scatter involved in 
the experimental results. The experimental points seem to be 
well grouped around the theoretical curves. 

A similar representation of experimental results for R,/R,(0) 
was not attempted, because y, is a linear combination of five dif- 
ferent functions of Ry/R,(0). 

Experimental data for R,/R (0) were very erratic because the 
magnitude of yg was of the same order as errors in the measure- 
ments. These results are not presented. 

Although the photoelastic fringes (isochromatics) were of 
great value in determining the time at which a jet struck the solid 
boundary, it was not possible to derive quantitative information 
regarding the pressures which occurred from the fringe patterns 
because the area over which the pressure acted and the pressure 
distribution were unknown. Some quantitative information 
regarding the magnitude of the compression pulse could be ob- 
tained with the use of a quartz crystal pressure pickup. 

The pickup is shown schematically in Fig. 13. The crystal Q 
is glued into the end of an aluminum bar which is made up of 
tubes C,, C2, C;, and the rod C,. All these elements are electrically 
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Fig. 12 A comparison of experimental points for y.., with the theoretical 


curve 


insulated from one another, and thus form connections to four 
different areas on the back of the crystal. The insulation of C,, 
C:, C3, and C, was achieved by anodizing them before they were 
glued together. The aluminum plate P forms the connection to 
the front of the crystal. Troubles from reflections were minimized 
by lead bar L which was glued to the other end of the unit. 
Electrical connections to C:, C;, and C, are obtained with wires 
through size 80 holes drilled down the center of 0-80 nylon screws 
S2, S;, and S, An 0-80 brass screw S; forms the connection to C;. 
In Fig. 14 the output obtained from C, (upper trace) and C, 
(lower trace) with C, and C; grounded is shown when a '/j¢ in. 
ball bearing is dropped through 2 in. on the center of the crystal. 
The vertical scale is 0.005 volts per div while the horizontal scale 
is 10us per div. A 25 megacycle X-cut quartz crystal was used 
in obtaining these curves. The pickup was originally constructed 
for purposes of measuring the impact of the jet on the boundary. 
For this purpose it was a complete failure, because even the */i¢ 
in. diam center area was much larger than the jet, and also because 
of poor high-frequency response. It did, however, provide a 
means of measuring the pressure of the gases in the cavity, be- 
cause the minimum base diameter of the cavities were larger than 
1/,,in., and the frequencies involved were not as high. 
Experimental measurements of pressures resulting from a com- 
pression of gases in the cavity at different spark gap distances from 
the solid boundary are shown in Fig. 15. The spark energy was 
kept constant during these observations and spherical cavities 
which were produced had a maximum radius of approximately 
0.16 in. Fig. 16 shows a picture of the cavity corresponding to 
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Fig. 13. The quartz crystal pickup 
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Fig. 14 The response of the quartz crystal unit to a '/\; in. ball bearing 
dropped on the center of the crystal 


point A of Fig. 15 at maximum Ro, and a few frames at the time 
of the compression pulse. Fig. 17 shows the same frames for the 
cavity corresponding to point B in Fig. 15. 

It is seen that pressures on the boundary resulting from a com- 
pression of gases inside the cavity for cavities in contact with the 
boundary decrease rapidly as the perturbation of the hemispheri- 
cal shape is increased. This is probably because the collapse 
process becomes less spherically symmetric. The pressure starts 
rising again when the distance of the spark gap from the boundary 
becomes large enough so that the cavities collapse away from the 
boundary, and the collapse becomes more spherically symmetric. 
A maximum is reached when the gain in pressure due to more 
spherically symmetric collapse is canceled by the inverse square 
dropoff with increasing distance from the boundary and after- 
ward pressures on the boundary diminish gradually. It is of in- 
terest to note that shock-wave pressures on the boundary can be 
higher than pressures resulting from a compression of gases of 
cavities which collapse on the boundary. These shock-wave pres- 
sures are, however, quite low for the spark bubbles which were 
considered here, and although such pressures could increase 


654 


DECEMBER 


1961 


3000 

a | 

| 

z 

3 2000 - 

z | 

: 

1000 4 

w 


2 4 6 8 £86 13 £0 
SPARK GAP DISTANCE FROM BOUNDARY (IN.) 


Fig. 15 Pressures on the solid boundary arising from a compression of 


Fig. 17 The cavity corresponding to point B in Fig. 15 


MINIMUM VOLUME 
Fig. 18 A cavity used in the damage studies 


greatly if cavities contained less permanent gas, it seems unlikely 
that shock waves will play an important role in cavitation 
damage. 

The only information regarding the impact of the jet on the 
solid boundary was obtained from a study of the damage by cavi- 
ties of this nature on aluminum samples. Fig. 18 shows a typical 
cavity used in the damage studies at R,/R,(0) values of approxi- 
mately 1.0, 0.8, 0.6, and 0.46, and close to minimum volume. The 
pit produced by this cavity in an annealed and chemically 
polished high purity aluminum sample is shown in Fig. 19. The 
seale in Fig. 18 is 0.004 in. per div, and the minimum base 
diameter of the cavity in Fig. 19 is 0.179 in. The pit diameter 
is thus only '/;, of the minimum cavity base diameter, so that the 
possibility that the pit could have been caused by a compression 
of the gases in the cavity can be ruled out, and the impact of the 
jet must have been responsible. 

Damage studies of this nature yielded some information that 
cannot easily be explained in terms of the predicted mechanism. 
Cavities with somewhat larger initial perturbations of the hemi- 
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spherical shape than the one shown in Fig. 18 failed to cause visi- 
ble damage of the soft aluminum samples. For these cavities the 
estimated impact velocities of the jet were higher than the 300 
ft/sec which was estimated for the cavity in Fig. 18. Another 
parameter thus appears to be playing a role as far as the d»mage 
is concerned. It was speculated that this parameter could be 
the radius of curvature of the tip of the jet. 

A reduction of the initial perturbations of the hemispherical 
shape to values smaller than those of Fig. 18 drastically increased 
the damage potential of the cavities. A single cavity with R)(0) 
= 0.232 in., RAO) = 0.012 in., RO) = 0.0114 in., B, = —3.25, 
B, = 2.00, and T = 524s could produce a pit in an aluminum, 
alloy with a yield strength of 50,000 psi. No experimental ex- 
planation for this increase in the impact pressure could be found 
because the detailed behavior of the indented portions of the 
cavity wall could not be observed. The theory suggests a possible 
explanation which will be discussed briefly. The theoretical 
curves of R./R.(0) and R,/R,0) for this cavity are demonstrated 
in Figs. 20 and 21. The distance D of the tip of the jet from the 
solid boundary is shown in Fig. 22 as a function of Ry/R,(0). 
The dotted line in this figure corresponds to the cavity of Fig. 18. 

It is thus seen that in the present situation, the jet which enters 


Fig. 19 The pit produced in high purity aluminum by the cavity in Fig. 18 
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Fig. 20 R./R2(O) as a function of R,/R)(0) for the second cavity discussed 
under the damage studies 
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the cavity performs one complete oscillation before it strikes the 
boundary, while the jet entering the cavity in Fig. 18 continues 
its motion toward the boundary until the impact occurs. This 
oscillatory behavior could be the reason for the increased damage 
potential that was observed, because the impact velocity is 
greatly increased. The theoretical impact velocity in this case 
is 3350 ft/sec as compared to a mere 300 ft/sec for the cavity in 
Fig. 18. 


Conclusions 


1 Experimental results on the shape of cavities collapsing in 
contact with a boundary confirmed the theory derived by means 
of the second perturbation procedure. 

2 Jets which enter cavities and damage the solid boundary 
through direct impact were observed experimentally. The 
occurrence of these jets is in agreement with suggestions of the 
theory. 

3 The theory provided a partial explanation of the increase in 
damage potential of cavities when initial perturbations of the 
hemispherical shape were reduced. In addition to the impact 
velocity of the jet, another parameter, possibly the radius of the 
tip of the jet, seemed to influence the damage. 

4 Shock wave pressures due to cavities of 0.16 in. radius col- 
lapsing away from the solid boundary under 1 atm pressure dif- 
ference were measured. These pressures had a maximum of 
about 1300 psi, and even though spark bubbles may contain more 
permanent gas than actual cavitation bubbles, it appears un- 
likely that cavities collapsing away from a boundary play an im- 
portant role in cavitation damage. 
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Fig. 21 R,/R(O) as a function of R,/R(O) for the 
under the damage studies 


d cavity di 


1.0 6 4 .2 


Fig. 22 The reduced distance D/R)(O) of the tip of the jet from the solid 
boundary for the two cavities discussed under the damage studies 
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A Preliminary Study of Turbulence 
or Characteristics of Flow Along a Corner 


Professor, School of Mechanical In the turbulent flow of a fluid along a corner, secondary flows occur which have a 
Engineering, Purdue University, marked influence on the velocity distributions in planes normal to the mean flow direc- 
Lafayette, Ind. Mem. ASME tion. Al! published explanations of the cause of these secondary flows deal with the 
turbulent structure of the flow. In this paper, measurements of isotach patterns and 
directional turbulence intensities in the corner of a rectangular channel with zero pres- 
sure gradient and a range of free-stream turbulence intensity of 0.8 to 2.3 per cent are 
reported. (An tsotach is a constant velocity line in a plane normal to the mean flow 
direction.) Within the range of variables investigated, the following conclusions are 
drawn: (a) Isotach patterns are essentially independent of free-stream turbulence in- 
tensity; (b) at any point the ratio of turbulence components in orthogonal directions in 
a plane normal to the mean flow direction is a maximum for directions tangent and 
normal to the isotach at that point; (c) the ratio w’/v', where w' and v' are turbulence 
components, respectively, tangent and normal to the isotach at any point, is always 
greater than unity; and (d) in the vicinity of the bisector of the corner angle the ratio 
w’/v’ increases with increasing isotach curvature. 


Introduction 


N THE laminar flow of a fluid along a corner, the 
velocity distribution in any cross section normal to the mean flow 
direction is such that isotachs (lines of constant velocity in a plane 
normal to the mean flow direction) are shaped as shown by the 
one labeled “laminar” in Fig. 1. In turbulent flow along a corner, 
however, secondary flows occur which cause the isotach configura- 
tion to be as shown by the isotach marked “turbulent’’ in Fig. 1. 
The existence of secondary flows as the cause of such distorted 
velocity distributions was suggested by Prandtl] and established 
by Nikuradse [1]! who made velocity measurements and visual 
observations of secondary flow in tubes of various cross-sectional 
shapes. For any internal corner, there is a secondary flow into 
the corner along the bisector of the corner angle and away 
from the corner along the side walls. The secondary flow is in 
the opposite direction for an external corner. In general, sec- 
ondary flow which occurs when isotachs are curved is directed 
from the concave toward the convex side of the isotachs. 

On the basis of Nikuradse’s data, Prandtl [2] offered an ex- 
planation of the cause of secondary flow of this type. He sug- 
gested that the turbulent mixing motions are stronger in the direc- 
tion tangent to the isotachs than in the direction normal to them, 


i.e., w’/v’ > 1, where w’ and v’ are the turbulence components, 
respectively, tangent and normal to an isotach at any point. If 
this is true, momentum exchange between a fluid control volume 
element in a region of isotach curvature and its surroundings 
causes a resultant force which is proportional to the isotach 
curvature and directed from the concave toward the convex side 
of the isotach. It is this force which causes the secondary flow. 

Subsequently, Howarth [3] used modified vorticity transport 
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1 Numbers in brackets designate References at end of paper. 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division of THe American Society oF Mecnanicat En- 
CINEERS and presented at the ASME-EIC Hydraulic Conference, 
Montreal, Canada, May 7-10, 1961. Manuscript received at ASME Fig. 1 Isotach configurations in a corner for laminar and for turbulent 
Headquarters, February 3, 1961. Paper No. 61—Hyd-4. flow. The plane of the diagram is normal to the mean flow direction. 


Nomenclature 


u'/U = free-stream turbulence 
intensity 


free-stream turbulence intensity 
at station A 


u’/U* = turbulence intensity 
behind 1-in. turbulence-gen- 
erating rods in the midplane 
z = 6in. 
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= static pressure 


static pressure at station A 


= dynamic pressure at station A 


velocity 
free-stream velocity 


= free-stream velocity at station A 
= velocity behind 1-in. turbulence- 


generating rods in the mid- 
plane z = 6 in. 


rms turbulence component in 
the mean flow direction 


rms turbulence component nor- 
mal to an isotach 


rms turbulence component tan- 
gent to an isotach 


rectangular co-ordinates 
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theory to show that secondary flow occurs if lines of constant 
mixing length do not coincide with lines of constant |grad u|, the 
secondary flow being caused by stresses which result from turbu- 
lent interchange of the vorticity of the mean flow. Howarth’s 
derivation is based on isotropy of turbulence in planes normal to 
the mean flow direction and therefore, as he points out, differs 
fundamentally from Prandtl’s explanation. 

More recently, Townsend [4], Einstein and Li [5], and Delleur 
and Mc Manus [6] have treated secondary flow explanations based 
on the equations of motion. Hoagland [7] has discussed these 
explanations and has measured secondary flows in rectangular 
ducts with fully developed velocity distributions. 

In all of this recent work, explanations of secondary flow are 
based on the behavior of certain turbulence terms in either the 
Reynolds equations or the axial vorticity equation, but no 
measurements of these terms in corner flow have been reported. 
Laufer [8] and Klebanoff [9] have determined directional charac- 
teristics of turbulent fluctuations in two-dimensional boundary 
layers. Similar measurements in corner flow are needed as a step 
toward the determination of the complete turbulence structure of 
such flows. 

The purpose of the experimental investigation reported here, 
which is part of a more extensive study of turbulent flows in 
corners, was (a) to determine the effect of free-stream turbulence 
intensity on isotach patterns and (b) to explore the directional 
turbulence characteristics of corner flow. In order to investigate 
the influence of free-stream turbulence intensity, it was necessary 
to make measurements in a developing boundary layer rather 
than in a fully developed flow. This also made it possible to 
maintain a zero pressure gradient in the flow direction. 


Experimental Apparatus 


A schematic diagram of the flow system and the location of the 
co-ordinate axes are shown in Fig. 2. The channel was 12 in. square 
at the inlet and rectangular in cross section downstream from the 
inlet because one wall was adjustable so that a zero pressure 
gradient along the channel could be established. Air was drawn 
into the channel from the room through a round-to-square transi- 
tional inlet. A honeycomb 6 in. deep with 1'/;-in-square flow 
passages was placed at the channel inlet. Immediately down- 
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stream of the honeycomb a 3/,-in. trip wire was placed on each 
wall of the channel, and these wires were followed by two 
screens. The reasons for this inlet configuration are discussed 
in the following. 

Static pressure taps, total head tube openings, and hot-wire 
probe openings were located along the channel at one-foot inter- 
vals measured from the trip wires. Their arrangement is shown in 
detail in section A-A of Fig. 2. The test station (station A) for 
measurement of isotach patterns and directional turbulence dis- 
tributions was located at z = 13.5 ft where a relatively thick 
boundary layer could be obtained. A traversing device which 
positioned a pitot tube and a hot-wire anemometer probe in the 
y and z-directions within +0.01 in. was mounted at this station. 

Velocity measurements for determination of boundary-layer 
growth along the channel were made with a cylindrical total head 
tube in conjunction with the wall static pressure tap at each 
location. At station A an L-head pitot tube positioned by the 
traversing mechanism was used to determine boundary-layer pro- 
files and isotach patterns. 

Measurements of u’ at the several stations along the channel 
were made with a single-wire probe. Further turbulence measure- 
ments were taken at station A with specially designed V and X- 
probes mounted on the traversing mechanism. The hot wires of 
the V and X-probes were tungsten, 0.00015 in. in diameter and 
0.060 in. long with an included angle of 90 deg between the wires. 
The hot-wire array of each of these probes was designed so that 
the probe could be rotated for measurements of the tangential 
and normal turbulence components at points along an isotach. 
The wire supports were made sufficiently long so that the effect 
on the flow of the hemispherical nose of the probe would be 
negligible. 

Flow Corporation Model HWB-2 hot-wire anemometer, Model 
HWI sum-difference unit, and Model TBM true rms voltmeter 
were used for turbulence measurements. A 7-ke low-pass filter 
was used in series with the amplifier output of the HWB-2 for all 
measurements. 


Experimental Work 


Before any measurements could be made, it was necessary to 
obtain a stable flow in the channel. With the inlet completely 
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open (i.e., no screens, straighteners, or boundary-layer tripping 
devices), large-scale velocity fluctuations and fluctuations of the 
rms turbulence readings made accurate measurements difficult. 
In addition, the boundary layer was not sufficiently thick at sta- 
tion A for convenient measurements. The addition of a honey- 
comb at the inlet reduced the large-scale velocity fluctuations con- 
siderably and thickened the boundary layer somewhat at station 
A. In accordance with the suggestions of Klebanoff and Diehl 
{10] and Preston [11], various transition devices were placed 
directly behind the honeycomb on all four walls of the channel to 
further thicken and stabilize the boundary layer at station A. 
A */,-in. trip wire was found to be most satisfactory for this 
purpose. A trip wire of this size resulted in a slightly distorted 
boundary-layer profile immediately downstream from the trip 
wire, but this distortion disappeared a short distance down- 
stream. The honeycomb and trip wire combination eliminated 
the large-scale velocity fluctuations, but the nature of the turbu- 
lence fluctuations still made accurate rms voltmeter readings 
difficult. It was then found that screens placed directly behind 
the trip wires stabilized the rms turbulence readings. The final 
screen configuration consisted of two screens, one placed directly 
behind the other, the first having a 3 X 3 (wires/in.) mesh and 
a solidity ratio (projected wire area/total area) of 0.34 and the 
second having an 18 X 14 mesh and a 0.29 solidity ratio. As in 
the selection of a transition device, the selection of the screen 
configuration was made after several trials. 

It was then necessary to find means for producing different 
levels of free-stream turbulence intensity at station A while 
maintaining a zero pressure gradient along the channel. It was 
desired that the means selected be such that the following con- 
ditions were met: 


(a) The pressure gradient along the channel, for a given 
positioning of the adjustable wall, should not be affected. 

(b) Boundary-layer profiles measured in the y and z-midplanes 
at station A should be undistorted. 

(c) The isotach patterns at station A should be symmetric 
about the y and z-midplanes. 


Several investigators have demonstrated that round rods 
placed upstream may be used to promote high turbulence in- 
tensities at a test section. Initially, four l-in. diameter vertical 
rods were placed upstream of the honeycomb, arranged sym- 
metrically about the vertical midplane of the honeycomb so that 
one rod was centered in the first flow passage from each vertical 
wall and another in the third flow passage from the wall. It was 
then found that the static pressure gradient along the channel 
was no longer zero and that the isotachs at station A were un- 
symmetric about the midplane z = 6 in. However, boundary- 
layer profiles measured at station A in the y and z-midplanes were 
undistorted and turbulence measurements showed the free-stream 
turbulence intensity to be sufficiently high for the purposes of the 
investigation. 

When the four rods were rearranged symmetrically about the 
vertical midplane of the honeycomb so that they were centered 
with respect to the first and third partitions from the wall, an 
even higher value of free-stream turbulence intensity was ob- 
tained at station A, but the pressure gradient along the channel 
was again affected by the presence of the rods. Also, the bound- 
ary-layer profiles at station A were distorted. Since both arrange- 
ments of vertical rods were unsatisfactory, several different rod 
arrangements were tried at the inlet. The final configuration 
was two vertical and two horizontal rods of the same diameter, 
symmetrically located as shown in Fig. 3. This configuration 
was used throughout the investigation. With rods of '/2, */,. and 
l-in. diameter at the inlet all of the conditions specified in the 
foregoing were met. The maximum variation along the channel 
of (p — p,4)/q4 was +0.01. In addition, boundary-layer profiles 
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measured in the y and z-midplanes at station A indicated that the 
addition of turbulence-generating rods at the inlet had essentially 
no effect on the profiles as originally formed with no rods at the 
inlet. 

The distribution of free-stream turbulence intensity (J = 
u’/U) along the channel was found by taking hot-wire measure- 
ments along the center-line axis of the channel at each station 
with no rods and then with rods of various diameters at the inlet. 
The results are shown in Fig. 4 for the cases of no rods and 1-in. 
rods at the inlet. For the latter case the increase in J with dis- 
tance between z = 3 ft and z = 8 ft is caused by the spreading of 
the wakes of the rods. This fact was established by taking fur- 
ther turbulence measurements in the midplane z = 6 in. but 
directly behind one of the 1-in. rods instead of along the channel 
center line. These measurements are shown in Fig. 4 as 7* values, 
where /* = u’/U* and U* is the mean velocity measured at each 
station behind one of the rods. Although the rod wakes had 
spread across the entire channel and lost their identities well 
upstream of station A, J, and J,* are not equal because the 
former is measured in the free stream and the latter in the 
boundary layer. 

Isotach patterns were determined by velocity measurements 
at station A for four different free-stream turbulence intensities. 
The reproducibiiity of isotach patterns was checked by taking 
velocity measurements at station A with rods of a given size at 
the inlet, removing them, and later replacing them and repeating 
the velocity measurements. At various points along selected 
isotachs the tangential turbulence component (w’) and the 
normal turbulence component (v’) were measured with the 
V-probe. To check the accuracy of v’ and w’ at each point, u’ 
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was determined from measurements with the hot-wire array in 
the u’v’-plane and in the u’w’-plane. If the two values vi u’ 
agreed within 2 per cent, the values of v’ and w’ were considered 
sufficiently accurate. Measurements of v’ and w’ were later taken 
with an X-probe at some of the same points where measurements 
with the V-probe had been made. 

Measurements of directional turbulence were taken at three 
points on the isotach u/U = 0.85 with no turbulence-generating 
rods at the inlet to determine whether the ratio of the tangential 
component to the normal component is a maximum in comparison 
to ratios for other mutually perpendicular directions at a point. 
Measurements were first taken with the plane of the V-array 
normal and then tangent to the isotach at a point. They were 
then taken with the plane of the V-array rotated +30 deg from 
the normal and then with the plane rotated 90 deg from each of 
these orientations. 

The free-stream velocity at station A was maintained at 45 fps 
throughout the experimental work. 


The results of the velocity and turbulence measurements at 
station A are shown in Figs. 5 and 7 for the case of no rods at the 
inlet and in Fig. 6 for 1-in. rods at the inlet. The data points for 
the isotachs are spaced about '/, in. apart along the isotachs; 
these points are omitted from the figures for clarity. In Figs. 5 
and 6 the solid dots and crosses along some of the isotachs are 
check points showing the reproducibility of the isotachs. In 
particular, the dots and crosses are check points obtained just 
prior to the V and X-probe turbulence measurements, respec- 
tively. The tangential and normal turbulence components at 
each point are given in terms of the ratio w’/v’. At each point 
the value of w’/v’ determined by X-probe measurements is 
shown in parentheses; the value of w’/v’ determined by V-probe 
measurements is shown unparenthesized. The discrepancy be- 
tween the two values at a given point is attributable to experi- 
mental error in the turbulence measurements and to slight 
variations in isotach location and curvature. 

Figs. 5 and 6 show verification of Prandtl’s hypothesis: w’/v’ > 
1, even when isotachs are curved. Laufer [8] and Klebanoff [9] 
have verified the hypothesis for two-dimensional flow along a 
plane wall. Figs. 5 and 6 further show that in the vicinity of the 
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Fig. 5 Turbulence ratio (w'/v’) distribution along an isotach at station 
A (la = 0.8 per cent) 
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bisector of the corner angle the ratio w’/v’ increases with increas- 
ing isotach curvature; however, this is not the case elsewhere in 
the flow field. The isotach patterns are essentially independent 
of the free-stream turbulence intensity at station A; that is, the 
location and shape of each isotach is essentially unchanged when 
the free-stream turbulence intensity is varied from 0.8 to 2.3 per 
cent and a zero pressure gradient is maintained. It should be re- 
marked, however, that work by Jones and Binder [12] has indi- 
cated that the isotach patterns of developing boundary layers in 
adverse pressure gradients may be influenced by the history of 
the turbulent structure of the flow. 

Fig. 7 indicates that the turbulence ratio for two perpendicular 
directions in the yz-plane is a maximum if these directions are 
tangent and normal to an isotach. In this figure, the value 
marked on each radial line passing through one of the three 
selected points on the isotach is the ratio of the turbulence com- 
ponent in a direction normal to that line to the turbulence 
component in the direction of the line. 
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Fig. 6 Turbulence ratio (w’/v’) distribution along an isotach at station 
A (la = 2.3 per cent) 
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Fig. 7 Ratios of orthogonal turbulence components for various orienta- 
tions at points along an isotach 
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Conclusions 


For zero pressure gradient and a range of free-stream turbu- 
lence intensity of 0.8 to 2.3 per cent at the test station, the 
following conclusions are drawn regarding incompressible flow 
in a corner of a rectangular channel: 


1 Isotach patterns are essentially independent of free-stream 
turbulence intensity. (This cannot be the case for all ranges 
of turbulence intensity because in laminar flow (J = 0) second- 
ary flows do not occur and the isotachs do not have the charac- 
teristic shape which is associated with secondary flows.) 

2 Prandtl’s hypothesis (w’/v’ > 1) is verified in regions of 
isotach curvature. 

3 The ratio w’/v’ increases with increasing isotach curvature 
in the vicinity of the bisector of the corner angle, but this is not 
the case elsewhere in the flow field. 

4 At any point the ratio of turbulence components in orthog- 
onal directions in a plane normal to the mean flow direction is a 
maximum for directions tangent and normal to the isotach at that 
point. 


The last conclusion indicates that the isotachs may form a 
natural co-ordinate system which is more promising for analysis 
than a co-ordinate system based on the channel boundaries. 
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DISCUSSION 
H. A. Einstein 


This very well prepared paper describes the empirical results 
of velocity measurements in a straight duct of rectangular cross 
section. The resulting lines of constant velocity are following 
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the boundary much closer near concave corners of the cross sec- 
tion in turbulent flow than in laminar flow. Following the intui- 
tive arguments of Prandtl this distortion is explained as a conse- 
quence of secondary currents which supposedly occur only in 
turbulent flows. 

It may be mentioned that no attempt was made to actually 
measure or observe the circulations or the vorticity in the flow. 
Even a qualitative observation proving the existence of the circu- 
lations would have been very valuable. 

A theoretical description of the turbulent flow in such a duct 
would probably use the vorticity form of the Navier-Stokes equa- 
tions. Einstein and Li [5] used these equations to show under 
which conditions vorticity in the direction of flow is spontaneously 
generated in a flow in which this component of vorticity is zero. 
This approach greatly reduces the number of terms in the equa- 
tion, but only indicates a trend, rather than permits the calcula- 
tion of an equilibrium flow. No method is known today for the 
theoretical derivation of such equilibrium flows including second- 
ary currents. 


A. W. Marris® 


It was a pleasure for this discusser to read this account of an 
extremely fundamental investigation very well prosecuted. 
The authors are to be congratulated. 

The unequivocal verification that the turbulent velocity com- 
ponent tangential to the isotach always exceeds the normal 
component verifies Prandtl’s hypothesis and provides a means 
whereby fluid in the plane perpendicular to the mean motion 
could be accelerated toward the corner. These experimental 
results are a fine commentary on Prandtl’s intuitive genius. 
The accuracy of these difficult measurements is likewise a fine 
commentary on the authors’ experimental ability. 

Consider the streamlines of the mean secondary flow shown 
schematically by the dotted curves of the authors’ Fig. 1. As 
the secondary flow is first created and accelerated these stream- 
lines would converge together, that is, would converge on the 
bisector of the corner angle. As the secondary flow approaches 
the corner these streamlines will diverge again due to presence of 
the walls. This is shown in the authors’ Fig.1. The acceleration 
and subsequent retarding of the secondary flow may be considered 
as taking place in an unlimited flow field. By considering the 
equation of turbulent energy production from the mean secondary 
flow, it may be shown that the initial acceleration produces a 
decrease in the turbulence energy while the slowing up of the 
secondary flow will be accompanied by an increase in the tur- 
bulent energy [13]. One would like to ask the authors if they 
noticed any change in the total turbulence energy along the 
bisector of the corner angle. 

The authors’ discovery that the ratio w’/v’ increases with 
isotach curvature in the region about the bisector of the corner 
angle but not elsewhere in the flow field may perhaps support the 
following idea concerning the distribution of turbulent energies 
corresponding to the turbulent velocity components along and 
perpendicular to the mean secondary flow streamlines 


(1) In the creation of the secondary flow and the initial 
convergence of the secondary flow streamlines, the turbulent 
intensity in the direction of the mean secondary flow is being 
increased while that in the cross-flow direction is being reduced. 

(2) In the subsequent divergence of the mean secondary 
flow streamlines, the turbulent intensity in the direction of the 
secondary flow is decreased while the cross-flow turbulent 
intensity is correspondingly increased. 


This phenomenon of the elongation of the turbulent stress 
ellipsoid in the direction of an accelerated mean flow, and the 
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corresponding flattening of the ellipsoid in the direction of a 
retarded flow, is met with in the problem of flow in a curved 
channel of large depth-to-width ratio. Fluid at the inner, 
convex-to-flow wall is accelerated and the turbulent intensity 
corresponding to the flow-wise direction greatly exceeds the 
cross-flow intensity. Near the outer or concave-to-flow wall 
where the flow is retarded the cross-flow turbulent intensity is 
large and the turbulence is more nearly isotropic [14]. 
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Authors’ Closure 


The authors would like to thank Professors Einstein and 
Marris for their discussions. 

No direct observations or measurements of the secondary 
currents were made in this investigation because the existence of 
these currents has been well established qualitatively [1, 12] and 
in the case of fully developed flow they have been measured by 
Hoagland [7]. Furthermore, for the purpose of verifying 
Prandti’s hypothesis, no such measurements were necessary, but 
it would indeed be enlightening to compare secondary flow 
strengths at different free-stream turbulence intensities. Cer- 
tainly further quantitative studies of turbulence structure in 
corner flow should involve complete measurements of the three- 
dimensional mean flow in conjunction with turbulence measure- 
ments. 

Along the bisector of the corner angle there was a large varia- 
tion in turbulence energy. Unfortunately, the causes of the 
variation cannot be isolated since the turbulence energy distri- 
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bution along the bisector is the result of combined convective 
and viscous effects as well as energy transferred from the mean and 
secondary flows through the turbulence shear stresses. Calcu- 
lations based on the results of Hoagland [7] and Klebanoff [9] 
indicate that the variation resulting from acceleration of the 
secondary flow component along the bisector is of the same order 
of magnitude as the total variation found along a line normal 
to the wall in a two-dimensional boundary layer. 

The suggestion of Professor Marris regarding the interaction 
between the mean flow accelerations and the variation in shape of 
the turbulent stress ellipsoid is interesting. It is based on the 
view that the directional characteristics of turbulence are es- 
tablished by the mean flow, including the secondary currents, 
whereas we have followed Prandil in regarding the secondary 
currents as results of the turbulence structure which accompanies 
curved isotachs. The acceleration of the fluid near the convex-to- 
flow wall of a curved channel (with either laminar or turbulent 
flow) follows from dynamic considerations of the mean flow only, 
and undoubtedly the turbulence structure is largely determined 
by this acceleration. In contrast, the secondary flow in a corner 
does not follow from dynamic considerations of the mean flow but 
appears to be the result of the turbulence structure which accom- 
panies curved isotachs, although the presence of the secondary 
flow must in turn influence the turbulence structure. 

Prof. J. W. Delleur has called to our attention the work 
done by Rodet [15]. Since in both Rodet’s investigation and the 
present one only five of the necessary six components of the tur- 
bulent stress tensor were measured, a full comparison of the re- 
sults of the two investigations cannot be made. 
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Nonsteady Supercritical Discharge Through 
an Orifice 


Previous studies of shock reflection from open-ended duct configurations indicate that 
a steady discharge is not instantaneously formed and that the effects of this lag may 
occasionally be important. A theory is available which satisfactorily describes the lag 
effects in subcritical flow, but its validity for supercritical flow has not previously been 
verified. Shock-tube experiments are therefore carried out to study the lag effects in 
supercritical flow from a sharp-edged orifice. The incident shock wave either modifies 
an initial supercritical discharge, or establishes such a discharge with the gas initially 
being at rest. Schlieren photographs show a violent transition of the flow downstream 
of the orifice that lasts several milliseconds. Pressure records taken inside the duct 
indicate a small, but distinct, pressure rise that also lasts for several milliseconds follow- 
ing the passage of the reflected shock wave. It is shown that this apparent agreement of 
the transition times is accidental. A method is described to evaluate the effect of bound- 
ary-layer growth on the pressure behind the reflected shock wave, and the results indicate 
that the entire observed pressure rise is accounted for by this effect. Consequently, flow 
adjustment in the orifice may be considered as instantaneous for all practical purposes. 


GEORGE RUDINGER 


Principal Physicist, Cornell Aeronautical 
Laboratory, Inc., Buffalo, N. Y. 


1 Introduction 


es a nonsteady discharge from a fully open or 
constricted exit of a duct, the pressure in the discharging jet is, 
in general, different from the pressure that would prevail in 
steady flow because the steady-flow boundary conditions cannot 
be instantaneously established. A theory to account fcr the 
effects of this lag has been derived some time ago [1, 2, 3],? and 
wave reflections computed on this basis are in good agreement 
with experimental observations. In a recent paper [4], this theory 
was used to evaluate the effects of the lag on nonsteady, sub- 
critical discharges. All these previous investigations show that 
the lag effects may occasionally become significant. They also 
indicate that these effects lose significance as the discharge rates 
are increased toward supercritical flow, but no experimental data 
were available to verify this prediction. A few experiments with 
supercritical discharges have, therefore, been carried out and are 
described in the following. 
In subcritical flow, the boundary condition is represented by 
the establishment of ambient pressure in the discharge. In super- 
critical flow, this condition no longer applies and is replaced by 
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Nomenclature 


the condition of sonic outflow; the pressure then may be higher 
than ambient. The rate at which the pressure can readjust itself 
to its steady-flow level, after being modified by incident pressure 
waves, depends on the time in which sound waves can travel 
across the exit section of the duct. This travel time becomes in- 
finite for sonic exit velocity [4]. Even if sonic velocity is reached 
only in a vena contracta, a short distance downstream from the 
exit section, it is seen that the adjustment time could be rather 
long. 

Experiments with nonsteady, supercritical flows are desirable 
also because another phenomenon then could conceivably assume 
importance. If outflow takes place through an orifice, the con- 
traction of the discharging jet depends not only on the configura- 
tion of the discharging element but also on the flow conditions 
[5]. Consequently, there must also be a continuous adjustment 
of the size of the vena contracta. For subcritical flow, it has been 
found [3] that this adjustment may be assumed to be instantane- 
ous, but in supercritical flow, this assumption need not hold be- 
cause changes of the jet configuration can be established only 
through pressure waves which may have to travel upstream 
against high flow velocities. 

Two different series of shock-tube experiments are described in 
Section 2. In the first, an initial, steady, supercritical flow 
through the orifice is established and then modified by an inci- 
dent shock wave. In the second series, the gas is initially at rest, 
and the entire flow is produced by the incident shock wave. 
Similar experiments with various discharge nozzles have been 
carried out by Feiler [6], but he investigated the effect of nozzle 
geometry on the resulting steady flow and not the transients that 
are of interest here. Observation of the flow is based on pressure 


= coefficient of discharge 
area-contraction ratio of orifice 
flow Mach number 
shock Mach number of incident 
shock wave 
shock Mach number of reflected 
shock wave 
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absolute pressure 

atmospheric pressure 

pressure in region behind re- 
flected shock 

pressure immediately behind re- 
flected shock 

ratio of po to stagnation pressure 


upstream of orifice (discharge 
pressure ratio) 


Subscripts 

Number and letter subscripts are used to 
denote variables in different flow regions 
as indicated in Figs. 1 and 9. 
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m Po = 
M ™ 
Ms, 
Pr = 
T= 


records, and the external flow adjustment in the first experiment 
is also followed by means of schlieren photography. 

If the flow adjustment in the orifice is practically instantaneous, 
the reflected wave should be a shock wave. Alternatively, any 
lag in the adjustment should result in a leading shock front 
followed by gradual pressure changes from which details of the 
flow adjustment may be deduced. All records, indeed, show a 
small, but distinct, pressure rise behind the leading shock front. 
This rise continues during the entire available testing time, that is, 
for several milliseconds. In view of such a long time, the possi- 
bility that a rise may also be caused by a temperature drift of the 
pressure transducer or by the growing boundary layer in the 
shock tube must not be overlooked. Experiments to investigate 
this aspect are described in Section 2C. It is shown by a simple 
experiment that temperature drift can be ruled out, but shock 
reflection from a closed end of the duct, for which no flow adjust- 
ment is needed, results in pressure increases behind the reflected 
shock that are even larger than those observed in the case of the 
orifice. This finding indicates that some of the pressure rise 
observed with an orifice is caused by the boundary layer. Conse- 
quently, it is necessary to compute the boundary-layer effects 
before the orifice experiments can be properly interpreted. It is 
shown in Section 3 that the entire observed pressure rise can be 
attributed to the boundary layer and is, thus, not caused by a flow 
adjustment. The analysis is based on an extension of a theory 


[7] for the pressure rise behind a shock reflected from a closed ~ 


end. The essential features of this theory are briefly outlined in 
the Appendix. A discussion of the observations is presented in 
Section 4. 


2 Shock-Tube Experiments 


A initial Supercritical Flow Through Orifice. In the first series of 
experiments, an initially steady, supercritical discharge through 
an orifice at the end of a duct is produced, and its adjustment to 
another supercritical flow, caused by an incident shock wave, is 
studied. 

These experiments are carried out with the aid of a shock tube 
of 3.23-in. internal diameter, Fig. 1. The driver section is 144 
in. long and is separated by a diaphragm from the driven section 


TIME R 


Fig. 1 Shock-tube arrangement and wave pattern for experiments with 
initial flow through the orifice. Shock waves are indicated by heavy 
lines and the cowtact surface by a double line. Inset: Essential part of 
wave diagram for experiments with the gas initially at rest. 
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which is 186 in. long. At the end of the latter, a sharp-edged 
orifice of 2.32-in. diameter is mounted; the geometrical area- 
contraction ratio m is thus 0.516. 

In Feiler’s experiments [6], the initial flow is produced by means 
of a large air-supply system. Without such a supply, the shock 
tube itself may be used to provide the initial steady discharge by 
means of a scheme similar to that described by Ludwig [8]. For 
this purpose, a second diaphragm is mounted just downstream of 
the orifice so that both sections of the shock tube may be pres- 
surized independently. Both diaphragms consist of one to three 
layers of photographic film and can be broken by solenoid-oper- 
ated plungers. Each solenoid is energized by a thyratron-con- 
trolled condenser discharge to permit accurate timing of the 
events. 

The shock-tube sections are loaded with air to different pres- 
sures above atmospheric pressure po, and if both diaphragms are 
broken at about the same instant, a wave pattern results, as shown 
in Fig. 1, where the various flow regions between the waves are 
numbered 1 to 7. When the orifice diaphragm is broken, an 
expansion wave propagates into the duct and establishes super- 
critical fiow through the orifice if the initial pressure is high 
enough. A pressure level p; — po = 27 psig is adequate for this 
purpose. The driver section is pressurized to py — po = 60 psig, 
and when the diaphragm separating it from the driven section is 
broken, a shock wave propagating toward the orifice is produced. 

A pressure transducer (Rutishauser Model HR-3) is located 12 
in. upstream from the orifice, and a typical pressure record is 
shown at the top of Fig. 2. This record represents a period of 
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Fig. 2 Pressure records for experiments with initial flow through orifice 


(m = 0.516). Points A to G correspond to similariy labeled points 
in Fig. 1. The base line represents atmospheric pressure, and the 
calibration lines in the lower record correspond to 27.0 and 41.6 psig, 
respectively. 
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50 ms. Several points of interest are labeled A to G. These 
points are also indicated in the wave diagram of Fig. 1 for ready 
identification of the various waves. The base line represents 
atmospheric pressure. 

The pressure behavior of primary interest here is that behind the 
reflected wave, that is, from F toG. At G, the useful testing time 
is terminated by the arrival of the wave that is reflected when the 
expansion wave coming from the orifice meets the contact surface 
that follows the incident shock wave. To obtain a better time 
resolution of region F to G, records are also obtained at higher 
sweep speeds, and the bottom of Fig. 2 shows the result for a re- 
cording time of 10 ms. Only points C to F are still visible in this 
record. The bottom line again represents atmospheric pressure 
po and the other two calibration lines correspond to gage pressures 
of 27.0 and 41.6 psig, respectively. It can be noted that the pres- 
sure behind the reflected shock wave increases slowly but only by 
a small amount. 

All flow variables in any region of the wave diagram of Fig. 1 
can be readily determined from the known initial conditions and 
the measured pressures, with the aid of standard wave-diagram 
techniques [9]. For the stated initial pressures in the shock 
tube p; and p,, the pressure ratio of the primary shock wave p2/p, 
is computed to be approximately 1.32. After interaction with the 
expansion wave coming from the orifice, the shock strength is 
increased slightly, and the pressure records yield pe/ps = 1.37 
(corresponding to a shock Mach number of 1.15) as the strength 
of the shock that reaches the orifice. The duct pressure before 
arrival of the shock wave is recorded as ps/po = 2.04. Since the 
static pressure in region 5 is thus already higher than the minimum 
stagnation pressure required for sonic outflow (about 1.89pp), 
supercritical outflow is assured. The flow Mach number M,; is 
found to be 0.247, and the resulting flow rate is about 2.4 lb/sec. 
This rate indicates the large capacity of an air supply that would 
be needed to provide the flow in region 5 continuously. Immedi- 
ately after the reflected shock, the pressure ratio jumps to p;/po 
the value of which is about 3.36. Two milliseconds after the re- 
flected shock has passed the location of the transducer, the pres- 
sure ratio has increased to values between 3.40 and 3.43 in a series 
of five experiments. The flow rate behind the reflected shock in- 
creased to about 3.7 lb/sec. 

In conjunction with the foregoing experiments, it is also of in- 
terest to observe the flow adjustment visually. Schlieren photo- 
graphs of the flow downstream of the orifice are obtained by 
means of a conventional Schlieren system. High-speed motion 
pictures, taken at about 6000 frames per second, indicate that 
the final, steady flow is established in somewhat less than 3 ms 
after the arrival of the incident shock wave. Since the exposure 
time per frame is too long to provide good resolution, a series of 
individual spark photographs are obtained. A trigger signal for 
the spark is obtained when the incident shock wave passes the 
pressure transducer (12 in. from the orifice) and is electronically 
delayed (DuMont Time Delay Generator, Model 326) to photo- 
graph the desired stage of the flow. 

Fig. 3 shows a sequence of four such photographs. The stated 
times indicate the selected spark delays. The ring which clamps 
the diaphragm to the orifice plate can be seen on the left side of 
the photographs, and the solenoid and plunger needle are located 
below the gas jet. In the first photograph (0.25 ms), the inci- 
dent shock has not yet reached the orifice, and the initial super- 
critical jet with its characteristic shock pattern can be seen. At 
0.75 ms, the incident shock wave is just emerging from the 
orifice, and it may be noted how it penetrates the side of the jet. 
Then follows a violent transition stage typified by the third 
photograph (1.05 ms). Finally, steady flow is re-established after 
about 3 ms, but with a larger shock pattern than the initial one 
because of the increased pressure level. The violent external ad- 
justment of the flow seen in these photographs, seemingly, has no 
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corresponding transient inside the duct. Since the vena con- 
tracta, which cannot be identified in the photographs, effectively 
forms a sonic throat, events that take place downstream of it 
could affect the upstream flow conditions only if waves traveling 
outside the jet re-entered a subsonic portion close to the orifice. 
In view of the small pressure rise inside the duct, it is desirable 
to carry out experiments in which the gas is initially at rest so 
that the entire flow is produced by an incident shock wave. 
Such experiments involve the largest possible adjustment of the 
vena contracta and, therefore, should indicate the maximum ad- 
justment effect inside the duct. Such experiments are described 
in the following section. 

B Gas Initially at Rest. The equipment used for these experi- 
ments is the same as that described in the preceding section ex- 
cept that the orifice diaphragm is omitted. To measure the 
strength of the incident shock wave, a second pressure transducer 
is mounted 24 in. upstream of the first one, and the time required 
by the shock wave to travel this distance is measured by means 
of a micro-second counter (Berkeley Universal Counter and 
Timer, Model 5510). 

The significant part of the wave diagram now consists of the 
incident and reflected waves which divide the flow field into the 
regions O, I, and R, as shown in the inset of Fig. 1. Four dia- 
phragm-pressure ratios p,/po are used in these experiments, and 
the resulting strengths of the incident shock, expressed both by 
the shock Mach number Msg, and pressure ratio p,/po, are listed 
in Table 1. 


1.05 MSEC 


Fig. 3. Schlieren photographs of a supercritical flow through an orifice 
(m = 0.516) being modified by an incident shock wave (Ms; = 1.15). 
Indicated times represent delay of spark exposure after shock has passed 
transducer located at 12 in. from orifice. Flange diameter visible on left 
side of photographs is 6 in. 
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Table 1 Shock-tube conditions 
Ps/Po Ms: P:/Po 
3.29 1.25 1.66 
4.12 1.31 1.84 
5.16 1.36 1.99 
6.54 1.43 2.21 
i 
0.25 MSEC O.75MSEC 


A set of corresponding pressure records is shown in Fig. 4. The 
recording time is 20 ms for all records, but the gain of the oscillo- 
scope is adjusted individually for satisfactory coverage of the re- 
quired pressure range. The shock is strong enough in all cases to 
produce a supercritical discharge. For the weakest shock, the 
pressure behind the reflected shock is then about equal to that in 
the experiments represented by Fig. 2. The pressure rise behind 
this reflected shock is again quite small, but for the stronger 
shocks, it becomes increasingly larger. For the strongest shock 
used, the pressure has risen about 6 per cent by the end of the 
useful testing time, that is, after about 5 ms. The records indi- 
cate that the pressure would rise even further if the terminating 
wave did not arrive from the interior of the duct. 
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Fig. 4 Pressure records for experiments without initial flow. Recording 
time is 20 ms; pressure sensitivity adjusted according to required range. 
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Before attempting to interpret the pressure records, it is im- 
portant to investigate also other phenomena that could cause a 
pressure rise. 

C Possible Other Causes for the Pressure Rise. There seem to be 
only two phenomena which could produce a pressure rise under 
the given conditions and which are not related to an adjustment 
process in the orifice flow, namely, a temperature drift of the 
pressure transducer and an effect. of the growing boundary layer 
in the shock tube. 

In the described experiments, the gas temperature behind the 
reflected shock is from 100 to 200 deg F higher than the initial 
room temperature, although the actual temperature rise of the 
shock-tube wall is considerably smaller [10]. The temperature 
rise in the thin diaphragm of the variable-capacity pressure 
transducer could conceivably cause a drift of the output signal 
that is not associated with the pressure to be measured. To 
examine this possibility, a temperature rise of the diaphragm 
should be produced without a simultaneous change of pressure. 
This condition can be met by rapidly dipping the transducer into 
nearly boiling water. Contact between the water and the 
transducer is used to trigger 1 sweep of the oscilloscope so that 
any drift may be recorded. These experiments indicate no sig- 
nificant drift during the few milliseconds of interest here in spite 
of the much better heat transfer from the water compared to that 
from the gas flow. This experiment, clearly, rules out tempera- 
ture drift as a cause for the observed rise of the transducer signal. 

To test whether or not boundary-layer growth can cause a 
significant pressure rise, a few experiments were carried out in 
which the orifice plate is replaced by a solid plate. Since shock 
reflection under these conditions does not require any flow adjust- 
ment at the end of the duct, any observed pressure change behind 
the reflected wave must be caused by the boundary layer. All 
pressure records show a distinct pressure rise behind the reflected 
shock that is larger than that obtained when the same inci- 
dent shock is reflected from the orifice. Two typical records are 
shown in Fig. 5 for incident-shock Mach numbers of 1.31 and 1.43. 


3 Evaluation of Boundary-Layer Effect 


The observations of the preceding section prove that a con- 
siderable part, if not all, of the pressure rise observed behind the 
shock reflected from the orifice must be ascribed to a boundary- 
layer effect. Before any contribution of the flow adjustment in 
the orifice to the pressure rise can be evaluated, it is therefore 
necessary to determine the pressure rise produced by the bound- 
ary layer alone, that is, under the assumption that the flow adjust- 
ment in the orifice is instantaneous. Any residual discrepancy 
between the results of such calculations and the experimental 
data could then be attributed to the flow adjustment. 

An analysis of the boundary-layer growth in a shock tube and 
its effect on the flow behind the primary shock wave has been 
given by Mirels and Braun [11], but the problem is here further 
complicated by the reflected wave which modifies the boundary- 
layer behavior. The great difficulties of a direct calculation of 
the boundary-layer effects under these conditions are avoided by 
the different approach followed here. For two extreme cases, the 
pressure variations behind the reflected wave can be computed 
in a satisfactory manner. One is that of a reflected Mach wave 
and the other that of a shock wave reflected from a closed end. 
In both cases, the pressure behind the reflected wave increases 
with time, and the rise corresponding to a shock wave reflected 
from an orifice can thus be determined by interpolation. 

A reflected Mach wave (Msp = 1) is obtained, in effect, if the 
duct is not terminated. The solution to this problem is readily 
available from the theory of Mirels and Braun [11] whose paper 
contains charts from which the pressure rise behind the incident 
shock wave may be computed if the boundary layer is either 
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wholly laminar or wholly turbulent. For the present purpose, 
one has to determine the pressure rise as a function of time meas- 
ured from the instant a Mach wave returns to the pressure 
transducer from the location of the orifice. Let pp be the pres- 
sure at the location of the pressure transducer in region R behind 
the reflected wave (inset of Fig. 1), and let pro be its value im- 
mediately behind the wave. The computed variations of (pr — 
Pro) /po, for Ms; = 1.31 and Mg, = 1.43, are shown in Fig. 6 as 
a function of the time after passage of the reflected Mach wave. 
Under these experimental conditions, one may assume the 
boundary layer to be wholly turbulent (see Appendix). It is 
seen that the pressure rise is so small that it is completely masked 
by the response of the pressure transducer to the incident shock 
wave. 

The other extreme case for which a satisfactory solution is 
available is that of a shock wave reflected from a closed end at 
the location of the orifice. The small pressure gradient pro- 
duced by the boundary layer ahead of the reflected wave is mag- 
nified by this wave and produces a larger pressure rise in region R. 
It has recently been possible to compute this rise in good agree- 
ment with experimental obse A detailed description 
of this method [7] cannot be given here, but a brief summary is 
presented in the Appendix. For the two exampies considered, 
the strength of the reflected shock wave is given by Mgr = 1.28 
and Msgr = 1.37, corresponding to values of pp/po of about 2.4 
and 3.4, respectively. The resultant pressure rise in region R is 
also shown in Fig. 6. 

The pressure rise corresponding to a shock reflected from an 
orifice must lie between the extremes indicated in Fig. 6. Even 
for a closed end, the rise of pz during the time of interest does not 
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Fig. 5 Typical pressure records for shock reflection from a closed end. 
Recording time is 10 ms. 
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greatly exceed 10 per cent. Since, furthermore, the underlying 
theory of Mirels and Braun [11] is based on a linearization of the 
flow equations, it seems permissible to determine the rise for a 
shock reflected from an orifice by linear interpolation in Fig. 6. 
It is thus necessary to find first the strength of the reflected shock 
wave which depends on the strength of the incident shock and on 
the effective size of the orifice, that is, on the geometrical con- 
traction ratio m and on the discharge coefficient C,. The latter, 
in turn, depends on the design of the orifice and on the ratio r of 
the atmospheric pressure to the stagnation pressure upstream of 
the orifice. Direct computation of Cp from the pressure records 
(Fig. 4), by means of the procedure described in reference [12], is 
not reliable because of the pressure rise behind the reflected shock. 
An alternative approach, based on Jobson’s theory [5], does not 
require knowledge of the pressure behind the reflected shock. 
This theory yields a relation between Cp and r, provided the 
discharge coefficient is known for one value of the discharge- 
pressure ratio. For negligible approach velocities, the results of 
this theory are in good agreement with experimental data over a 
wide range of subcritical and supercritical discharge conditions. 
For the approach velocities encountered in the present investiga- 
tion, three pairs of values for r and C,y are available to check the 
theory also under these conditions. Two of these are represented 
by the results of a previous investigation [12], in which a sub- 
critical discharge through the same orifice is produced; namely, 
Cp = 0.68 for r = 0.83, and Cp = 0.76 for r = 0.55. The third 
reference pair is obtained from the consideration that the at- 
mospheric pressure for a subcritical discharge closely approxi- 
mates the pressure that would be measured at vena contracta taps 
if the same orifice had been used as an orifice meter [12]. For 
these conditions the ASME Fluid Meters Tables [13] yield Cp 
= 0.62 for incompressible flow, corresponding to r = 1 in Job- 
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son’s theory. Fig. 7 shows the relation between Cp and r ac- 
cording to this theory, based on Cp = 0.63 for r = 1. This 
choice yields agreement with the three reference points to better 
~ than 2 per cent. 

With the aid of Fig. 7, the strength of the shock wave re- 
flected from the orifice may be computed by means of the follow- 
ing iteration procedure. The flow conditions in region J are 
known from the initial conditions and the strength of the incident 
shock wave. From a guess for the strength of the reflected shock 
one can determine all flow conditions upstream of the orifice (re- 
gion R), and from the resulting discharge-pressure ratio r, one 
obtains the corresponding discharge coefficient with the aid of 
Fig. 7. It is then possible to compute the flow rate either directly 
from the flow variables in region R or from the stagnation condi- 
tions in this region and Cp. The initial guess for the strength of 
the reflected shock must be varied until these two flow rates 
agree. In this manner, the values of Mgz are found to be 1.10 
and 1.17 for the incident-shock Mach numbers of 1.31 and 1.43, 
respectively. For these values of Msp, it is now possible to obtain 
the pressure rise behind the reflected shock by interpolation in 
Fig. 6, and the results are shown in Fig. 8. Experimental results 
for a series of three experiments for each shock strength are also 
entered in this figure. 

With currently available equipment, the absolute value of a 
rapidly changing pressure can be measured only with an accuracy 
of a few per cent, while a considerably higher accuracy is possible 
in the determination of small changes of a pressure. Conse- 
quently, the computed value of pro is used as a calibration point 
for the experimentally determined average value of this pressure. 
In this manner, the good agreement between the computed and 
the experimental pressure rise behind the reflected shock wave 
can be demonstrated without concern for the limited accuracy of 
the absolute pressure values that are of no particular interest 
here. The difference between the absolute values of the pressure 
shown in Fig. 8 and those obtained from a direct calibration of 
the pressure transducer is entirely within the tolerance of the 
pressure-recording system. It should also be pointed out that 
because of the nonlinearity of the Rankine-Hugoniot shock rela- 
tions, the computed results would have been slightly different if 
the interpoation had been based, for instance, on the pressure 
ratios of the reflected waves instead of their Mach numbers. 
However, this uncertainty of p,/po represents only a fraction of 
one per cent and is thus smaller than the scatter of the experi- 
mental data. 


4 Discussion 


Experiments are described in the preceding sections in which a 
nonsteady, supercritical discharge through an orifice is produced 
by an incident shock wave. Behind the reflected shock wave, a 
small, but distinct, pressure rise is observed that continues almost 
linearly with time for at least as long as the available testing time 
of several milliseconds. Three possible causes for this rise are 
considered: lag in the establishment of a steady discharge 
through the orifice; boundary-layer growth in the shock tube; 
and temperature drift of the pressure transducer. A simple ex- 
periment shows that the last of these can be ruled out. Calcula- 
tion of the boundary-layer effect yields a pressure rise that 
agrees with the observed rise within the accuracy of the measure- 
ments. Consequently, a lag of flow establishment in the orifice 
could produce only effects that are considerably smaller than the 
already small effects of boundary-layer growth. For all practical 
purposes, it seems, therefore, permissible to assume that the flow 
adjustment in the orifice is instantaneous. This conclusion con- 
firms the tentative extrapolation of previous results for subcritical 
discharges [4] that lag effects tend to lose their significance with 
increasing discharge rates. 
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Fig. 7 Relation between discharge coefficient and discharge pressure 
ratio according to Jobson’s theory [5] for Cp = 0.63 atr = 1.0. Circles 
represent experimental data [12], and square represents incompressible 
flow and vena contracta taps [13]. 
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Fig. 8 Pressure rise behind shock wave reflected from orifice for the two 
selected examples. Experimental data for separate experiments are indi- 
cated by different symbols, solid lines are determined by interpolation in 
Fig. 6. 


Fig. 4 indicates that the pressure rise produced by boundary- 
layer growth rapidly becomes insignificant for Mach numbers of 
the incident shock wave below 1.25. It is, therefore, under- 
standable that in the previous investigation of subcritical dis- 
charge through the same orifice [3], no boundary-layer effects are 
noticeable. The appearance of these effects near the transition 
from subcritical to supercritical flow must be considered as ac- 
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cidental because it is irrelevant for the development of the 
boundary layer whether the orifice discharge is subcritical or 
supercritical. 

If an initially supercritical discharge is modified by an incident 
shock wave, a violent transformation of the flow pattern down- 
stream of the orifice takes place. The shock wave penetrates the 
side of the discharging jet (see the second photograph in Fig. 3) 
and thereby increases the effective size of the vena contracta. 
After the adjustment process is completed and steady flow is 
re-established, the size of the vena contracta is larger than it was 
initially because of the increased pressure level. This reasoning 
seems to indicate that the adjustment actually required for the 
vena contracta is smaller than one would conclude from the over- 
all change of the flow conditions, but it would be extremely dif- 
ficult to analyze this process in detail. In any case, the experi- 
mental results show that no significant pressure waves propagate 
back into the duct. 

The present investigation deals only with nonsteady orifice 
discharges that are produced by incident shock waves. Since no 
lag of the flow adjustment can be detected inside the duct under 
these conditions, there seems to be no need to consider also other 
discharge configurations, such as short nozzles, or other forms of 
pressure waves for which lag effects would be even smaller. 


APPENDIX 


Pressure Rise Behind Shock Wave Reflected From a 
Closed End 


The experiments discussed in Section 2C show that the 
boundary layer in a shock tube may cause an appreciable pres- 
sure rise behind the shock wave reflected from the closed end of 
the shock tube. A theory for the evaluation of this rise has been 
worked out [7]; only a brief outline of it can be presented here. 

Mirels and Braun [11] treat the deviations of the actual shock- 
tube flow from the ideal (nonviscous) flow as small perturbations. 
By combining boundary-layer theory with the linearized perturba- 
tions, and by making a few simplifying assumptions, these 
authors are able to compute the flow conditions anywhere in the 
region between the shock wave and the contact surface (region I 
in Fig. 9). Their results are presented in the form of convenient 
charts from which the deviations from the ideal shock-tube flow 
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Fig. 9 Wave diagram to indicate calculation of p, behind shock re- 
flected from a closed end 
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can be determined readily if the boundary layer is either wholly 
laminar or wholly turbulent. 

Before any pressure variations can be computed, the decision 
must, therefore, be made whether the boundary layer is laminar 
or turbulent. Transition from laminar to turbulent boundary 
layer in a shock tube has been treated, for instance, by Hartunian, 
Russo, and Marrone [14]. These authors provide correlations 
from which the transition time for a given shock strength may be 
computed. For the two shocks used as examples throughout 
this paper, one finds that, at a fixed location of the shock tube, 
transition takes place about 0.3 ms for Ms; = 1.31, and 0.2 ms 
for Ms; = 1.43, after passage of the incident shock wave. Since 
these times represent only a small fraction of the interval after 
which the reflected wave returns, all calculations may be based on 
a turbulent boundary layer. 

If one computes the pressure variations behind the incident 
shock wave, one determines, in effect, the disturbance waves that 
are produced by the growing boundary layer. These waves 
interact with the reflected shock wave and cause the observed 
pressure rise behind the latter. The disturbance waves behind 
the incident shock produce a slow decay of the shock strength and 
a slight pressure rise at a fixed location. This rise is barely 
noticeable on the records in Fig. 5. As a result of this rise, there 
exists a small pressure gradient along the path of the reflected 
shock (points i-j-k in Fig. 9). If the strength of the re- 
flected shock were constant, the corresponding gradient behind the 
shock (points i’-j’-k’) would be equal to that ahead of the shock 
multiplied by the pressure ratio of the shock. This argument 
shows qualitatively that the pressure gradients in region R behind 
the reflected shock are greater than those ahead of it, but a 
quantitative evaluation must take into account that the strength 
of the reflected shock is not constant. Furthermore, it is of 
interest here to find the pressure variations at a fixed location 
as a function of time (points i-r) rather than those along the 
shock path. 

According to standard wave-diagram relations, the pressure at 
an arbitrary point r is determined by the properties of the two 
characteristics that lead to this point. These characteristics are 
shown in Fig. 9 as the thin lines k’-r, j’-/, and f-r. The velocities 
of the incident and reflected shocks and of the characteristics in 
region FR change only slightly, and one may, therefore, approxi- 
mate these waves by straight lines in the wave diagram. It is 
then possible to compute the pressure along the line i-r without 
actual construction of a wave diagram. Results obtained in this 
manner are in good agreement with experimental observations 
provided the theory of Mirels and Braun is refined to account for 
small flow modifications that are unrelated to the growth of the 
boundary layer, such as the flow losses that are produced by 
remnants of the shock-tube diaphragm. Since the pressure rise 
behind the incident shock hardly exceeds the oscillations of the 
transducer response, this refinement becomes necessary only be- 
cause of the amplifying effect of the reflected shock. For a dis- 
cussion of the assumptions involved, details of the calculations, 
and experimental data, reference must be made to the complete 
paper [7]. The curves in Fig. 6 are taken from results included 
in this reference. 
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Vortex-induced vibrations of thin flat plates are studied as a function of trailing edge 
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phenomena. 


geometry. In an effort to extend the analysis to a more comprehensive treatment than 
that provided by the common vortex model, the vibrations are considered as hydroelastic 


An equation of motion is formulated. From a qualitative analysis of this nonlinear 


equation some expected features of its solution are set forth. 

A detailed experimental determination is made of the amplitude spectra of various 
thin plates mounted at zero mean angle of incidence in the test section of a water tunnel 
and suspended by a torsion spring through their leading edge. The effects of trailing 
edge geometry and elastic properties of plate support are explored 

Data analysis gives interesting confirmation of the formulated equation of motion. 
The vibration is shown to become self-excited and the degree of two dimensionality of 
the wake is deduced to be determinative in regard to the severity of the vibration. 


Introduction 


TRUCTURAL ELEMENTs in a fluid flow may exhibit 
vibrations due to periodic transverse forces associated with 
“vortex shedding.’’ Familiar examples are the vibrations of 
cables [1],' stacks [2], pipe lines [3], and of smooth cylinders [4]. 
The same phenomenon is presently held responsible for the vibra- 
tion or “singing’’ of propellers [5, 6, 7] and of the hydraulic tur- 
bine runners [8]. Significant recent investigations using vane 
shaped elements [9, 10, 11] have shown that singing may be cured 
by trailing edge modifications, but a real understanding of the 
wake flow in this region is lacking. In seeking an answer to re- 
maining questions, and to provide design information, the vibra- 
tional behavior of flat plates, mounted in the test section of a 
water tunnel, has been studied. 

A detailed report of this investigation appears in reference 
{12]. 


' Numbers in brackets designate References at end of paper 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division of THe American Society or Mecuanicat Enat- 
NEERS and presented at the ASME-EIC Hydraulic Conference, 
Montreal, Canada, May 7-10, 1961. Manuscript received at ASME 
Headquarters, February 7, 1961. Paper No. 61—-Hyd-16. 
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Experimental Program, Equipment, and Procedures 

Initial tests with an '/, in. thick test plate supported by dual 
cantilever leaf springs showed that singing could indeed be pro- 
duced. However, in the acoustic spectrum of the singing plate, 
2 or even 3 predominant frequencies w, were discernible. Analysis 
showed that all approximated natural frequencies w,, of the plate 
and its supporting system. An effort was then made to construct 
a single degree of f* -ecdom elastic supporting system of which the 
fundamental natural irequency could be varied. 

As the trailing edge geometry has been shown by others to be a 
determinative factor, it was decided to test, for some selected 
restraints, four '/, in. thick, 2 in. chord plates which differed from 
each other only in trailing edge geometry. The plates were at- 
tached to spindles supported by ball bearings and could be set to 
pivot about either the leading edge or about a line '/, chord 
downstream of it (see Figs. 1 and 2(b)). The lower spindle was 
step-tapered and served as a torsional spring of which the stiffness 
could be varied by repositioning of a massive clamp. The mean 
angle of incidence a@ was kept at a = 0. The rotational motion 
of the plate was sensed by an accelerometer (Fig. 1), mounted at 
a radius of in. 

The accelerometer signal was analyzed for a selected number of 
restraints and a range of free stream velocities. The analyses 


longitudinal vortex spacing, ft = K/K, = vortex diffusion factor 


trailing edge geometry factor 


maximum accelerometer ampli- 
tude; ft = 27/32 maximum 
trailing edge motion 

length of test plate, ft 

coefficient of damping, |b-sec/ft 

transverse body dimension, ft 

2.7182.... 

distance between vortex rows, ft 

vV-1 

spring constant, lb-ft /radian 

dimensional constant, 7 = integer 

time, sec 

velocity of vortexes with respect 
to flow, fps 

angle of incidence, radians 
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3.1415. ... 

mass density of fluid, slug/ft® 

phase angle, n = integer 

frequency, radians/sec 

natural frequency, rad/see 

predominant frequency compo- 
nent, rad/sec 

Strouhal frequency, rad/sec 

2ao/d = dimensionless vibra- 
tional amplitude 

dimensionless coefficients 


= dimensional constants 


2D/pU*d = drag coefficient 
drag force, lby/ft of span 
lift foree, 


= polar mass moment of inertia, lb- 


ft-sec? 

rate of discharge of discrete vor- 
ticity in the wake, ft?/sec* 

rate of vorticity discharge, ft?/ 
sec? 

magnification factor 

mean strength of transducer sig- 
nal, volt 

mean strength of predominant 
frequency component, volt 


= w,b/2rU = Strouhal number 


free stream velocity, fps 


= free stream velocity at resonance, 


fps 
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Fig. 1 Test plates and torsion balance 


Fluid curve moving with fluid particles 


C+ viscous ett m vs. de x 
axis of damping a + 
rotution c in Ib-sec/rad. 5 = 
test plate § 2b 2 § 
linear spring Le Const 
k in Ib-in/radian =' 
b. Scheme of Test Plate- ° 1.0 2.0 


Spindle System c. Amplification Factor vs. Frequency 


Fig. 2 The common model of vortex induced vibrations 


included a determination of the predominant frequency com- 
ponents (using a General Radio Vibration Analyzer); the magni- 
tude and the stability of these components (from a Sanborn record 
of the wave analyzer reading and from inspection of the oscillo- 
scope trace of the modulated accelerometer signal) and the 
average strength of the total transducer signal (by means of an 
RMS volt meter). 

Before discussing the experimental findings it is of interest to 
consider some a priori deductions concerning the test plate be- 
havior. 


The Common Model 


From a design point of view the common explanation of vortex- 
induced vibrations is essentially limited to a phenomenological 
description. It is supposed that for each cylindrical shape there 
exists a unique relationship between the Strouhal number S and 
Reynolds number R: 


Ud 

S = w,d/2nrU = = ) = f(R) (1) 
in which: w, = Strouhal frequency of vortex shedding from one 
side of the body in rad/sec; d = characteristic transverse dimen- 
sion of cylinder, ft; and U = free stream velocity, fps. 
Knowledge of this S versus R relationship for a certain shape 
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would permit prediction of w, for particular flow conditions and 
body size. Whenever the frequency w, coincides with a natural 
frequency w,, of the body’s structural system, resonant vibrations 
would occur. Often this common model is accompanied by an 
amplitude-response curve for the structural system as indicated 
in Fig. 2(c) by a solid line. The circulation I about the vortex- 
producing body is usually assumed to be given by: 


r = (2) 


in which I’... may be reasoned to be '/: the strength of the dis- 
charging vortex Z. 

From the Kutta condition the associated lift force per unit of 
span F;, may be written: 


1 
=; pUZe'** (3) 


The equation of motion for the test plates employed (see Figs. 2a 
and b) thus would become: . 


+ ce + ka = (4) 


= total (including apparent) polar moment of inertia of 
test plate assembly 


e = coefficient of viscous damping; &k = torsional spring 
constant 

X = distance between axis of rotation and working plane of 
the lift force 


Following Heisenberg [13] the rate at which vorticity is dis- 
charged from each side of the plate K, may be approximated by 


U {du 
K - ff == = 0.5U? 
(52) way 


At the trailing edge a portion of K, will diffuse into vorticity of 
opposite sign. The remainder has been estimated by Roshko [14] 
for the case of a circular cylinder to be given by: 


K = BK, ™ 0.4U2 (5) 


If K also represents the rate of transport of discrefe vorticity in 
the wake, the strength Z of those discrete vortexes may be 
written: 


aK 0.4aU (6 
i= = ) 

U—-u, 1 — u,/U 
in which (U — u,) = velocity of vortexes with respect to the 


plate [see Fig. 2(a)}. Other shapes would require different values 
of B = K/K,; otherwise the derivation remains unchanged. 

For his potential model of the vortex street von Karman [15, 
16] deduced: 


h/a = 0.281 (7) 
Z 
“, = tanh (8) 
2a 
h Z? 
Drag = D = pZ-(U — 2u,) + p= (9) 
a 


Eliminating Z from (6) and (8) there follows: 
u,/U = 0.17 (10) 
and substituting from (7) and (10) into (9) results in: 
D = 0.13paU?; Cp = 0.26a/d (11) 


from which 
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ii 
: 
| 
where 
. a Choracteristics of the Vortex Street 


a Cp 

It follows that an estimate of S, and hence ws, requires prediction 

of the drag. In some cases free stream line theory may furnish 

such a solution. In others the readily determined drag coefficient 

may serve to estimate ws. Finally, substitution of (6) and (12) 


into (3) yields: 
. 
F,, = 0.2pd ( ) ets! 


This relation and its derivation lead to some questions. If Fp 
U?, nearly resonant vibrations could occur over a wider velocity 
range than usually imagined [see dashed curves in Fig. 2(c)]. 
Further, equation (13) indicates that higher modes of vibration 
may be more dangerous than the fundamental one. On the other 
hand, the derivation of this relationship was based on von Kar- 
man’s potential model of the vortex street which, among other 
things, presumes a two-dimensional flow field. Experiments [14] 
show that such a field is found for only a very limited range of 
Reynolds numbers (R < 300). Increasing Reynolds numbers 
enhance a three-dimensional or even turbulent wake structure. 
Since the lift forces along the cylindrical member then have a 
random mutual phase relationship, fF, may decrease rather than 
increase with increasing free stream velocities. Also, a prediction 
of w, which is related to the stability of the vortex street, is ques- 
tionable when no vortex street exists. Rather the frequency of 
vortex formation should be seen as resulting from the dynamics 
of the flow around the trailing edge or ‘“‘early wake.’’ The vor- 
texes diffuse quickly except for a limited Reynolds number range 
for which they remain visible in the wake forming a vortex 
street. 

The relocation of emphasis from the periodic wake to the dy- 
namics of the early wake is supported by Roshko’s interference 
tests [14] which showed that vortex formation could be sup- 
pressed by inserting, close to the trailing edge, a short thin barrier 
at the center line of the wake. Also, the literature on the singing 
of propellers and turbines shows that minor changes at the trailing 
edge may have major effects on vibrational behavior. Equation 
(13) does not take into account the trailing edge geometry, except 
implicitly as it may be involved in the quantity 8. 


(13) 


Vibrations of Hydroelastic Character 


In reformulating equation (13) it is fruitful to consider the cur- 
rent problem as a hydroelastic phenomenon; i.e., to consider a 
vibrating object of which the motion influences the hydrodynamic 
loading, rather than a steady object brought into vibration by the 
discharge of vortexes. This change in emphasis may be appre- 
ciated if it is realized that the apparent mass forces due to plate 
rotation alone were measured to be twice as large as the inertia 
forces of the test plates. In addition, there will be a lift foree due 
to the instantaneous angle of attack of the plate during its 
motions. If one conceives of the vortex development in the early 
wake as a rather subtle dynamic equilibrium, the question about 
the influence of the plate motion on this flow field is of interest. 
Whereas behind a steady object the wake becomes increasingly 
three-dimensional with increasing velocities, transverse motions of 
a thin plate could tend to restore two-dimensional conditions. 
Such a process would lend the vibrations a self-excited character. 
A second hydroelastic effect could be inferred from the postulated 
delicacy of the early wake flow. When the object is steady w, ~ 
U* according to the Strouhal-Reynolds number relations. How- 
ever, if the vortex formation is easily influenced by the trailing 
edge motion its frequency could attach itself to that of the plate 
so that w, = w,; but w, will tend tow,. Hence resonant vibra- 
tions could occur over a wide range of velocities due to deviations 
of S from its “steady object’’ value. 


Journal of Basic Engineering 


A Qualitative Equation of Motion 


For small rotations about their leading edges, thin air foils 
can be shown [17] to experience the following moments due to 
apparent mass: 


(14) 


U 
M’' = prb‘* 1.1254) 


and due to aerodynamic lift: 
3b wh 
—Ma = prb*U* — 
pr 


2b chord of test plate = 2 inches 


in which: 


= (complex) Theodorsen function 


=> 0.5 + 0.027 for this case (16) 


Photographie records of ‘‘vortex shedding’ indicate that a 
vortex grows the greater part of the half cycle and is discharged 
fairly suddenly while a vortex on the other side of the object starts 
to develop. This suggests that the circulatory flow is reversed 
more rapidly than assumed in equation (2) and that a more likely 
relationship for the lift force due to vortex shedding is given by: 

, 
F,’ = = [Bie — Be? +... .] (17) 
in which 
B, = dimensional coefficients 


The response of a linear spring-mass system to the foregoing 
forcing function would be: 


a = — 4 (18) 


Near resonance A; > A; and the resulting motion is nearly 
sinusoidal, i.e., 


a > Aye (19) 


The hypothesis that F’, the lift force due to vortex shedding, 
increases due to an increase in two-dimensionality of the wake 
accompanying a growing plate motion may be accounted for by 
modifying equation (17) to: 


F,' = GMa) {Bye — +... .} 


(20) 


in which: 
N(a) “magnification factor’’ 
G = “geometry factor’’ to account for the postulated 
influence of trailing edge geometry 


N(q) is assumed to increase rapidly with increasing A;. When 
two-dimensional conditions are approached N must approach a 
constant value. Such a trend is indicated by the function: 


N(a) = C, + tanh A; 


C; denotes that even for a steady plate (A; = 0), a small net 
lift force is expected. Near resonance A, is much larger than C). 
It will be assumed that under those conditions equation (21) 
may be written: 


(21) 


N(a@) = A; Ay! + (22) 


Large values of the geometry factor G are associated with the 
geometry of severely vibrating plates and vice versa. 
Using equation (22), equation (20) becomes: 
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(15) 
wh 
(; ) 


U? 
FPF,’ =G [ — Bsa | (23) 


The equation of motion of the test plates may be written: 
+ + ka = M’+ Ma+ XF,' (24) 


Substituting equations (14), (15), and (23) into equation (24) 
and absorbing the moment arm _X, into the geometry factor G, we 
obtain: 


U2 Ss 
+ + + ka = prb* (1 — 


1 
— (prb*SC, + — 3 GB,a8)a + GN Be | (25) 
By dividing the forcing function by U?/S its variation due to 
free stream velocity will be minimized. The resulting equation of 


motion is then amenable to only qualitative interpretation. 
Using equation (16) and recognizing that from equation (19) 


Sa = SUa 


Equation (25) becomes: 


+ (c- m, -3s) mS — ma? 


+ m, cos 2a a= mGN cosat (26) 


in which m; = dimensional constants 


Anticipated Amplitude Response Curves 


The authors are aware of no established technique by which 
equation (26) ean be solved. If GN is large, the amplitude re- 
sponse curve will appear “‘stretched vertically’’ [solid line in Fig. 
3(a)) 


unstobie 


— LOG AMPLITUDE 


unstable 


“Stondord” Amplitude 
Response Curves 


Typical Stobility Chart For 


Mothieu's Function 
(¢) 
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(b) Typical Vibrations 
Fig. 3 Expected amplitude responses 
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If the assumption is justified that the frequency of vortex 
formation “attaches’’ itself to that of the object, the amplitude 
response curves as a function of velocity would be “‘stretched 
horizontally’ near the velocity U,, at which resonance occurs. 
Variations in S could also distort the amplitude response curve 
by modifying the damping coefficient and the spring constant in 
equation (26). 

If S = constant and the term m, cos 2u/ is absent, the non- 
linear equation (26) can be identified with Duffing’s equation. 
Its solution may be thought of as formed by bending to the left 
the usual response curve for the linear case. The three-valued 
solutions to which this would lead will give rise to amplitude 
“jumps’’ as indicated in Fig. 3(). 

If S = constant and the term m;a? is absent the then linear 
equaticn may be identified with the well-known Mathieu equa- 
tion. The form of the solution depends on the values (k — 
m2S)/I and 3m,/TI [see Fig. 3(c)]. For a stable solution, case A, 
the vibration may appear nearly harmonic. In the unstable case 
B (reached for example due to a decrease in S) the amplitude 
grows until nonlinear effects in the system limit or even diminish 
it. 


Discussion of Experimental Results 


A Summary of Vibrational Behavior (Fig. 4). Plate No. | vibrated 


4+ CLAMP POSITION NO.4, k=! 6! Ib-in/rad. 
= 
U,= 9.0fps | 
> 
P 
6F U,= 7. Btps 
4b 
= 
> 
6 U,= 83 tps 


“4 
oe Lo 12 14 16 
Free Stream Velocity Ratio, U/U, 


+ Average for 
Unrestrained Plates. 


S=1.63 (const) 


- 


PLATE NO3 


CLAMP POSITION NO.4 
2004-1 61 Ib-in /rad. 


Predominant Vibrational Frequency, 


SIO radians /sec. PLATE NO.4 


Free Stream Velocity, U, fps 


Fig. 4 Comparative dynamic response of test plates 
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severely over a wide range of free stream velocities and with fre- 
quencies which, over this range, were always close to the natural 
frequency provided. It was reasoned that the instability of the 
separation points at the trailing edge of this plate might contrib- 
ute in large measure to oscillations in the lift force. 

Plate No. 2 was given a re-entrant edge in order to achieve two 
fixed separation points. Its motions at resonance were less than 
plate No. 1 by a factor of 10~? and little tendency. toward self- 
excitation was observed. 

Plate No. 3 again can be assumed to have fixed separation 
points but the resulting resonant amplitudes were an order of 
magnitude larger than for plate No. 2. A mechanism for this 
difference is postulated by Heskestad and Olberts [11] who ob- 
served a threefold difference in vibrational amplitude for plates 
similar to Nos. 2 and 3. 

Plate No. 4 exhibited by far the worst self-excitation as is evi- 
denced by the broad velocity range for which the predominant 
vibrational frequency remained essentially constant. Its vibra- 
tional amplitudes were as large as for plate No. 1. 

The following conclusions seem warranted: 


1 Trailing edge geometry is a decisive factor in determining 
the severity of vortex-induced vibrations. The introduction of 
the geometry factor G in equation (19) is thus justified. 

2 Some trailing edges control the frequency of vortex shedding 
and hence the wake structure over a wide range of free stream 
velocity (i.e., the motion becomes self-excited) more readily than 
others. Since there exists a correlation between this degree of 
self-excitation and the vibrational amplitudes the supposition, 
that increased control by the trailing edge serves to increase the 
two-dimensionality of the early wake, is supported. 


B Form of the Amplitude Response Curves (Fig. 5). The dashed 
line of Fig. 5 represents the familiar dynamic amplitude response 
of a single degree of freedom system subjected to linear damping 
and a forcing force which is independent of the frequency of its 
application. 

Comparison of the vibrational behavior of plate No. 4 with 
this linear system shows that: 


10 


PLATE NO.4 <=> PIVOT AT LEADING 


~ 
CLAMP POSITION, Kk IN IN-LB/RADIAN ® 


VIBRATIONAL AMPLITUDE 


1.0 
FREE STREAM VELOCITY RATIO U/U,- 
Fig. 5 Comparison with typical response of linear system 
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1 The introduction of the magnification factor N representa- 
tive of self-excitation, appears justified. Resonant amplitudes 
were much larger than should obtain for the single degree of free- 
dom system. 

2 Resonant vibrations occur over wide ranges of flow velocity. 
Deviations of S from its steady object value thus do occur. They 
are indicative of the hydroelastic character of the motion. 

3 The nonresonant amplitudes are roughly proportional to 
U*. This is in accord with the formulation of equation (13). 


C Reduced Amplitude Response Curves Figs. 6(c, b, c,d). Modifica- 
tions to the trailing edge geometry are seen to result in different 
deviations of S from its steady object value (Fig. 4). This re- 
sults in different degrees of horizontal ‘“‘stretching’’ of the ampli- 
tude response curves. In addition, the response curves tend to be 
“‘tilted’’ counterclockwise to a different degree as a result of the 
explained variation in the forcing force with decreasing S and 
increasing velocity. These effects may be eliminated by dividing 
the measured amplitudes by U?/S and plotting the reduced values 
as a function of frequency rather than velocity. This will also 
permit qualitative comparison with the similarly reduced equation 
of motion, equation (26). Figs. 6(a through d) then shows that: 


1 The quite dissimilar response curves of Fig. 5 can be re- 
duced to a set of curves of similar shape. In particular, all plots 
show the typical deviation from the standard response curve 
which was associated in the foregoing with Duffing’s equation 
and indicated schematically in Fig. 3(b). This similarity lends 
support to the formulation of the approximate reduced equation 
of motion, equation (26). 

2 The “jumps” in amplitude, indicated in Fig. 3(b), were in- 
deed encountered experimentally in the often marked unsteadi- 
ness of the measured amplitude of vibration. On several occa- 
sions a slightly quivering plate No. 1 at near-resonant velocities 
could be brought into severe vibrations with a slight tap on the 
supporting spindle. 

D Vibrational Stability Figs. 7(o, b, ¢, d). Most of the plotted 
amplitude data in Figs. 4 through 6 are average values. Nearly 
always other harmonics than the fundamental were present. 
Furthermore, the total output O of the accelerometer often ex- 
hibited random fluctuations. The RMS voltmeter could not dis- 
tinguish between the components. Hence no indication of the 
stability of magnitude and frequency of the fundamental com- 
ponent could be obtained from this iastrument. A comparison, 
however, of the voltmeter reading O (of the total signal) with the 
wave analyzer reading O,, (of the predominant components) did 
furnish a qualitative differentiation of the transducer output. 
Such comparisons given in Figs. 7(a through d) show that: 


1 For all plates the strength of the predominant component 
O,, at nonresonant conditions was but a fraction of the total 
strength of the total accelerometer output O. Approaching 
resonant conditions O,, became a larger part of O to obtain its 
relative maximum at the resonant velocity U,. This feature is 
shown by the dashed curves in Fig. 7. 

2 The distance between the dashed curves and their horizontal 
tangent near U/U, = 1 is considered a measure of the instability 
of the frequency of the predominant component w,. It was ob- 
served that an increase in O,,/O was always associated with an 
increase in the stability of w, as evidenced by the stability (as far 
as frequency was concerned) of the Lissajous figure obtained from 
the transducer output. This is in accord with the “Mathieu 
feature’ which predominates in equation (26) when for small 
plate motions the term m;a* becomes negligible and which pre- 
dicts continuous deviations from a simple harmonic response. 

3 In many cases the strength of the predominant component 
was quite unsteady. This is evidenced by the distance between 
the solid curves in Fig. 7. This distance is also indicative of the 
stability of the average net lift foree and hence the net circulation, 
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I’ net, around the plate. For plate No. 1 the instability associated 
with the jumps predicted by Duffing’s equation is readily 
discernible. 

4 A most conclusive feature of the stability graphs is the 
correlation between the stability of net and the large amplitudes 
of motion. A summary of this behavior is given in Table 1. 


Table 1 
Test plate No.4 No.1 No.3 No. 2 
Relative maximum ampli- 
tude in % 100 97 21 1.3 
Instability in Tf net in terms 


The three-dimensional, turbulent nature of the wake of a_bluff 
body at moderate to high Reynolds numbers is a matter of 
record. It is apparent from the foregoing interpretation of Figs. 
7(a through d) that some trailing edge geometries tend, when in 
motion, to sustain a two-dimensional wake thereby producing a 
regular vibration of relatively constant amplitude. 
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Some geometries encourage a “‘stability’’ in the predominant 
vibrational frequency. This most often occurs where the ampli- 
tudes of motion are large, i.e., near resonance, and is another in- 
dication of the tendency of certain geometries toward self-excited 
motions. 

The foregoing observations suggest that the role of trailing edge 
geometry in hydroelastic vibrations is their possible stabilizing 
effect on the free shear layers beyond the line of separation. 
Plates 1 and 4 which exhibited the greatest tendency toward 
stability of vibrational amplitude and frequency may be thought 
to furnish some sort of transverse support to the separated shear 
layers due to their being extended into the early wake. 

E Steamlined Trailing Edges. Some test plates with well 
streamlined trailing edges have also been tested under conditions 
entirely similar to the ones discussed here [12]. In line with the 
foregoing observations concerning plates 1 and 4 these stream- 
lined shapes might also be expected to maintain two-dimensional 
conditions in the early wake. No data are presented for these 
shapes, however, since the plates did not exhibit measurable 
vibrations. 

The authors believe that a periodic wake may never develop 
in cases in which the separating shear layers come into close con- 
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Fig. 6 Reduced amplitude response curves 
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tact with each other. Prandtl, in a discussion of Ref. [17], as- 
serted that 8 [(equation (5)] may be as low as 0.5 which value 
was confirmed by Fage and Johansen [18] for measurements in 
the wake of inclined flat plates. It is felt that 8 approaches zero 
as the separating shear layers approach each other. 


Conclusions 


1 The vibration phenomenon studied is associated with the 
periodic formation of vortexes at the trailing edge of the plates. 

2 Although the frequency of severe vortex induced vibrations 
is confined to a narrow range of frequencies near a natural fre- 
quency of the structural system, resonant amplitudes may persist 
over a wide range of free stream velocities. 

3 These severe vortex induced vibrations are to be regarded as 
a hydroelastic phenomenon. The motion is self-excited rather 
than forced. 

4 Severe vortex induced vibrations of blade shaped structural 
elements at small angles of attack are primarily a function of 
trailing edge geometry. 

5 A theoretical understanding of vortex induced vibrations 
should be based on the mechanics of vortex growth and discharge 
at the trailing edge; i.e., the dynamics of the “‘early’’ wake, rather 
than on the consideration of a periodic wake such as a vortex 
street. 
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6 An explanation for the large and seemingly inconsistent 
variation in the amplitude of plate vibration with change in trail- 
ing edge geometry is to be based on the following factors: 

(a) Differences in the degree to which the separating shear 
layers annihilate each other; 

(b) differences in the degree to which two-dimensionality of the 
early wake is enhanced by transverse motions of the trailing edge. 


7 The formulated equation of motion for the mechanical sys- 
tem employed is nonlinear and indicates possible instabilities of 
the solution. These deduced behaviors are verified qualitatively 
by analysis of the experimental data. 

8 The frequency of vortex formation during small test plate 
motions (i.e., ‘‘off-resonance’’) is unstable and hovers around a 
mean value indicated by the Strouhal number. 

9 Vibrations in a higher mode of the structural system may 
be more critical than those in the fundamental mode excited at a 


lower velocity. 
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Recommendations for Practical Applications 


1 In the design for vibration control the trailing edges of blade 
shaped objects should be well streamlined and faired out to a 
negligible thickness. In this case (at least at small angles of at- 
tack) the separating shear layers annihilate each other rather 
than to give rise to a periodic formation of discrete vortexes. The 
necessary minimum thickness may depend on the local boundary- 
layer thickness. 

2 In case well faired trailing edges are undesirable for struc- 
tural reasons it is recommended that a groove be provided for in 
the trailing edge of blade shaped objects. This geometry exerts, 
during transverse plate motions, the least stabilizing influence on 
the inherently unstable free shear layers. Two-dimensional wake 
conditions and hence a large net lift force are therefore less readily 
attained than with other nonstreamlined trailing edge geometries. 
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Surges in Air Vents Adjacent to 
Emergency Gates 


This paper examines the mechanics of surges in air vents and advances methods for 
calculating their magnitude. Particular attention is paid to the magnitude of the 
backsurge which can occur an the air vent behind an intake gate. 


1 Introduction 


m vents are installed on hydraulic conduits to 
relieve negative pressures which may occur in the conduit during 
transient conditions. To determine air vent requirements in 
gravity flow hydraulic conduits, two conditions must be examined: 


(a) A sudden increase in conduit discharge. 
(b) Intake gate closure against a steady discharge. 


The first condition may induce negative pressures at high 
points along the line of the conduit; the second will also induce 
negative pressures immediately downstream of the intake gate. 

The cross-sectional area of air vents is designed to allow the 
entry of sufficient air to prevent the occurrence of dangerously 
low pressures. The height of the vent is usually determined by 
the magnitude of the maximum upsurge. If the vent cannot be 
made high enough to prevent overflow during the maximum 
upsurge, provision must be made to conduct away the overflow. 

Where the air vent is located near the downstream end of the 
conduit, the maximum upsurge resulting from a change in dis- 
charge occurs during the first half of the surge cycle and can be 
computed by one of the analytical or step-by-step methods [1, 2]! 
in common use for surge tank design. Where the air vent is in- 
stalled near the intake to relieve negative pressures on intake 
gate closure, the methods of surge tank design have to be ex- 
tended to include the backsurge that can follow the initial draw- 
down on closing the gate. 

This paper examines in detail the drawdown in an intake gate 
air vent following gate closure against a constant discharge, and 
derives an expression for the subsequent backsurge. A backsurge 
is likely to occur in installations where the magnitude of pressure 
fluctuations at the downstream end of the conduit are relieved 


1 Numbers in brackets designate References at end of paper. 
Contributed by the Water Hammer Subcommittee of the Hy- 
draulic Division of THe American Society or Mecsanicat En- 
GINEERS and presented at the ASME-EIC Hydraulic Conference, 
Montreal, Canada, May 7-10, 1961. Manuscript received at ASME 
Headquarters, January 23, 1961. Paper No. 61—Hyd-2. 
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by a surge tank. The surge tank acts as a reservoir for return 
flow in the direction of the vent. If the downstream end of the 
conduit discharges directly into a large reservoir or canal, an 
upsurge in the intake gate air vent will almost certainly follow the 
initial drawdown on intake gate closure. 

The lack of proper provision against backsurge can result in 
serious damage to the intake gate and its hoisting mechanism [3]. 
The intake gate must be designed to withstand the reverse head 
due to the maximum upsurge; the hoist must be protected 
against overflow from the vent. In some cases consideration may 
have to be given to limiting the backsurge by a reduction in the 
rate of gate closure. 


2 Mechanics of Surge Following Intake Gate Closure 


Fig. 1 illustrates the most general combination of supply reser- 
voir, intake gate, air vent, supply conduit, surge tank or balancing 
reservoir, and penstock. The following symbols will be used in 
subsequent analysis: 


h,, h,, and h, = water levels in the supply reservoir, air vent, 
and surge tank, respectively 
Q,, Q,, and Q, discharge from the supply reservoir, air vent, 
and surge tank, respectively 
Q, penstock discharge 
Q, = supply conduit discharge 
A,, A, and A, = cross-sectional areas of air vent, supply con- 


duit, and surge tank, respectively 


The differential equation prescribing the surges following in- 
take gate closure can be derived from the hydraulic conditions at 
the intake gate, and from the dynamic and the continuity equa- 
tions pertaining to the supply conduit. 

(a) Hydraulic Condition at Intake. When the intake gate is par- 
tially closed, the difference in water level between the reservoir 
and vent shaft can be expressed as 


h,—h, = SQ. 


SURGE TANK OR 
BALANCING RESERVOIR 


PENSTOCK 
i 
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where S is a function of the remaining gate opening. During the 
closure cycle, S will vary with time and will, therefore, be a func- 
tion of the rate of gate closure. 

(b) Dynamic Equation in Supply Conduit. The deceleration of 
water in the supply conduit following gate closure can be repre- 
sented by the equation 


(2) 


where 


L = length of supply conduit 
V = velocity in supply tunnel 
FV? = friction loss in the supply conduit 


In many practical cases the maximum backsurge occurs at a 
low discharge. In these cases the term FV? can be neglected and 
Equation (2) is reduced to 


g dt 


& 


gA, dl and 


(c) Continuity Equations. The application of the continuity 
principle leads to the following equations: 


At the air vent: 


(3a) 
dh, 
Q, = -A, (3b) 
At the surge tank: 
Q, Q, + Q, (3c) 
dh, 
Q, = —A, (3d) 


During the period of intake gate closure the simultaneous solu- 
tion of Equations (1) to (3) can most readily be accomplished by 
numerical integration. 

At the instant that the gate is fully closed, Equation (1) be- 
comes invalid and Equation (2a) and Equations (3) describe the 
surge phenomenon. These latter equations can be combined to 
give a differential equation of the form 


(4) 


in which 


n= - A, and m = 


A,LA, 


The general solution of Equation (4) can be written as: 


h=— 


mt 
sin + cos — + C; (5) 
Vn n 


Values of the integration constants C;, C2, and C; can be de- 
termined from the minimum water level in the air vent H, and 
the corresponding difference h between this level and that in the 
surge tank. At the time of minimum surge level in the air vent, 
the velocity in the main conduit is zero and the deceleration is 
equal to hg/L. Application of these conditions gives the par- 
ticular solution 


hgA, 
nLA, 


nv/n n 


9 A, 
LA 


(6) 
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This equation describes the behavior of the water level in the air 
vent after gate closure is completed. 

The effect that different hydraulic arrangements may have on 
surges in the air vent become apparent after a study of Equation 
(6) and the numerical integration of Equations (1) to (3) for a 
typical example. For the case of no surge tank or downstream 
reservoir, Equation (6) resolves to 


. & 
h, = H, A, 


where H, = downsurge at the time of gate closure. In this case 
the water level in the air vent falls at a constant rate and there 
is no backsurge. In developments where there is a surge tank at 
the downstream end of the conduit to act as a reservoir for return 
flow in the direction of the air vent, backsurges can occur. Fig. 2 
shows, for such a development, a typical cycle of water level 
variations in the intake air vent and in the surge tank. Pertinent 
hydraulic data are given on the figure. 
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Fig. 2 Surge in air vent following intake gate closure 


Fig. 2 indicates that despite the relatively long intake gate 
closure time of 205 seconds, the water level in the air vent starts 
decreasing only 30 seconds before gate closure is completed. The 
level in the air vent reaches its minimum value of 95 feet below 
reservoir level fifteen seconds after the completion of the gate 


closure. When this minimum level is reached, the flow in the 
tunnel reverses and the level in the air vent begins to rise. As the 
cross-sectional area of the air vent is small in relation to that of 
the surge tank, the water level in the vent rises sharply so that 
one minute after closure of the intake gate, it reaches a level of 80 
feet above the surface of the supply reservoir. For this case, the 
backsurge could exert a considerable load on the intake gate in 
the reverse direction to that for which the gate would normally be 
designed. 


3 Minimum Surge Level in Air Vent 

Although the minimum surge level in the intake air vent does 
not affect the design of the intake gate, it should be examined as its 
value directly affects the succeeding upsurge. 
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An examination of Equations (1), (2), and (3) shows that the 
initial downsurge is a function of Q,, Q,, A,, A, and L. The rate 
of gate closure has also an important effect on the initial down- 
surge, as its prescribes, at any time during the closure, the value 
of parameter S in Equation (1). 

Figs. 3 and 4 show the effect of some of these variables on the 
maximum difference in level h between the water level in the air 
vent and that in the tank. Fig. 3 shows that, with all other 
parameters held equal, the initial downsurge increases with the 
ratio L/A,. 

A study of Equations (1) and (2) shows that variations in the 
absolute value of L and A, has, for a fixed value of the ratio L/A,, 
little effect on the initial downsurge. 

The effect of discharge Q, and the rate of intake gate closure is 
indicated in Fig. 4. As would be expected, the rate of gate 
closure in the range of between one and ten feet per minute has a 
marked effect on the initial downsurge. Rates of gate closure in 
excess of ten feet per minute do not, however, sensibly increase 
the initial downsurge. 
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Fig.4 Initial downsurge versus discharge and rate of intake gate closure 
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Fig. 4 also shows that the downsurge generally increases with 
an increase in discharge, but for the slowest rate of closure con- 
sidered, this increase was not maintained for a discharge in excess 
of approximately 2700 cfs. At a higher discharge the water level 
in the surge tank fell more quickly, so, although the initial down- 
surge in the air vent was greater, the maximum difference between 
it and the corresponding surge tank level actually decreased. 

Although Figs. 3 and 4 show the effect of various parameters on 
the initial downsurge in the air vent, for any particular case the 
actual values will have to be calculated by arithmetic integration. 
More generalized curves were not considered worth while, because 
of the many geometrical variations that are possible. 


4 Maximum Elevation Reached by Backsurge 


The maximum elevation of the backsurge in the vent shaft can 
be found directly from Equation (6) by differentiating this equa- 
tion with respect to time and equating dh,/dt to zero. The solu- 
tion thus obtained is 

2hA, — TQ 
=H 7) 
A, + A, (7) 


Hy wax 


in which T is the time of occurrence of the maximum return surge. 
The value of T' may be obtained from the equation 


2Q,A,h 


An examination of Equation (7) shows the following points for 
the case where the area of the vent shaft A, is small compared to 
the area of the surge tank A,: 


(i) If the penstock discharge were cut off at the time of maxi- 
mum downsurge in the vent shaft, Equation (7) would become 


Hy max = H, + 2h (7a) 


The backsurge in the vent would, for this case, reach an elevation 
approximately 2h feet above the maximum downsurge level in the 
vent. 

(ii) If the discharge conduit empties into a large balancing 
reservoir or long canal so that 2h A, is large compared with TQ,, 
the backsurge will reach an elevation h feet above the supply 
reservoir. 


For this case, the value of A is equal to the maximum downsurge 
in the air vent. 

A closer examination of Equation (7) indicates the surge ratio 
(He max — H,)/h for gate closure against a constant penstock dis- 
charge can be written as 

mx —H, a TQ, (9) 
h A,h 
Fig. 5 shows this ratio plotted against the parameter Q,/(A,h) for 
various values of the surge parameter n. It can be seen that the 
ratio (Hy max — H,)/h will decrease with increasing values of 
Q,/(A,h) signifying that for a given initial downsurge the back- 
surge will decrease with increasing penstock discharge. 

The condition that the intake gate will not be subject to reverse 
head after closure against constant discharge can be expressed 
mathematically: the ratio (Hymsx — H,)/h must not exceed 
unity. Substituting this ratio in Equation (9) shows that re- 
verse head on the intake gate following closure against a nearly 
constant penstock flow can be avoided if 


10, 


ian (10) 
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As was indicated in Section 3 of this paper, the initial down- 
surge A in any development is a function both of the discharge Q, 
and the gate closure time. To be sure, therefore, that the rate of 
gate closure is such that a reverse loading is not exerted on the 
intake gate of a development while the gate is closing against 
flow, the value of h for various combinations of these parameters 
has to be evaluated and substituted in Equation (11). 

Fig. 6 shows how the backsurge, as well as the initial down- 
surge, is dependent on the discharge and rate of gate closure. 


5 Design Considerations 
Reverse loading on an intake gate after closure can damage the 
gate seals or embedded parts. Seal damage is most likely where 


an upstream seal is employed and full reverse loading is applied 
to the gate seal. 


While in a long conduit it is not usually possible to reduce the 
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rate of intake gate closure to an extent which will prevent reverse 
loading under all conditions, it is usually possible to limit the rate 
so that reverse loading does not occur after closure against any 
steady discharge. The ability to do this is beneficial, in that it 
facilitates conduit dewatering by ensuring the gate rests con- 
stantly against its seal after it has been closed. 

A decision as to whether the rate of intake gate closure should 
be further reduced in case that in emergency the discharge should 
be shut off after the intake gate closure depends on the gate seal 
design and the ease with which provision can be made to conduct 
away any overflow of water which surges up the air vent. 
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DISCUSSION 
W. Douglas Baines? 


It is unfortunate that the authors have been able to obtain an 
analytical solution only for that part of the cycle after the gate 
has been closed. In addition, negligible friction has had to be 
assumed. These restrictions will mean that the solution has 
rather limited application for the design engineer. The square- 
law-friction terms in Eq. (1) and (2) cannot be handled in an 
analytical solution and thus the only practical solution is an 
arithmetic integration of the set of equations. Analogue and 
digital computers can readily handle these equations but the 
amount of work required to program the problem is more than 
the engineer can spend profitably: As these machines become 
progressively easier to operate solutions of single problems in- 
volving turbulent friction should become more numerous. Even 
now the engineer should consider the use of a computer if a range 
of variables has to be studied. 

An approximation to the complete solution can be obtained by 
using a linear term in place of the square of the velocity friction 
term. For example, if, instead of neglecting the term +FV? in 
equation (2) it is rewritten as F V|\V where |V| stands for the 
absolute value of the velocity and then F and V_ are considered 
constant throughout the cycle the term becomes linear. Upon 
carrying through the authors manipulation of equations this then 
becomes one additional item in Eq. (4): 

dh, F'v'g dth, dh, 
+n 


=) 
dt’ Lat? dt 


(4’) 
Equation (4’) should be as readily soluble as Eq. (4) but the 
solution is certain to be algebraically more complicated. The 
writer has not had time available to carry out this solution so 
cannot comment further on the final form. One real advantage 
to the solution of Eq. (4’) for the engineer is the choice of |V| to 
be used. If an average value of the velocity is chosen the result- 
ing surge height should be close to that in the exact solution. 
However, for a conservative result one would choose the smaller 
than average value of |V|. 

A similar approximation for the head loss through the gate in 
Eq. (1) could be used but this has no real value. The friction co- 
efficient S is a variable and ordinarily the variation with time 
cannot be approximated with a linear equation. Thus one 
anticipates that the initial phase must be solved by arithmetic 
methods. 


2 Associate Professor, Department of Mechanical Engineering, 
University of Toronto, Toronto, Ontario. 
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Minimum Surge Level in Air Vent 


The equations given by the authors are invalid if h, has a value 
less than the elevation of the top of the supply conduit. If this 
occurs in a physical situation air is drawn into the supply conduit. 
This takes the form of a tongue on the top of the conduit which 
progresses downstream leaving almost constant depth of water 
behind it. With the reversal of head this tongue is sealed off and 
water immediately enters the air vent. As the backsurge pro- 
gresses the air in the supply conduit is carried back to the air vent 
and rises to the top. However, as the air moves up the vent it 
is pushing a column of water ahead of it which is blown out the 
top, often with spectacular results. The water can rise many feet 
into the air and cause considerable damage to the surroundings 
hecause oi the relatively high speed with which it leaves the vent. 

This condition cannot be analyzed because of the unknown 
characteristics of the air-water mixture. It can, however, be 
avoided by designing the installation so that the level never falls 
below the top of the conduit. This is an unnecessarily conserva- 
tive assumption in that some spray can always be tolerated. The 
writer would be interested to know how this is handled in practice. 


P. Danel® 


Although no basic remarks will be presented here on the actual 
computation of the surges themselves it may be interesting to 
supplement this very good paper by a few comments on some 
other problems in connection with the air vent installation. 

(a) It has been aptly mentioned that in the upsurge phase some 
damage may be done to the gate seals and embedded parts. 
With some designs of gate and control devices, the upsurge may 
eventually lift the gate bodily and drop it suddenly. The control 
mechanism may thus be broken, or the gate may be wedged in a 
difficult position. In designing such gates, it is then obvious that 
the operating forces have to be ascertained for transient con- 
ditions. In most cases too elastic control mechanism should be 
avoided, and in general cable operation should be ruled out. 

(b) The main reason for providing air vents is to prevent cavi- 
tation, or at least ease the low pressure condition. 

Even if the air vent cross section is very ample there still may 
be cases where some destructive cavitation would occur in loca- 
tions where the air has no free access. In such cases, if the over-all 
cavitation effect is somewhat less the local destructive action 
is not always materially reduced and, in certain extreme cases, 
it may eventually be more severe at places. The fact that the 
pressure distribution has been changed by the air vent action 
often changes also the exact location of bubble collapse which is 
the area where pitting occurs. 

Laboratory tests in a specially designed cavitation set-up, with 
special provision for air vent action, can demonstrate the phe- 
nomenon and suggest the proper remedies 

(c) Although formulas have been offered from time to time for 
the computation of air vent sizes, to our knowledge they cannot 
claim a great accuracy. Therefore an ample margin of safety 
should be the rule. 

It can be stated briefly that up to a certain critical size the 
pressure is practically unaffected by the air inrush. Then 
the pressure rises gradually and soon very rapidly approaches at- 
mospheric; past that narrow range of rapid variation it still 
rises very slowly to come nearer to atmospheric. It must be well 
remembered that in many cases the range of pressure variation 
is quite narrow, and a slight error in computing the air vent size 
may introduce very low pressures instead of the near atmospheric. 

The pressures mentioned here are of course the mean pressures 
near the top of the tunnel and as discussed in (6) may often differ 
considerably from local pressures where cavitation occurs. 
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C. W. Lundgren‘ 


The authors’ mathematical expressions and charts for determin- 
ing back surges in air vents adjacent to emergency gates are 
valuable for preliminary estimates. However, since the back 
surge derived from the mathematical expressions must be pre- 
ceded by a step by step solution to determine the initial down 
surge after the gate closure, it would seem desirable to solve the 
entire problem by the graphical water-hammer method. 

Friction effects with smaller and longer conduits than in the 
illustrated example can exert considerable influence on the mag- 
nitude of the vent tank surge. Although friction effects cannot 
readily be included in the authors’ mathematical expression, they 
can easily be included in the graphical solution. 

The graphical solution will provide the entire time history of 
the water levels and flows in both tanks and may also be con- 
structed to show the effect of an orifice at the vent tank. The 
basic principles of the graphical solution may be found in Ref- 
erence [1]. The specific method in this case is to provide a co- 
ordinate system in Q and H, the required parabolas for the timed 
gate movement, the friction parabola, the slopes for the wave 

(a) L 
parameter —— and the slopes --—— and ——— for integrating the 
Aig (a)A, (a)A, 
tank water level changes. The (a) represents the wave velocity. 
The other symbols are the same as in the paper. The flows at the 


4 


L, 
surge tank junction are fixed at each 2 (a) interval by the pen- 
a 


stock outflow rate. 
The problem is then solved graphically by connecting the 


a 
properly sloped lines, where the lines with slopes + ‘ ) represent 
Arg 


L 
the wave phenomena, the lines with slopes + — determining 


(a)A 


the incremental changes in the vent tank water level, and the 


lines with slopes + determining the incremental changes 


L 
a)A, 
in the surge tank water level. 

Reference [2] illustrates solutions for similar problems using 
the foregoing graphical method for integrating water level changes. 
Caution should be taken to determine the location and con- 
figuration of the vent tank connection with respect to the gate, 
since the gate discharge rate and the vent tank outflow will be 


affected. 
1 
Mathematical expression (10) in the paper should be 


hA 
instead of 
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The authors are to be complimented on the excellent presenta- 
tion of this paper which is a welcome contribution to the litera- 
ture. 

Provision of adequate venting facilities to protect the conduit 
downstream of the intake gate or point of control is of prime im- 
portance in the design of any hydroelectric or water supply 
installation. 

*Engineer, Technical Engineering Analysis Branch, Division of 
Design, Bureau of Reclamation, Department of the Interior, Denver, 
Colo. 

‘Hydraulic Engineer, The Shawinigan Engineering Company 
Limited, Montreal, Canada. Assoc. Mem. ASME. 


DECEMBER 1961 / 683 


Q, 


The authors’ concise analysis covers surges occurring in an air 
vent in the classical case where the initial down surge is contained 
within the vent shaft and no actual venting of the conduit takes 
place, under properly designed conditions. 

It seems appropriate to the writer to point out that this is only 
one case in the general problem of air vent surges. In many sur- 
face layouts, a considerable quantity of air will be taken into the 
supply conduit under the emergency closure conditions described 
by the authors, and while the resulting backsurge of the air and 
water admixture cannot be analyzed readily, the effects can be 
more devastating than the resurge without air entrainment. 

Several serious accidents affecting intake structures of hydro- 
electric developments have occurred in the past due to reopening 
of the emergency gate before the resurge in the air vent has 
taken place. It is regrettable that so few of these occurrences 
have been written up in the Engineering literature. In at least 
one case known to the writer, the blocking and sudden clearing of 
trash racks due to frazil ice has caused very serious air vent 
surges with considerable damage to the intake gate house struc- 
ture. 

Such occurrences can be prevented by providing electrical limit 
switches to prevent arbitrary reopening of the gate after emer- 
gency closure, adequate heating of trash racks and air vents, 
and in certain cases, as pointed out by the authors, by reducing 
the rate of gate closure. 

The backsurge in the air vent, and resultant reverse head on 
the gate, can be reduced by providing an adequate overflow into 
the headgate well. In addition, with a downstream gate seal, 
which is a common arrangement with surface intakes, the gate 
moves away from the seal under a reverse head to further re- 
duce the surge. oe 

As a further protection, damage to the intake gate house over 
the vent due to a serious backsurge can be minimized by the use 
of collapsible panels designed to blow out under small differen- 
tial pressure. 


Authors’ Closure 
The authors wish to thank Dr. Baines, Dr. Danel, Mr. 
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Lundgren, and Mr. Smallridge for their valuable comments. 

The graphical method of determining the magnitude of air 
vent surges suggested by Mr. Lundgren and the refined analytical 
method put forward by Dr. Baines will no doubt give more ac- 
curate results than the simplified treatment which the authors 
advanced. The purpose of the paper was to indicate design fea- 
tures which could induce severe upsurges in an intake gate vent 
shaft and to show what measures can be taken to minimize these 
upsurges. The authors thank Mr. Lundgren for his correction to 
the mathematical expression (10). 

Regardless of the method adopted for evaluating surges within 
the air vent for the case of the conduit running full, the method 
must be revised if drawdown occurs below the soffit of the conduit 
downstream of the intake gate. If the conduit is steeply in- 
clined at that section, it can be assumed to act as an extension to 
the vent shaft, and no great difficulty arises in obtaining a solu- 
tion. On the other hand, if the conduit is nearly horizontal, 
translatory waves occur which may, in extreme cases, significantly 
affect the answer. Laboratory experiments made by the authors 
have, however, shown that by slight grade adjustments the effect 
of translatory waves can be minimized and drawdown below the 
soffit made nearly uniform. For such cases the accelerating and 
decelerating head is known for the entire surge cycle, and if a 
running account is kept of water drawn from the conduit and 
supplied to it, it is possible to predict the time at which the con- 
duit is again entirely refilled. The step by step calculation will 
also give the reverse velocity that would later induce upsurge in 
the intake gate air vent. The entrapment of air, which Dr. 
Baines and Mr. Smallridge refer to, can magnify this upsurge. 

Dr. Danel mentions how the consideration of backsurge may 
affect intake gate design and cautions the designer against in- 
adequate venting. His remarks are indeed valuable. 

Mr. Smallridge indicates that the blocking and clearing of 
intake trash racks due to frazil ice can induce serious air vent 
surges. These transients can be examined theoretically by as- 
suming that the blockage is equivalent to partial closure of the 
intake gate. For northern hydroelectric stations, it is necessary 
to guard against damage should such transients occur. 
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Effects of Specific Speeds on 
Hydraulic Transients 


This paper presents complete pump characteristics of specific speeds 1800, 7600, and 
13,500 (gpm units) in the v — hp (flow ratio-head ratio) co-ordinate system. The 
method of developing these complete pump characteristics from test data is described. 
The three complete pump characteristics are compared, and the effects of specific speed 
on hydraulic transients caused by power failure or pump shutoff is presented. 


Introduction 


Biles operating characteristics of pumps with 
various specific speeds are not readily available. In general, the 
pump manufacturer supplies the head, brake horsepower, and the 
efficiency plotted against the discharge for the normal speed of 
pump.operation. From these data one can determine the charac- 
teristics of normal pump operation. It is necessary to have the 
complete characteristics of a pump to determine the operation for 
all possible steady state conditions, or to determine transient 
conditions for normal or abnormal operations. The complete 
characteristics of a pump consist of the zones of pump operation, 
turbine operation, and energy dissipation. These zones can be 
plotted as families of speed-ratio curves and torque-ratio curves 
on av — hp (flow ratio-head ratio) co-ordinate system. In this 
form it is convenient to determine the transient water-hammer 
effects by graphical procedures. In addition, it is possible to 
determine by inspection the steady-state conditions existing at 
different heads or speeds under normal and abnormal conditions 


Contributed by the Water-Hammer Subcommittee of the Hy- 
draulic Division of Tae American Society or Mecuanicat Enat- 
NEERS and presented at the ASME-EIC Hydraulic Conference, 
Montreal, Canada, May 7-10, 1961. Manuscript received at ASME 
Headquarters, January 19, 1961. Paper No. 61—Hyd-3. 
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of operation. Moreover, examples of the transient effects which 
can be determined by the use of these characteristics include the 
water hammer in the suction and discharge lines for normal or ab- 
normal starting or stopping of the pumps, pump speed, flow 
through the pumps, and the effect of valve closure, pipe friction, 
and the like. The graphical methods for determining these 
transients are explained in detail in Reference [1]. 

To make the studies indicated in the foregoing with sufficient 
accuracy it is necessary to have the complete characteristic of a 
pump of approximately the same specific speed as that being 
studied. In most cases this is not available, and the question 
has often been raised as to the error which is introduced in the 
transient studies by the use of improper pump characteristics. 
(See References [2] and [3].) This paper presents three complete 
pump characteristics covering a wide range of specific speeds. 
The three characteristics are compared, and the effects of specific 
speeds on hydraulic transients are presented. 


Development of the Complete Characteristics 


Professor Hollander of the California Institute of Technology 
furnished the basic test data for three pumps of specific speeds 


1 Numbers in brackets designate References at end of paper. 


a = velocity of pressure wave, fps 
g = acceleration due to gravity, fps 
per sec 
Hy = rated pumping head, ft 


wave travel time of discharge 
line, sec 
flywheel effect, or moment of 


Hy = 


Hp 


pumping head for initial steady 
pumping conditions, ft 

head at any time above the 
pump-intake water-surface 
elevation, ft 

Hp/H, = ratio of head at any 
time to the initial steady 
pumping head, ft 

91,600H 

WR*npQN 

length of discharge line, ft 

GOWH 

torque, lb-ft 

pump input torque at any time, 
lb-ft 

rated speed of pump, rpm 


, & pump constant 


= rated pump input 
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gpm units (an index of the 
type of pump impeller) 
h 
— fficiency ratio of the 
apg 


pump 


= rated discharge of pump, cfs 
= discharge of pump for initial 


steady pumping condition, 
cfs 

discharge of pump at any time, 
cfs 


= rated discharge of pump, gpm 


initial steady velocity of flow in 
discharge line, fps 

velocity of flow in discharge line 
at any time, fps 

specific weight of fluid, pef 


inertia in terms of weight of 
rotating parts of motor, pump, 
and entrained water, pfs 

N/N x = ratio of pump speed at 
any time to rated pump speed 

M/Mez = ratio of pump input 
torque at any time to rated 
input torque 

pump efficiency at rated speed 
and head 

a pigall tant 

2gH’ a pipeline constan 

Q/Qo = V/Vo = ratio of flow of 
fluid at any time to the initial 
steady flow 

a constant for the parabola v = 
@ V\hp| in which |hp| is the 
absolute value of hp 
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} N = speed of pump at any time, rpm Lb 
Nevq a 
i Qo 
= 
Q = 
L = p= 
My = v= 
M = = 
Nz = w= 


1800, 7600, and 13,500 (gpm units). The test data are shown in 
Figs. 1, 2, and 3 in the Karman-Knapp circle diagram form 
(Reference [4]). The testing procedure used to obtain those data 
can be found in an article by Mr. Swanson (Reference [5]). The 
test data shown consist of curves of plus and minus 100 per cent 
head and torque and zero head and torque on a speed-flow co-or- 
dinate system. The zero head and torque curves are normally 
straight lines. An exception is the 1800 specific speed character- 
istic (Fig. 1) where the zero head line in the negative speed region 
is not straight. In the Karman-Knapp diagram the curves 
through the origin are the asymptotes for the corresponding 
families of curves. The 7600 specific speed characteristic (Fig. 2) 
shows an unstable condition to exist in the zone of normal pump 
operation. All of the test data are presented in per cent of the 
head, flow, torque, and speed values at the best efficiency point. 
This makes the developed characteristics applicable for all pumps 
having approximately the same specific speeds. 

By the use of the homologous laws for pumps (References [1] 
and [6]) the test data were extended into families of head and 
torque curves in the following manner: Straight lines were first 
drawn through the origin of the Karman-Knapp diagram to in- 
tersect the head or torque curves. Then, other head and torque 
curves were produced using the law that, for a given pump, the 
head delivered by the pump and the input torque vary as the 
square of the speed of rotation. By replotting the extended 
Karman-Knapp diagrams on v-hp co-ordinates, pump char- 


acteristics with families of torque and speed curves were obtained. 
The straight lines drawn on the Karman-Knapp diagram became 
parabolas through the origin of the u-hp co-ordinate system. 
Finally, the complete characteristics were produced with the use 
of the parabolas and the homologous laws that, for a given pump, 
the head delivered by the pump varies directly with the input 
torque and the square of the speed, and the flow varies directly 
with the speed. 

The curvature of the zero head curve of the 1800 specific speed 
characteristic (Fig. 1) indicated a narrow region in which the 
homologous laws did not hold. This is a region of abnormal opera- 
tion in which the flow is positive and the rotation is negative. 
A pump would have to be forced to operate in this region by 
laboratory procedures. The torque and speed curves for this 
region were drawn by interpolation and smoothing of the curves 
so as to follow the homologous laws. An unstable condition (Re- 
gion J) exists on the 7600 specific speed characteristic (Fig. 2). 
This condition was reproduced only on the 100 per cent torque 
and speed curves of the v-hp co-ordinate system (Fig. 9) because 
this instability may not exist for other pumps of the same specific 
speed, or may not be in the same location of the characteristic. 
Curves representing an average were drawn for the 100 per cent 
torque and speed ratios through the unstable region, and these 
curves were used to determine other values of torque and speed. 
This was considered to produce a more representative charac- 
teristic for the 7600 specific speed pump. 
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Complete Pump Characteristics 


The complete pump characteristics presented in this paper 
cover a range of specific speeds from 1800 to 13,500. Figs. 4 and 5 
show the characteristics for pumps of specific speed 1800. Pumps 
with specific speeds of approximately this magnitude are desig- 
nated as radial flow pumps in that they develop their head by 
centrifugal force. Radial flow pumps are normally used for higher 
heads. Figs. 6, 7, and 8 show the characteristics for pumps of 
specific speed 13,500. Pumps with specific speed of approxi- 
mately this magnitude are designated as axial flow pumps in that 
they develop their head by the propelling or lifting action of the 
vanes,on the liquid. Axial flow pumps are generally used for 
lower heads. Figs. 9, 10, and 11 show the complete characteristics 
for pumps of specific speed 7600. Pumps with specific speeds 
of approximately this magnitude are designated as mixed 
flow pumps in which the head is partly developed by centrifugal 
force and partly by the lift of the vanes on the fluid. Mixed flow 
pumps are used for intermediate heads. 


Comparison of the Complete Pump Characteristics 


The pump characteristics are presented in dimensionless ratios 
of speed c ,torque 8, head hp, and flow v. This allows the use of 


the characteristics for a pump of any initial operating condition 
providing the specific speeds are approximately the same. The 
rated point or best efficiency point of operation is that at 
which all ratios are usually equal to one. All of the complete 
characteristics include the zones of pump operation, turbine 
operation, and energy dissipation. Energy dissipation zones are 
zones in which the efficiency ratios are negative and no useful 
energy is being supplied to the water by the impeller or to the 
impeller by the water. 

On examination of these characteristics it is seen that there are 
no discontinuities at points of reversal of sign, and that the a and 
8 curves have the characteristic shape of their families. The zero 
speed and zero torque curves are parabolas which pass through 
the origin. Positive flow increases with a decrease in head at 
constant speed. This per cent increase in flow is larger for radial 
flow pumps, and smaller for axial flow pumps. At zero head and 
100 per cent speed the positive flow is 84 per cent greater than 
rated flow for the radial flow pump, 42 per cent greater than rated 
flow for the axial flow pump, and 55 per cent greater than 
rated flow for the mixed flow pump. The negative flow of all 
these pumps increases with an increase in the head. 

Radial Flow Pumps. The radial flow pump (Fig. 4) has a rela- 
tively low shutoff head of about 129 per cent of rated head, and 
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the torque ratios are relatively low during normal starting of the 
pump. Therefore, this type of pump can reach full speed very 
quickly with a small increase in head. It can produce positive 
flow with positive head when the impeller is rotating in reverse. 
When rotating at 100 per cent negative speed the shutoff head is 
63 per cent of the rated head, and the maximum flow at zero head 
is 55 per cent of the rated flow. With no friction in the line the 
steady-state reverse flow for 8 = 0 (Fig. 5) is about 66 per cent 
of rated flow for the radial flow pump. This is much less than the 
reverse flow for the case of a stationary impeller (zero speed). 
The maximum reverse flow is defined by a parabola v = @ +/ |hp| 
where @ = —1.26. This parabola is also the line of fold for the 
folded region, in which the negative flow decreases as the negative 
speed increases. A folded region also exists in the positive flow- 
negative head zone (Fig. 4). This is a nonhomologous region 
near the zero head, and the fold occurs along the envelope of the 
a = 0, —0.1, —0.2, and —0.3 curves. There can be no flow to 
the left of this envelope. 

Axial Flow Pumps. The axial flow pump (Fig. 6) has a very high 
shutoff head of about 274 per cent of the rated head, and the 
torque ratios are relatively high during the starting of the pumps. 
Therefore, this type of pump cannot reach full speed as quickly 
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as the radial flow type and care must be taken when starting. 
This type of pump cannot produce positive flow with positive 
head when rotating in reverse. With no friction in the line the 
steady-state reverse flow for 8 = 0 (Fig. 7) is about 189 per cent of 
the rated flow. This is a much greater flow than in the case of a 
stationary impeller (zero speed). In the negative flow zone there 
is a double folded region, the folds being along parabolas where 
ri) —1.17 and @ = —1.12. Within this narrow congested re- 
gion the flow decreases as the speed increases until a certain speed 
is reached depending on the head ratio. Thereafter, the negative 
flow increases with increasing negative speed. There is also a 
double folded region in the positive flow, negative head zone (Fig. 
6) defined by the parabolas where @ = 1.00 and @ = 1.06. These 
parabolas, however, are not the limiting boundaries for the flow 
as in the case of the radial flow pump, and flow can occur in all 
zones. 

Mixed Flow Pumps. This mixed flow pump in general exhibits 
characteristics similar to the axial flow pump. It, however, has 
no folded region. The shutoff head (Fig. 9) is about 196 per cent 
of the rated head, and the steady-state reverse flow for 8 = 0 (Fig. 
10) is about 161 per cent of the rated flow for the frictionless 
condition. 
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Effects of Specific Speed on Hydraulic Transients 


Water-hammer phenomena depend on the pump characteristics, 
wave phenomena in the pipeline, and the kinetic energy of the 
rotating parts. To determine the effect of pump characteristics 
of different specific speeds on hydraulic transients following in- 
terruption of power to the pumps, studies were made for various 
combinations of 2p and K2L/a. These studies were made, as- 
suming no water-column separation, with the pump characteris- 
tics presented in this paper by the graphical methods described 
in Reference [1]. 

It was determined, provided the minimum head is positive, that 
the radial flow pumps caused the greatest per cent of downsurge 
on power failure. On the other hand, the axial flow pumps will 
have the lowest per cent of downsurge. If the minimum head is 
negative, the maximum per cent of downsurge for all pumps will 
occur with the pump having the steepest 8 = 0 curve. The 
maximum per cent of possible downsurge is determined from the 
intersection of the 2p line with the 8 = O curve. In the case of an 
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axial flow pump the maximum downsurge will occur in less wave 
travel times (/a’s) than that of a radial flow pump. For acon- 
servative determination of downsurge the lowest specific speed 
(radial flow pump) characteristics should generally be used. 
The radial flow pumps will also produce the greatest per cent 
of head rise on power failure, assuming there is no interference in 
reverse flow by valves. There will be no head rise in the case of 
the mixed flow pump, and a very small per cent of head rise (less 
than 5 per cent) with the axial flow pump. In all cases the head 
rise will occur in the folded regions of the pump characteristics. 
This mixed flow pump has no folded region in its characteris- 
tics, the axial flow pump has a small folded region, and the radial 
flow pump has a large folded region. In the folded region the re- 
verse flow is decreased as the reverse speed increases, very much 
as if a valve were closing. In the case of the radial flow pump this 
process continues over a large range of speeds. In the case of the 
axial flow pump the process occurs over a narrow range of speeds. 
In general, a head rise cannot occur upon power failure for pumps 
having no folded region in its characteristic unless there is a valve 
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closure. It will take more wave travel times for a radial flow pump 
to reach the maximum per cent head rise than an axial flow pump. 
Again, the lowest specific speed (radial flow pump) characteristics 
should generally be used for a conservative determination of the 
upsurge. In the case of all pumps, friction in the discharge line 
will cause the downsurge to be greater and the upsurge to be less 
than if there were no line friction. 

When a check valve is used at the pump the per cent head rise 
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(assuming no friction in the line) will be approximately equal to 
the per cent of downsurge occurring at the pump at the time of 
zero flow. The largest per cent will be for radial flow pumps. 
Head rises that occur during the closure of valves will depend 
more on the rate of closing and the time at which the valve takes 
control of the flow than on the pump characteristics. Further- 
more, because of the large per cent of reverse flow possible with 
mixed flow and axial flow pumps, a valve closure may cause a 
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high per cent of head rise. In the case of mixed flow and axial flow 
pumps, this large reverse flow is reached during power failure after 
more wave travel times than in the case of a radial flow pump. 
Possible large heads can be produced due to the closure of the 
valves during this reverse flow. Also very large heads can be 
produced in the case of mixed flow and axial flow pumps when 
starting the pumps under large reverse flow conditions. 

During a normal power failure with no valve closure the largest 
per cent of reverse speed is reached by the axial flow pump and 
the lowest by the radial flow pump. The radial flow pumps will 
reach its maximum reverse speed in less wave travel times than 
the axial flow pumps. All pumps will slow down to zero speed in 
about the same number of wave travel times. Care must be 
taken to prevent damage to the motors with the higher specific 
speed pumps because of the large per cent of reverse speed 
possible. 
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Conclusions 


In most cases the complete pump characteristics are not 
available. Incomplete pump characteristics can be extended by 
homologous pump laws. The complete pump characteristics 
presented will adequately cover the whole range of specific speeds. 
If the specific speed of the pump being studied is approximately 
the same as that of the pump characteristics available the water- 
hemmer results will be satisfactory for most engineering pur- 
poses. In any case, the water-hammer results determined from 
the lowest specific speed pump characteristics is generally the 
most conservative for power failure or shutdown of the pumps. 
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not have been possible to produce the complete pump charac- 
teristics presented. Thanks are also due to members of the Tech- 
nical Engineering Analysis Branch, Bureau of Reclamation, who 
helped produce the complete pump characteristics. 
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DISCUSSION 
John Parmakian? 


Under the paragraph heading “Effects of Specific Speed on 
Hydraulic Transients,’’ Mr. Donsky indicates some relative 
values of the limiting hydraulic transients for the three ranges of 
pump specific speeds. It is suggested that the results of his studies 
be presented in his closing discussion as set of curves with the 


2L 
parameters 2p and K = as given in Reference [1]. This would 


make the results of his investigations more useful to those who 
wish to obtain specific values for these transients. 


Ignacy Swiecicki® 


In his work Mr. Donsky was handicapped to a great extent by 
the scarcity of pump data for abnormal operation, Professor Hol- 
lander’s tests being the only source of our knowledge about 
strange phenomena in some sectors of Karman-Knapp circle dia- 
gram. Mr. Donsky has done a very creditable job converting 
faithfully three diagrams into a form convenient for water- 
hammer calculations. 

Since each of these converted diagrams is meant to be used for 
a variety of commercial pumps of similar specific speed, the 
question can be asked how well each diagram represents the aver- 
age pump of a group. 

For instance, if the author had more test data for pumps of 
N,=7600 he, probably, would see that the waviness of the curves 
in his Fig. 9 is accidental, associated with the particular pump 
from Professor Hollander’s data, and that other pumps have dis- 
tinetly different irregularities, so that the average pump is repre- 
sented best by a set of rather smooth curves. 

The Karman-Knapp diagram, Fig. 1, shows some peculiarities, 
the most striking is the departure of the H = 0 curve from a 
straight line for reverse pump rotation. To study irregularities 
and peculiarities of the complete pump characteristics it is bene- 
ficial to make additional diagrams to those of Karman-Knapp. 
Probably, the most useful relations are the dimensionless coeffi- 
cients D‘gH p/Q* and DM/pQ?, each represented as a function 
of the dimensionless independent variable D*N/Q where 
D is pump diameter, p, density, and other symbols as in 
the author’s nomenclature. This choice is based on the fact 
that applving one-dimensional turbine theory‘ to the mean 
streamline of the machine 


D‘gH p 
aA C 
Q? 


{DIN 
x 


represent the characteristics for normal turbine direction of flow. 
Above, A, B, C, X, and Y are constants. Comparison of 
test curves with the shape of curves indicated by one-dimensional 
theory gives a good idea how to interpolate, extrapolate, or to 
smooth the test curves if necessary. 
Using author's variables the following substitutions can be 
made 


a parabola 


and a straight line 


p 


hp/v? for 
Q? 


? Chief, Technical Engineering Analysis Branch, U.S. Bureau of 
Reclamation, Denver, Colo. Mem. ASME. 

* Hydraulic Deveiopment Engineer, Allis-Chalmers Manufacturing 
Company, York, Pa. 

*R. L. Daugherty, ‘Hydraulic Turines,” third edition, MceGraw- 
Hill Book Company, Inc., New York, N. Y., p. 126. M. Broszko, 
“Mechanik, Poradnik Techniczny,” vol. IV, ch. 1, Warszawa, 
Poland, 1949. 
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Fig. 12 
8/v? for 
a/v for — 
Q 


obtaining from Karman-Knapp diagram, Fig. 1, two sets of 
curves: 


hp/v® = f(a/v); B/v® = d(a/v) 


one set for uv < 0 and the second forv>0O. The replotting of the 
data from Fig. 1 in the foregoing manner gives curves shown 
on Fig. 12. It can be noticed that for the sector of normal tur- 
bine operation the obtained curves follow rather closely the 
indication of one-dimensional theory. ; 
For the flow in normal pump direction, v > 0, the straight line, 
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H =0, on Karman-Knapp diagram for positive rotation converts 
in Fig. 12 into a point: a/v = 0.54; hp/v? = 0. In Fig. 1 for re- 
verse rotation the H =0 line is curved. Therefore in Fig. 12 it 
appears as a peculiar horizontal straight line segment extending 
to the right side from the hp/v? = f(a@/v) parabola. There is no 
theoretical reason whatsoever for the coincidence of any possible 
irregularity of the hp/v? = f(a@/v) curve withhp=0. What was 
hidden in infinity on the Karman-Knapp diagram has been 
brought right on the paper in Fig. 12, showing that the existence 
of a peculiar extension at the peculiar head hp = 0 is highly im- 
probable. 

Prior to further testing we cannot but disbelieve the possi- 
bility of correctness of Karman-Knapp diagram, Fig. 1, showing 
H =0 line curved. 


Author's Closure 


The author wishes to thank Messrs. Parmakian and Swiecicki 
for their written discussions, 

Mr. Parmakian has suggested that I put the results of my inves- 
tigations in the form of curves from which specific values for a 
hydraulic transient following power interruption can be deter- 
mined. Such curves are presented in Fig. 13 and 14 for the down- 
surge at the pump and mid-length for pumps of specific speeds 
7,600 and 13,500. There is no upsurge for the range of 2p’s 
given in the curves for these pumps. The upsurge and downsurge 
at the pump and mid-length for the 1,800-specific speed pump will 


140 


approximately be the same as given by curves in Reference [1]. A 
comparison of the downsurge by means of these curves show that 
the greatest per cent of downsurge at the pump occurs in the case 
of the radial flow pump when the minimum head is positive. 

Mr. Swiecicki’s replot of Fig. 1 into Fig. 12 by means of the 
one-dimensional theory and homologous laws demonstrates 
very well that the test data follow the homologous laws except 
for an abnormal region of operation. The author, however, be- 
lieves that the abscissa should be a/v instead of a/v? for the replot 
to be correct. The use of such a plot, as suggested by the writer, 
can be helpful in the interpolation and extrapolation of test curves 

The fact, however, that some of the test data do not fit the 
curves obtained by homologous laws does not mean that the test 
data are incorrect. It merely means that the pump tested did 
not follow the homologous laws in certain abnormal regions of 
operation. In the case of Fig. 1, a nonhomologous region exists 
near the zero head for reverse rotation, and the zero headline is 
curved. Other pump characteristics of about the same specific 
speed also show a curved zero headline in this region. (See 
References [4] and [7].) Explanations as to the reason for the dif- 
ferences between actual pump operation and theory are presented 
on page 314 of Reference [6] and in References [8] and [9]. 
These references point out that, because of certain losses, par- 
ticularly for abnormal operations at low heads and low flows 
(low efficiencies) the operation of a pump may not actually follow 
the homologous laws. 
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The complete pump characteristics presented are not intended 
to represent the average of a group of pumps of about the same 
specific speed. They are intended to present test data in the 
u-hp co-ordinate system as completely as possible based on the 
homologous relations. Only by obtaining more test data can we 
arrive at average pump characteristics. However, the complete 
pump characteristics presented are representative of those which 
can be expected from a pump of about the same specific speed. 
The representation is known to be good because other pump char- 
acteristics of about the same specific speed show the same features. 
(See References [4], [7], and [10].) Also, the hydraulic transients 
determined by tests compare very well with the computed tran- 
sients, even though the specific speed of the pump was somewhat 
different from that for which complete characteristics were 
available. (See References [2] and [3].) 

The author agrees with Mr. Swiecicki that the waviness of 
the curves in Fig. 9 could be due to the particular pump tested. 
However, the author believed that it was more advisable to 
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present the test data in the u-hp co-ordinate system as completely 
as possible based on the homologous laws rather than arbitrarily 
smooth out the curves. In the case of the Unstable Region J, it 
was possible to draw an average (but not arbitrary) curve which 
is more representative, and this was done as explained in the 
paper. 
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The Phase-Plane Topology of the Simple 
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Surge-Tank Equation 


An investigation of the phase-plane solution curves of the nonlinear differential 
equation describing the motion of the water level in a simple surge tank operating in 


conjunction with a turbine governed for constant hydraulic power acceptance. 

The phase-plane solution picture is developed by determining the form of the solution 
of the equation near each of its singularities. The picture enables prediction and in- 
terpretation of instability and drainage phenomena. 


Introduction 


HE differential equation describing the motion of the 
water level in a simple surge tank operating in conjunction with 
a turbine governed to receive constant hydraulic power is of the 
form 


du P(w, u) 
u) (1) 
where w and u are, respectively, the position and velocity of the 
water level as defined in Fig. 1. The function P and Q contain 
both linear and higher order terms in w and u and they both 
vanish atw = 0,u = 0. 

In the classical investigations of stability [1]? only the parts of 
P and Q linear in w and u were retained. Thus was derived the 
Thoma condition for stationary oscillations of the water level. 
The approximation was acknowledged by the statement that the 
Thoma condition was valid only for small displacements. Re- 
cently Evangelisti [2] applying the successive approximation 
method of Kryloff and Bogoliuboff [3] showed that the Thoma 
condition always gives instability and discovered that a stable 
limit cycle exists about the point w = 0, u = 0. 

The first important investigation of the form of the solutions of 
Equation (1) away from the point w = 0, u = 0 was that of H. 
M. Paynter [4]. Using an electric analog computer he discovered 
the phenomenon of low friction “‘inertial’’ drainage. Such 
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drainage results from the fact that the mass of water in the 
conduit from the reservoir is sufficient to prohibit the acceleration 
required to replenish the surge tank. For the case of instantane- 
ous acceptance of full load from an initial zero flow condition the 
Paynter criterion [4, 5] for inertial drainage is 


X = 2.60 Y (2) 


a result which the linearized form of Equation (1) is totally in- 
capable of predicting. 

In recent experimental work the writer [5] verified Evan- 
gelisti’s result that the Thoma condition gives instability, and 
also the Paynter drainage criterion. 

It is the purpose of this paper to develop a phase plane picture 
of the full solution of the complete equation of motion of the surge- 
tank water level. The picture will show that the Thoma condi- 
tion must always give instability, and it will allow an interpreta- 
tion of the results of Evangelisti and Paynter. Giving a priori 
insight into the qualitative aspects of the total solution, and 
showing which terms are influential in which particular regions, 
the map should facilitate the programming for digital computers. 

Lastly one must remark that, aside from practical considera- 
tions, the surge-tank equation offers an extremely interesting and 
beautiful example for the application of the phase methods of 
nonlinear mechanics. 


— Equation of Motion of the Surge-Tank Water 
ev 


Refer to Fig. 1 showing schematically the surge-tank installa- 
tion. The cross-sectional areas of the surge tank, the conduit from 
the reservoir, and the penstock are, respectively, F, A, and B. 
Primed symbols are used for velocities, time, and the water level 
elevations in order that unprimed symbols may be reserved for 
the dimensionless equivalents of these variables. 


A = cross-sectional area of conduit 
from reservoir to surge tank 
D diameter of conduit from 


conduit from reservoir 
transient 
penstock 


surge tank above reservoir 
flow velocity in level 
y’ + hy, = elevation of water 


reservoir to surge tank 

cross-sectional area of pen- 
stock from surge tank to 
turbine 

cross-sectional area of surge 
tank 

length of conduit from reser- 
voir 

transient flow velocity in con- 
duit from reservoir 

steady-state flow velocity in 
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RB V,’ = steady-state flow ve- 


locity in penstock 
elevation of water level in 
reservoir above turbine 
elevation of water level in 
surge tank for steady flow 
Vo’ in conduit and ro’ in 
penstock 


= H = H, 
= elevation of water level in 


level in surge tank above 
steady flow level in surge 
tank 


= time 
= dy'/dt' = dw'/dt’ = transient 


velocity of surge-tank water 
level 

= nondimensional ele- 
vation of surge-tank water 
level 


(Continued on next page) 
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Visiting Associate Professor of 

H = t’ 

F= u’ 

Hy = 

= 
V’ = 

V,’ = 


Penstock 
Fig. 1 Schematic surge-tank installation 


The equation of motion of the water in the conduit PQ, the y hy 
equation of hydraulic continuity at Q, and the equation specifying LA\' 
constant hydraulic power acceptance by the turbine are, respec- ( ;) Vo’ 
tively, 
L dv’ h 
— = + Ve"? — = — — (3) yo (10) 


dt’ Ho 


dw’ dw YF u’ 
AV’ = Br’ + Fu’ = Br’ + F — 4 =— = a 


A 
(Ho + w’)r (5) (12) 

where it is assumed that V’ > 0, that is, the case of back flow into Y Br’ 
the reservoir is excluded. The coefficient ¢ is given by r — (13) 


fL 


wine D (6) The equations become, respectively, 
<9 


where D is the diameter of the conduit PQ and f is the d’Arcy -w+Y- —v? = — (14) 
friction factor. The conduit flow is assumed to be in the rough } dt 

turbulent zone. 


Equations (3), (4), and (5) may be made dimensionless by the ver+t+u=r+ = (15) 
substitutions: dt 


(16) 


X(1 + w) 


ve ( oh Tag t’ (8) Eliminating v and r from equations (14) to (16) one obtains for 
LF the equation of motion of the water level in the surge tank, 


——Nomenclature 


gA\'/ } dw Y F u’ = roots of characteristic equa- 
(= {<— t’ = nondimensional u = — = = — — = nondimen- : 
LF XAV, tion 
surge-tank water level ¥ 2 . 2 + 
hy Y Vy’ Y 4 
X = | v= = _ nondimensional = 1 
‘) 7s X ondimensiona B + + y 
g F dimensionless transient velocity in con- values of w at which singu- 
from reservoir larities exist 
r’ 
r = => — — = nondimensional (wii), 
a A = co-ordinate systems parallel 
groupings defining a space transient velocity in pen- (w3us) to (wu) system but having 
for universal representa- stock the singularities (a;, 0), (B, 
tion of stability characteris- P,g,7,8, = coefficients in general dif- 0), and (—1, X) as origins, 
tics ferential equation respectively. 
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Pp 
F 
He 
Conduit 
8 
: 4 
Turbine 
= (7) 
= 


2 
wi + (2 — Yow? + (1 + w)*u? + | (17) 


u(l + w)? 


In the derivation of Equation (17) the inertia of the water in 
the surge tank has been neglected. This approximation is justified 
on the basis that in practice the surge tank is usually of the order 
of fifty to one hundred feet high while the conduit from the reser- 
voir is many thousand feet long. The mass of water in the surge 
tank is negligible compared with that of the conduit water. 

Equation (17) represents the physical system as long as V’ > 0, 
i.e., as long as 


X(1 + w) 


u>-r= (18) 


In the case of instantaneous full load acceptance by the turbine 
from an initial zero flow condition in which the turbine first draws 
all its water from the surge tank, one would have initially V’ = 0 
at w = Y, so that the initial value of u would be given by Equa- 
tion (18). This represents the maximum possible downward 
flow in the surge tank. 


Phase-Plane Analysis 
The differential equation 


du u 
= = (1) 
dw Q(w, u) 
of which the surge-tank Equation (17) is an example, expresses 
the slope of the trajectories in the (w, u) or phase plane in terms of 
the co-ordinates of the representative point of the phase plane. 
The slope is uniquely determined at all points except those 
satisfying the simultaneous equations 
P(w, u) = 0 
(19) 
Uw, u) = 0 
The points satisfying Equations (19) are the singular points of 
the differential Equation (1), and are the only points at which the 
trajectories can cross each other. 
The nature of the solution of Equation (1) near a singular point 
w = W,u = U may be analyzed by referring the equation to the 
singular point as origin by the transformation of variables 


w=W+w, 


and allowing w, and u to be small. 
If the transformed equation contains linear terms in w; and 1m, 
that is, if it takes the form 
du 


dw, 


rw) + su + (21 
pu, + qu + Qilw, uw) 
then the singular point (w, u) is said to be simple. If, on the 
other hand, p, g, r, and s are all zero so that the equation is non- 
linear even in the immediate neighborhood of the singularity, 
then the singularity is nonsimple. 

The trajectories in the immediate neighborhood of a simple 
singularity (w, u) may be investigated by means of the linear 
equation 


du, rw, + 


= (22) 


dw, pur + qu 


The size of the region about (w, u) over which Equation (22) 
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gives a satisfactory approximation to the true solution is governed 
entirely by the proximity and type of the neighboring singulari- 
ties, which depend on the neglected terms P;(w)u;), Q( wim). 

The surge-tank Equation (17) has a simple singularity at the 
point w = 0,u = 0. The classical process of linearizing the equa- 
tion amounted to an investigation of its solution in the immediate 
neighborhood of this singularity. The success that this process 
achieved for the practical case of low friction was due to the fact 
that for small w and u the other three singularities of the equa- 
tion were bunched close together and all were at a substantial 
distance from (0, 0). 

Equation (22) is equivalent to the pair of simultaneous equa- 
tions having time as the independent variable 


du, + 
= rw su 
dt ; 


= pu; + qui 


By considering Equations (23) rather than (22) we can determine 
the directions of phase-plane motion with increasing time, near 
the singularity. 

Equations (23) may be solved by substituting u; = A exp Mt 
w, = B expt At where the constants A and B are arbitrary and 
are subsequently to be determined from the initial conditions. 
Performing the substitution and eliminating A/B it is found that 
\ must satisfy the characteristic equation 

A? — (p + 8s) — (qr — ps) 


(24) 


The roots of Equation (24) are given by 


1 
A= 5 +8) + ((p +8)? + Agr 


Az 


1 1 
((p + 8) — ((p + + 4(qr — ps))'/*) 


Note that A, designates the algebraically greatest root. 
The roots A; and A, determine the shape of the trajectories in 
the immediate neighborhood of the singularity as follows [6] 
1 If; and ), are both positive, i.e., if 


0 > 4(qr — ps) > —(p + 8)? 


(26) 
and also 
p+s>0 (27) 
the singularity is an unstable node or spiral as shown in Fig. 2(a). 
The trajectory emanates from the singularity and moves away 
from it as time increases. 
2 If A; and A, are both negative, i.e., if Equation (26) holds 
with 
p+s<0 (28) 
the trajectory approaches the singularity as time increases, and 
the singularity is a stable node or spiral as in Fig. 2(5). 
3 If A; and A, are of opposite sign, i.e., if 
qr — ps > 0 (29) 


the trajectories approach the singularity and then veer away from 
it. The singularity is a saddle point. If p + s is smal! so that 
the magnitudes of A; and A, are of the same order, the saddle is as 
shown in Fig. 2(c). If p + sis finite and positive so that the mag- 
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dw 
| 
dw, 
(25) 
J 
(20) 
| 
4, 


w= 
Fig. 2(a) Unstable node or spiral, \; and \, both positive u=X (33) 


) The singularities w = a, u = 0, and w = 8, u = 0 may be in- 
terpreted physically as the points of intersection of the parabola 
X? 


—w+Y- y v=0 


representing the steady-state conduit friction curve, and the 
hyperbola 


y 

Fig. 2(b) Stable node or spiral, \; and \, both negative X(1 + w) 
© representing the turbine demand curve. See Equations (14) 
and (16). 

The solution of the equation in the immediate neighborhood at 
each of these points will now be determined. 

1 The Singularity (0,0). Equation (17) is already referred to this 


point as origin. In the immediate neighborhood of the singularity 
it takes the linear form, 


y 
—(1 — 2¥)w (2x =): 
rs ( Y)u ( X x)" 


= - 34 
dw 
Fig. 2(c) Saddle point. Case of small p -+ s. Roots \; and \» opposite ‘ 
in sign but |\;| = |).|. and by analogy with Equation (22) one has p = 0,q = 1l,r = 
—(1 — 2Y),8 = —(2X — Y/X). 


For low friction, i.e., small X and Y, the singularity is a spiral 
which is stable or unstable according as 


- (2x - 4 <0 i.e. Y < 2X2 (35) 


i.e.Y > 2X? (36) 


Equations (35) and (36) are the classical Thoma condition. 
3 Fig. 2(d) Saddle point. Case of p + s positive and of appreciable For 
magnitude. Roots \; and )\. opposite in sign but |\,| >> |A»!. 


or -—(1— 2Y)>0 i.e. > 1/3 (37) 
nitude of the positive root A, is significantly greater than that of 
the negative root A, the saddle point tends to the form shown in the singularity is a saddle point. The conduit friction prohibits 
’ Fig. 2(d). the acceleration required to replenish the surge tank and the tank 


Other types of singularities a: ise for imaginary values of A; and drains. 


do, however, as such cases do not occur in the equation, they will 2 The Singularity (a, 0). Referring Equations (17) to the point 
not be analyzed here. A discussion of such singularities is given in (a, 0) as origin by means of the transformation w = w + a, 
reference [6]. u = u, one obtains 


y 
—(1 + + 3a — 2Y)u, -| (2x + 2Xa | uy + Pi(w,, 


du X 
= - (8G) 
dw, (1 — @)*u + Qi(wi, u) 
The surge-tank Equation (17) has singularities at the points where P; and Q, are of the second degree in w; and uw, and contain 
no constant terms. Considering the linear part of Equation (38) 
w= 0 \ (30) for the immediate neighborhood of the singularity, one has, on 
u=0) ; comparing Equations (38) and (22), 
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i Ste, 
1424 Y (1+ 4)" 
2 2 Y (31) 
u=0 
y | 
w= (1+ 4) 
2 2 (32) 
u=0 
/ or 


0 


q = (1 + a)? 
r = —(1 + a)(1 + 3a — 2Y¥) (39) 
= -| (ex 4) +2xa| 
The singularity is a saddle point when 
—(1 + + 38a — 2Y) > 0 
or (40) 


The ratio A,/A, of the roots of the characteristic Equation (24) 
is given by 
=-a¥ +MY) 


(41) 


where a is positive. 

For very low friction —1 << A2/Ay < O and the saddle point is 
of the form shown in Fig. 2(d). For higher friction -o < 
d./A, <0 and the saddle takes the more symmetrical form shown 
in Fig. 2(c). 

As the friction increased Y increases and 8 decreases and the 
saddle point singularity moves up toward the point (w = 0, 
u=0). For ¥Y = '/:, 8 = 0 and the saddle point is at (w = 0, 
u=Q). 

3 The Singularity (8,0). Referring Equation (17) to the point 
(8, 0) as origin by means of the transformation w = w. + 8, 
u = u; one obtains 


(1 + B)*us + Q2(we, u2) 


where P; and Q, are of the second degree in w: and uz and contain 
no constant terms. Considering the linear part of Equation (42) 
for the immediate neighborhood of the singularity, one has, by 
analogy with Equation (22). 


p =0 ) 
q = (1 + 8)? 
r= (43) 


—(14+ 8)(1 +38 — 2Y) 


Equation (32) shows that (1 + 8) is negative, thus r is negative 
and s positive and the singularity is an unstable node. The tra- 
jectories emanate from the singularity and spiral outward. 

This singularity is always below the point w = —1, i.e., below 
the turbine level. At low friction it is close tow = —1, it recedes 
down the negative w axis as the friction is increased. 

4 The Singularity (—1, X). Equation (17) may be referred to the 
point (—1, X) as origin by means of the transformation 
w= wv, —l,u =u; + X; it becomes 


du; 
The equation is nonlinear in the immediate neighborhood of the 
singularity so that the singularity is nonsimple. 

The trajectories near the singular point are given by 


2X%w,; + 


= 
dw; 


(45) 
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y 
2X%,+{1+Y-— w;? — + Xx us — Xusw,; 


\ 
\ 
\ 
\ 
\ > 


Y 
Fig. 3 Double singular:‘y ot (—1, X) 


Ue Px W2, U2) 


(42) 


Equation (45) is clearly only valid in a very small region about 
the singularity. Thus even though X is small for low friction, the 
trajectories at u; = —X are in the vicinity of the neighboring 
singularities. One must consider u;/X to be small. Equation 
(41) may thus be written 


dus Y Us 14 us\~! 4 Y us 
du; \ws + X? X Ws X? w;? 
(46) 


From Equation (46) it is found that for w; ~ 0, us is always 
minimum along u;/w; = —2X*/Y and that for u; ~ 0 points of 
inflection occur along ws = 0. 

The shape of the trajectories in the neighborhood of the 
singularity are as shown in Fig. 3. 


The Total Phase-Plane Picture 


One may now obtain a picture of the complete phase-plane 
solution of Equation (17) by “joining up’’ the solutions near the 
singularities. 

The node at A(0, 0) may be stable or unstable. The node at 

2X? X 
+ w; + vse | 


(44) 


C(B, 0) is unstable. The nodes at A and C are separated by the 
saddle point B (a, 0). 

The only trajectory that can pass through the saddle point B, 
enters B by way of its asymptotes, this is the ‘‘separatrix’’ shown 
by the heavy curve in Figs. 4(a and b). No trajectories can cross 
the separatrix, it isolates the singularities A and C on pear-shaped 
‘‘slands.”’ 
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: \ 
Ww, 
\ | 
\ / 
| 
= —(1 + + 38 — - | (2x =) + 


Seperctrix 


Fig. 4(¢) Over-all picture of phase-plane solutions for low friction and 
Y < 2x? 


Figs. 4(a and b) refer to the case Y > 2X? for which the singu- 
larity A is unstable. Fig. 4(a) refers to the case of low friction 
when X and Y are very small while Fig. 4(b) represents the 
situation at greater friction. 

At low friction the singularities B(a, 0), C(8, 0), and D( —1, X) 
are all close together so that the upper right asymptote of the 
saddle point B is “‘pushed’’ against BA by the source at D. The 
combined action of the underside of D and the source at C draws 
the lower right asymptote of the saddle B away from the vertical 
axis. The result is the asymmetrical saddle point of the type 
shown in Fig. 2(d). 

As the friction is increased both X and Y become greater, the 
saddle B approaches A, the source C recedes from O, and the 
double singularity moves away from O. Less influenced by C 
and D the saddle at B takes on the more symmetrical form 
shown in Fig. 2(c). It is significant to the problem of inertial 
drainage discussed in the following that the asymptotes of the 
saddle point B situated on the positive u side of the vertical 
COBA are more affected by an increase in friction than those 
on the negative u side of COBA. 


Deductions From the Phase-Plane Picture 


The Thoma Condition Y = 2X? Must Necessarily Give Instability. 

Trajectories about A must be influenced by the constantly 
unstable spiral C. 

The Thoma condition, having reference to the singularity A 
only, states that trajectories are stable or unstable according as 
Y < 2X*or Y > 2X*. The phase-plane trajectories for Y = 2X? 
are then closed loops about A. This is in the absence of C and 
the other singularities. In actual fact, no matter how close the 
trajectories remain to A the displacing effect of the singularity C 
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Seporatrixn—— 4 


\ 
\ 


Fig. 4(b) Over-all picture of phase-plane solution for Y < 2X? when 
friction is appreciable 


will be to transform the loop into an out-going spiral. The 
Thoma condition Y = 2X* must necessarily give instability. 

The condition Y < 2X? means that the singularity A imposes 
stability on the trajectories in its neighborhood. For stability, 
the stabilizing action of A must exceed the destabilizing effect 
of C. 

If Y < 2X? then there will exist a region about A throughout 
which the stability resulting from the excess of 2X? over Y? will 
more than counterbalance the destabilizing effect of C. Outside 
this region the disturbing effect of C will predominate. The 
singularity A may be considered to be surrounded by an unstable 
limit cycle C, as in Fig. 5. Trajectories having their origin 
within the limit cycle will spiral into A while those having their 
origin outside the limit cycle will spiral outward toward the 
boundary of the island. 

Since no trajectories starting at points within the island can cross 
the boundary or separatrix one deduces that although the oscilla- 
tions are of successively increasing amplitudes, their amplitudes 
cannot increase to an indefinite size. In particular, the lowest 
minimum must always be above the saddle point singularity B. 
Thus a surge tank installed as in Fig. 1 will never drain as a result 
of the amplitudes of successive oscillation increasing beyond 
bounds. Drainage can only result from adverse initial conditions 
setting the starting point of the trajectory outside the island 
about A. 

The area enclosed by the limit cycle must be proportional to the 
“stability excess’? 2X? — Y of the singularity A. 

Considering the limit cycle to be circular its radius will be pro- 
portional to (2X? — Y)'/*. Evangelisti [2] using the successive 
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Fig. 5 Limit cycle 


approximation method of Kryloff and Bogoliuboff found the 
radius of the limit cycle to be 


( 2X? Y 
3Y — 2X 


rhe limit cycle will not be exactly circular because points on the 
side of A away from the singularity C will be less influenced by C 
than those between A and C. 

‘The method of Kryloff and Bogoliuboff employed by Evan- 
gelisti is essentially an approximation which allows one to venture 
“further but not too far’ from the singularity (0, 0). 

Evangelisti’s expression for the radius of the limit cycle implies 
that the limit cycle will enclose the whole phase space when 3Y 
= 2X*. But a limit cycle of infinite radius implies that the 
equation is linear with the single singularity A. The equation is 
not rendered linear by the condition 3Y¥ = 2X*. Clearly the 
radius of the limit cycle must not be allowed to grow indefinitely. 
The fact that trajectories starting just inside the limit cycle spiral 
into the singularity A and the fact that no trajectories can cross 
the separatrix means that the limit cycle must always be con- 
fined to the island about A whose outer boundary is the separatrix. 

The Paynter Condition for Drainage at Low Friction. At very low 
friction so that X and Y are very much less than Y/X the trajec- 
tories referred to the singularity A as origin are by Equation (17) 
given by 


y 
—w(l om 
u(l + w)? + x u y 


xX a+ w)? 


(47) 
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Nonlinear terms from Equation (17) having been maintained, 
Equation (47) may be expected to hold for larger values of u and w 
than the simple linearized form. It is to be emphasized, how- 
ever, that, due to the factor (1 + w)~? in the neglected terms, 
Equation (47) will not be valid as w approaches —1. Thus it 
cannot be expected to give the trajectories near the saddle point B. 

From Equation (47) one finds that du/dw = 0 along the 
curve 


(1 + w)? 


(48) 


and that when du/dw = 0, d*u/dw? > 0 for w > —'/3, u > 
—*/_X/Y, and d*u/dw? = Oforw = —'/3,u = 

Thus for —'/; < w < 0, —*/4X/Y <u < 0,a range of u and w 
for which Equation (47) may be assumed to be valid at low fric- 
tion, the curve (48) represents the locus of the points of minimum 
u for the various trajectories about the singularity A, see Fig. 6. 

From the equation of hydraulic continuity at the foot of the 
surge tank 


v=rt+u (15) 


it is seen that the condition du/dw = 0 implies 


so that for points on the curve 


w Y 1 48 

u X (1 + w)? (48) 
the variation in conduit flow with surge-tank level w matches the 
variation of penstock flow with w, a point emphasized by Paynter 
[4, 5]. 

The trajectories having du/dw = 0, d*u/dw? > 0, i.e. those 
showing a minimum of u, all remain on the island about A 
bounded by the separatrix, they approach the separatrix from 
the inside then recede from it again. 

The separatrix PQ, see Fig. 6, represents the outermost of these 
trajectories, the trajectory having du/dw = 0 and d*u/dw? = 0 
at Q, the trajectory, which, having infinite radius is a line of con- 


stant velocity u in the neighborhood of Q. The separatrix is the 


.4 


7 


rf \ 
4 \ \ 
lo 
\ 
\ 
\ 


Loew)" 


Seporotrix’ 


Fig.6 Separatrix and neighboring trajectories. Curve = }H (1+ w)? 
is shown dotted. 
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Fig. 7 Experimental data. Points for perpetual oscillations of constant amplitude shown X. Points 


for drainage shown ©. 


vertical tangent to the curve (48) at its point Q of minimum u. 
The value u = —‘/.;X/Y is the least velocity in the surge tank 
for which Equation (49) can hold. 

The point Q being a long way from the singularity B (a, 0), the 
shape of the separatrix in the region PQR is unaffected by B and 
governed wholly by the singularity A. 

The separatrix is a vertical line (of infinite radius of curvature) 
atQ. It will remain parallel to w = 0 for some distance above Q. 
One may assume that on the separatrix u remains at its value 
—‘/oxX/Y at least over the interval —'/; < w < Y. 

The critical condition for inertial drainage is derived by setting 
the initial point of the motion on the separatrix. The form of the 
condition must therefore depend on the initial conditions. 

For the particular case of instantaneous full load acceptance 
from an initial zero flow condition in which the first demand of the 
turbine is met wholly by water from the surge tank, the initial 
point has co-ordinates (w = —Y¥/X). 

Thus u = —Y/X = —‘/s, X/Y which gives the Paynter con- 
dition X?/¥? = 27/4 or 


Y,u= 


X = 2.60Y (50) 


Equation (50) has been derived on the basis of infinitely small 
Xand Y. The derivation depends on the approximation that the 
section of the separatrix for which —'/; < w < Y is the straight 
—*/_X/Y. 

As discussed in the foregoing the shape of the phase-plane pic- 
ture in this region is uninfluenced by the position of the double 
singularity D. The singularity C (8, 0) is blow w = —1. As 
the friction Y is increased, the only singularity whose movement 
can effect Equation (50) is the saddle B at (a@, 0), and this only 
after Y becomes very appreciable. Thus at Y = '/; when B 
reaches A inertial drainage will be replaced by friction drainage. 

Equation (50) can thus be expected to hold for appreciable X 
and Y. That indeed it does so is shown by the experimental 
points of Fig. 7 taken from the author’s earlier work [5]. Also 
shown in Fig. 7 are experimental points showing that the Thoma 
condition Y = 2X? gives instability. 


Conclusion 


The phase-plane solutions of the surge-tank equation have been 


lineu = 
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qualitatively mapped by obtaining the solution curves of the 
equation near each of its singularities and connecting up these 
curves. The qualitative picture allows quantitative deduction 
of the types of instability to be expected. 
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DISCUSSION 

Henry M. Paynter® 

In this excellent paper the author has demonstrated the 
analytical basis of the tendency toward drainage instability in 
certain simple surge tank installations 

Of course, as the author himself points out, the validity of his 
analysis, as well as his own model experiments and this writer’s 
earlier computer studies of more than a decade ago, is all premised 
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upon the assumption of constant hydraulic power into the tur- 
bine. In actual hydroelectric installations, in the marginally 
stable case, the speed governors must ultimately bring the tur- 
bine gate momentarily to rest at the maximum gate limit. 
Beyond this point constant hydraulic power is impossible to 
maintain, and in practice the unit will drop load if it is tied to a 
large interconnected system. 

Nevertheless, the condition still preserves its practical sig- 
nificance, since a tendency for the tank to drain will seriously 
jeopardize the value of such installations as sources of system 
spinning reserve. Actually, the author’s Fig. 7 is perhaps more 
significant when replotted in a slightly different form. 

It is fairly easy to demonstrate that the Thoma area Arhoms for 
any given installation may be simply related to the conduit area 
A, conduit diameter D, the Darcy-Weisbach friction factor f, and 
the gross static head H, by the formula: 


Athom. = AD/fH 


Alternatively, we could determine the diameter of the Thoma 
tank Drpoms by the expression: 


Dttom = DV D/fH 


Then the actual tank diameter D, can always be expressed relative 
to the Thoma diameter as: 


D,/ Drnoma D,/D D/fH 


The ratio of the drainage diameter Darain to the Thoma diame- 
ter is similarly directly found from the author’s results, namely: 


=26Y 
= 0.707 VY 


Darsia Drnoma = Xp/Xr 3.67 VY 


RELATIVE 
DIAMETER 


STABLE 


Poynter Drainage 
Condition — 


UNSTABLE 


D/O Normal 


150% Allowance 


20% 40% 50% 


RELATIVE FRICTION Y 
Fig. 8 


This plot is indicated as Fig. 8. The drainage condition 
crosses the 100 per cent line at a value of relative friction } of 
2/27 or 7.4 percent. This means that for all plants with more than 
7 per cent rated friction loss there will be a possibility of incipient 


drainage if only Thoma areas are used. Moreover, Fig. 8 
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demonstrates that even the normal 150 per cent allowance will 
only give protection out to about 15 per cent loss. 

As is well appreciated by practitioners in this field, the most 
acute case arises with low heads and large, long tunnels. If say, 
D = 15 ft, H = 100 ft, and f = 0.015 then: 


Drroma = 15 0/15/1.5 = 47 feet 


Clearly for such costly installations, it is important to deter- 
mine the safe minimum size of tank as closely as possible. More- 
over, such low head plants are particularly prone to periods of 
high tailwater during flood season, when they will frequently 
attempt to generate power under conditions of extreme flow and 
therefore high percentage friction loss. 

For example, the hypothetical plant above, assuming a tunnel 
conduit 3000 feet long with a velocity head of three feet under 
worst conditions, would have a relative friction 


Y = 0.015 X 3 X 3000/15 K 100 = 0.09 


or 9 per cent loss. 

Without question, such a plant might have a drainage prob- 
lem. But how practical is an installation with the above specifi- 
cations? To summarize the above data, we have assumed: 


H = 100 feet 
L = 3000 feet 
D = 15 feet 


This is compatible with a capacity of approximately 25,000 hp. 
Indeed, such a station is possible but, since it is of an extended 
fall type, it would have only marginal practical economic benefit. 

It is therefore the opinion of the writer that the phenomenon 
of drainage instability is but little encountered in practice and 
designers should merely be alerted to this possibility whenever 
the rated friction loss exceeds 7 per cent. 

As for the effects of variable efficiency upon the drainage condi- 
tion, these are almost certainly less than the gate limit effects 
mentioned above, since only as the gate position reaches maxi- 
mum opening will reduced efficiency produce measurable changes 
in behavior. 

Finally, the phenomenon of drainage instability as well as 
Thoma oscillatory instability can be avoided entirely by proper 
governing upon load acceptance as we have demonstrated in 
connection with the current research program in system governing 
sponsored by the Woodward Governor Company at the Massa- 
chusetts Institute of Technology. 

Despite all the remarks above, the author should be con- 
gratulated for an excellent mathematical analysis of an inter- 
esting phenomenon both from a practical and from a topological 
point of view. 


Author’s Closure 


Dr. Paynter has made a valuable addition to the paper by re- 
lating the theoretical instability criteria to current practical situ- 
ations. 

As intimated in the first section, one of the motivations for this 
paper is to demonstrate the way in which some of the methods of 
nonlinear mechanics may be applied to real engineering problems. 
Such methods give much insight into the validity of the classical 
approximations. 

Dr. Paynter’s fine discussion leaves little to be added, except 
the author’s thanks. 
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Generalized Multistage Axial 
Compressor Characteristics 


Presented below is a method of calculating the off-design performance of multistage 
axial compressor characteristics that differs in concept from previous methods. A set of 
resulting calculations has certain general properties; namely, that it is independent of 
absolute stage work and flow coefficient, number of stages, and annulus geometry. 


The 


set depends only on a stage characteristic ‘‘shape’’ which is normalized so that the work 


and pressure coefficient is unity when the flow coefficient is unity. 
results can be applied to many different designs. 


One set of tabulated 
Two comparisons with experiment are 


presented below and the agreement is fairly good. 

An added benefit derived from this kind of general approach is that one gains physical 
understanding of the various regions of compressor operation. In this regard the con- 
cepts of ‘axial equilibrium’ and “‘match point” have been developed which in the present 
context are defined in a precise, quantitative manner. 


Introduction 


HE USUAL one-dimensional “stage-stacking’’ method 
of generating a complete compressor map from individual stage 
information is well known (for example, see references [1, 2, and 
11]).* Although simple in concept each calculation represents a 
fairly laborious process particularly when many different designs 
are being considered for a given application. Furthermore, each 
calculation is considered applicable only for the case under con- 
sideration. Of course, engineers have recognized general features 
of off-design operation of different compressors and such recogni- 
tion becomes a valuable part of the design engineer’s intuition 

In the present paper we will also adopt the one-dimensional 
approximation but we will try to formalize an approach which 
highlights the general features of off-design operation by im- 
mediately referring all of the basic, one-dimensional equations to 
a match point. In the present context the term match point has 
precise quantitative meaning and may or may not coincide with 
the so-called design point, a term which we take to mean the 
principal operating point of a machine in a given application. 

' This work was initiated at the Massachusetts Institute of Tech- 
nology Gas Turbine Laboratory under the directorship of Prof. EF. 8. 
Taylor and was completed at Princeton University. 

2? Deceased. 

3 Numbers in brackets designate References at end of paper. 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division of Tae American Socrety or Mecuanicat Enai- 
NEERS and presented at the ASME-EIC Hydraulic Conference, 
Montreal, Canada, May 7-10, 1961. Manuscript received at ASME 
Headquarters, February 7, 1961. Paper No. 61—Hyd-14. 


Nomenclature 


Analysis 


The Basic Equations. We first write the basic one-dimensional 
equations for the flow through the annulus of an axial compressor. 
If station 1 is at the inlet (and station 2 is after the last stage) the 
equation of continuity is 


pvA = pinA 1 (i ) 


The bulk mean axial velocity v may therefore be obtained at any 

point in the compressor. Now the flow coefficient is ® = v/u 

where u is the wheel speed at some representative radius r and u 
r 


= 


Therefore, 
rT 


The equation of state gives 


p 
where the temperatures 7 and 7’, are the total temperature and 
total isentropic temperature, respectively (see Fig. 1). 
We therefore neglect the effect of Mach number on the den- 


sity, i.e., 


P/Potatic + 


= 10. This, therefore, 


= bulk mean axial velocity 


= flow coefficient = 


v/u = V/U ratio of specific heats 


wheel speed at any representative 
radius r 

total temperature 

total pressure 


density based on total pressure 
and temperature 


speed of sound corresponding to 
inlet total temperature 7’; 


v/a, 
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= work coefficient or total tempera- 
ture coefficient 
= polytropic or small stage efficiency 
= pressure coefficient or total isen- 
tropic temperature coefficient = 
nv 
annulus flow area 
mass flow rate 
= ratio of inlet total temperature to 
standard temperature 
ratio of inlet total pressure to 
standard pressure 


ideal gas constant 


Superscripts 
match point values 
Subscripts 
= inlet values 
= exit values 
design point values 


isentropic values of T 
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| 
Ay 
(2) 
pr A 
k 
n 
T = 
\ p= 
p = 


represents a limitation on the present result. Eliminating ~ 


from (2), we have 
k 


v1 rT) A, k-1 ( ) 
@ = —{-—-— — — 4 
ui ( r A ) ( - ) T, ( 1.5) 
The change in temperature across one stage is, 
AT u \? 
¥ (5 
( ( ) 5) 


where u is the wheel speed, a; the speed of sound referred to 7), ° 
and WV the work coefficient. 


Fig. 1 Thermodynamic state diagram 


- Now from Fig. 1 it may be seen that the isentropic temperature 
rise referred to a constant entropy line initiated at station 1 is 


Fig. 2 Normalized stage diagram as determined from reference (5). 
AT AT The numbers shown are the values of V/V* and »V/n** corresponding 
-=9 to 0.1 increments in 


os Ke) 


u/u* = 1.0 


Fig. 3. Variation of normalized fiow coefficient with (T/T,)* 


710 / DECEMBER 1961 


Transactions of the ASME 


a 
| 
| 
= | 
T | o| 3 
» 
% os io is 
20 \ 2 \ 
\ \ 
\&a 
\ 
\ \ 
os ‘ os \ \ os \ 
\ 
\ 
\ 
io % os \ is % os to \ is 
20;-— 20- 20— 
1025 
045 
ty | Ty Ty 
ay | | 
os 
14 
L2- L2- L2- 
4 
LOL LoL 
u/u* = 06 = 1.4 


(6)* 


where 7 is the stage efficiency. 

Equations (4), (5), and (6) along with every stage characteristic 
W versus ® could be solved to give a complete compressor map. 
In other words, for any given value of v;/a; and u/a,, ® could be 
found at any point from equation (4), knowing (r,/r), (Ai/A), 
and the actual and isentropic temperatures. From the known 
stage characteristic, V and 7 are determined and the temperature 
changes can be determined from (5) and (6). Thus, by stagewise 
integration process we could find the over-all temperatures 
T.2/T; and T2/T, (and the over-all efficiency) for any value of 
v/a; and u/a,. This is the procedure set forth in references [1, 2, 
and 11}. 

The Equations Referenced to a Match Point. In what follows we will 
abreviate v/a; and u/a; to read V; and U, respectively. A match 
point is defined corresponding to arbitrary values of V,* and U*. 


Furthermore, we can write, 
( T \* 
r) 


(47) = (k — 


If (4) and (5) are divided by (7) and (8) we have 


k 


U/U* T,/T: (T/T,)* 
ar (zy (x) 


The combination of (10) and (6) further yields, 


Equations (9), (10), and (11) now represent a complete set of 
equations which can be integrated with respect to (7'/7',)* once 
n*, = nV/n*¥* = of and k have been 
specified. It will be noted that V* and ®* may be arbitrarily 
chosen (say at the maximum efficiency point) so that V/¥V* 

1.0 and n¥/n*¥* = 1.0 when ®/* = 1.0. We therefore 
need only deal with the stage characteristic shape and need not 
consider annulus geometry, blade geometry, or axial position when 
integrating through the compressor. The azial position, of 
course, is implied as that point whose temperature is (T/T,)* at 
match point operation (V;/V,* = U/U* = 1.0). Furthermore, 
since there is no need to recognize discrete stage temperature 
rises all A7’ terms can just as easily be written d7’. Without re- 
writing equations (9), (10), and (11) we will hereafter consider 
them to be continuous differentials. 

Now the normalized characteristic shape f(P/®*) and g( ®/®*) 
in general may vary as a function of (7'/7,)* but, for the re- 
mainder of the paper, we will assume that one shape sufficiently 
describes the entire compressor. Therefore, after specifying the 
characteristic shape, equations (9), (10), and (11), when integrated 
to a sufficiently high value of (7'/7:)* (a value of (7:/7,)* can 
later be selected corresponding to the over-all match point tem- 
perature ratio of a particular compressor) for various values of 
V./Vi* and U'/U™*, represent all possible off-design performance 


(11) 


‘Integration of this equation for constant 9 yields the definition 
of polytropie or small stage efficiency. 
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| 


Fig. 4 Reduced temperature rise and flow parameters ((T,,/T,)* = 1.614; 
(T./T,)* = 1.70). This type of graph is useful for interpolation with 
respect to the wheel speed. It also directly illustrates the “com- 
pressibility” effect. 


information connected with the specified characteristic shape. 
The numbers, once calculated and tabulated, have a great degree 
of generality and utility 

Numerical Solutions. Fig. 2 illustrates a particular stage charac- 
teristic. It was actually gleaned from data which we will discuss 
more fully in the following. First we wish to make some pre- 
liminary remarks concerning the theoretical calculations alone. 

The incremental points shown in Fig. 2 were stored in an IBM 
650 computing machine. The value of 7* = 0.90° was selected 
as a reasonable value of the match point efficiency and k was 
set equal to 1.4. The results are tabulated in Table 1. Although 
values for 0.1 increments of (7'/7;)* are shown, the actual in- 
tegrating increment used was 0.05 after it was ascertained that 
this vielded sufficient convergence of the calculated results. 

The Concept of Axial Equilibrium. In order to help facilitate an 
intuitive grasp of the results it is necessary to develop a concept 
which we have called axial equilibrium. (The adjective azial is 
used to prevent confusion with the term radial equilibrium. It is 
not implied, however, that there is physical similarity between 
the two concepts.) To illustrate this concept we have plotted in 
Fig. 3 &/* versus (7'/7,)* for various values of V,/V,* and 
uU/U*. It will be seen that for low values of U/U* the axial 
velocity always increases from its initial value while for large 
values of U/U* two points corresponding to constant or nearly 
constant ®/* are established. It is these points labeled A and 
B in Fig. 3 which we have termed azial equilibrium points. If, 
for example, a compressor is designed so that the axial velocity is 
constant from stage to stage at the match point then the locus of 
axial equilibrium represents all of the points where the axial ve- 
locity is constant from stage to stage. More generally, we can 

5 Calculations based on this match point efficiency wili actually 
apply to good accuracy for other values of 7* near 0.90 by simply 
sealing up the calculated values of while keeping AT7,/7; 
the same. This is true because 7'/7) exerts a relatively weak effect in 
equation (9) ‘ 
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Fig. 5 Comparison of theory and data for the NACA eight-stage compressor with two transonic inlet stages. 


Circles refer to data taken with interstage 
without interstage instrumentation (reference {2} ). 


say that the axial equilibrium points correspond to the condition 
where the stagewise variation of axial velocity follows the same 
relative schedule as at the match point, i.e., where V/V; = 
(V/V,)*. Since it is always true that U/U, = (U/U;,)* it may be 
seen after a little rearrangement of terms that the relative density, 
p/p*, given by the temperature terms in equation (9) must be 
unity. Furthermore, this largely corresponds to the condition® 
(U/U*)*n¥/n*¥*) = 1.0 so that 7,/T, = (T,/T;)*. Looking 
ahead we can see in Fig. 5 an example of the locus of axial equi- 
librium points plotted on a compressor map. 

The word equilibrium is intentionally used in analogy to tem- 
poral stability problems. Here the variable (7'/7)* assumes the 
analogous role of time as the independent variable. Thus we see 
in Fig. 3 that A are stable axial equilibrium pointe where any initial 
departure from the equilibrium point decreases with increasing 


‘ This is an exact criterion only when (U/U*)2(¥/¥*) or 9/n* also 


equals 1.0 so that 7/7; also equals (7/7;:)*. However, T/T; exerts 
a relatively minor influence in equation (9) as we have previously 
noted. Nevertheless, we will need to apply the criterion only for the 
B points and in regions where 7/n* is close to 1.0. 
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installed (reference [5|) and crosses to data taken 


(T/T;)* and B are unstable axial equilibrium points where an 
initial departure increases. The points A will not generally be of 
direct interest since they lie in the surge region of the compressor 
map. 


Comparison of Theory and Experiment 


NACA Eight-Stage Compressor With Two Transonic Inlet Stages. 
References [3 to 5] report the experimental data of the NACA 
eight-stage compressor. First of all, reference (5) provided in- 
dividual stage performance characteristic from interstage instru- 
mentation installed on this machine. From this information Fig. 
2 was determined as being a good approximation on the average 
for all eight stages. No systematic variation from stage to stage 
was noticed although there appeared to be some systematic varia- 
tion as a function of wheel speed. We will refer to this again. 
The over-all root mean square spread of individual data points 
about the curve drawn in Fig. 2 was about 0.1. With Fig. 2 de- 
termined, the calculation was completed and tabulated as pre- 
viously discussed. 
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= 0.2 
|| 1,/T, 1.0 1.2 1.2 1.3 1.4 1.5 1.6 1.7 1.9 2.0 
©.020 @/@, ©.100 0.123 0.169 0,178 0.209 0.263 0.280 0,319 0.40b 0, 450 
; T/T, 1.000 1.018 1.027 1,080 1.052 1.064 1.075 1.085 1.103 1.111 
T/T, 1.000 1.003 1.005 1.008 1.011 1.016 1.016 1.019 1.025 1.028 
s 
@/@, 0.125 6.15% 0.186 0.222 0.261 0.303 0.348 0.3 0.499 0,554 
T/T; 1.013 1.0206 1.038 1.090 1.060 1.070 1. 1.093 1.100 
1,003 1 1.008 1.011 1.014 1.017 1. 1.026 1.029 
o/e, 0.950 0.052 
T/T, 1.061 1.065 
1.031 1.035 
0.075 o/e, 2.021 2.375 
T/T, 1.016 1.004 
1.001 0,983 
0.125 0. 761 
T/T, 1.005 
1.004 
‘ 
0.150 o/e, 1.209 1.521 1.800 2,148 
T/T, 1.005 1.012 1.012 1.008 1,000 
1.008 1.010 1.009 1.002 0.989 
0.175 1. 1. 1.826 2.206 
T/T, 1208 1,008 0.995 
T/T 1,004 1.005 0.998 0.96% 
= 0.4 
Vue t,/T, 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 
0.05 0.156 0.190 0.227 0.267 0.310 0.355 0.402 0.450 0.498 0.547 
|e t/t, 1 1.053 1.108 1.152 1.197 1.239 1.277 1.312 1.343 1.371 1.395 
| 1,/T, i 1.011 1.021 1.032 1.082 1.052 1.062 1.072 1.083 1.093 1.10% 
0.10 o/*, 0.307 0.369 0.434 0.501 0.569 0.637 0.706 0.77% 0.642 0.921 
1/T, 1 1.043 1.081 1.124 1.243 1.167 1.186 1.206 1.227 1.267 1.266 
T/T, i 1.012 1.023 1.035 1.047 1.060 1.073 1.087 1.101 1.117 1.132 
0.15 o/*, 0.455 0.538 0.622 0.708 0.79% 0.840 0.969 1.068 1.167 1.249 
T/T, 1.032 1.0599 1.061 1.101 1.121 1.141 1.159 1.175 1.18 1.198 
1.013 1.026 1.039 1.054 1.070 1.086 2.102 2.115 1-127 1.133 
; 0.20 /e, 0.599 0.700 0.802 0.906 1.015 1.133 1.270 1.455 1.732 2.19% 
7/T, 1.026 1.066 1.066 1.083 1.101 1.116 1.127 1.129 1.119 1.068 
1.014 1.029 1.065 1.062 1.077 1.090 1.098 1.095 1.074 1.02% 
0.25 0.7h2 0.861 0.985 1.120 1.276 1.489 1.618 2.408 
1.020 1.080 1.056 1.074 1.085 1.087 1.073 1.036 
1,/T, 1.015 1.032 1.089 1.062 1.071 1.067 1.082 0.986 
0.30 0.885 1.029 1.187 1.386 1,684 2.193 
T/T, 1.020 1.036 1.052 1.056 1.053 1.024 
1.017 1.033 1.085 1.089 1.033 0.989 
0.35 e/e, 0.875 1.034 2.212 1.403 2.466 
T/T. 1.000 1.018 1.032 1.037 1.026 0.989 
1,/7, 1.000 1.016 1.029 1.008 0.951 
2 0.0 
t,/T, 1.0 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2. 
1.00C 1.09 1.182 1.257 1.322 1.378 1.420 1.475 1.519 1.564 1.608 
1,/T, 1.000 1.02 1.051 1.075 1.4K 1.126 1.152 1.179 1.207 1.235 1.265 
0.20 o/e, 0.333 +403 «40.537 «0.509 7 0.85 0.894 
T/T, 1.000 1.061 1.150 1.208 1.256 1.304 1.309 1.393 1.436 1.082 1.525 
1.000 1.027 1.058 1.082 1.111 1.140 1.171 1.203 1.235 1.269 1.3901 
0.25 0.427 0.493 0.566 0.634 0.606 0.966 1.021 
7/T, 1.000 1.066 1.121 1.169 1.228 1.258 1.303 1.347 1.389 1.429 1.467 
1,/T, 1.000 1.029 1.08 1.090 1.122 1.155 1.1% 1.225 1.29 1.292 1.322 
0.9” 0.581 0.657 0.727 0.792 0.853 0.912 06.973 1.037 1.106 1.186 
1/T, 1 1.054 1.201 1.265 1.190 1.236 1.277 1.317 1.358 1.387 1.415 
1,/?, 1 1.031 1.063 1.097 1.133 1.170 1.205 1.239 1.270 1.298 1.320 
. 0.35 o/s, 0.669 0.788 0.820 0.890 0.959 1.033 1.114 1.212 1.353 1.613 
T/T, 1.047 1.091 1.136 1.179 1.221 1.255 1.291 1.318 1.333 1.325 
1,/T, 1.033 1.068 1.105 1.182 1.178 1.210 1.239 1.260 1.266 1.2% 
0.40 0.756 0.839 0.919 1.001 1.091 1.196 1.367 1.626 2.285 5.29% 
ae 7/T, 1.085 1.069 1.132 1.172 1.206 1.235 1.252 1.265 1.187 0.99% 
1.036 1.073 1.112 1.185 1.176 1.200 1.206 1.164 1.096 0.846 
0.45 0.666 0.935 1.031 1.138 1.276 1.516 2.052 4.08 
t/T, 1.085 1.067 1.126 1.156 1.183 1.186 1.147 1.003 
1.038 1.076 1.120 1.138 1.156 1.146 1.081 0.685 
0.50 o/*, 0.937 1.066 1.169 1.343 1.680 2.598 
1.063 1.081 1.113 1.132 1.124 1.053 
1/7, 1.038 1.072 1.100 1.112 1.085 0.979 


Table 1 


Ve 


438 
000 
+500 
000 
-625 
-000 
+000 
+000 
0.750 
-000 
1.000 
-613 
1.000 
2000 


The original NACA eight-stage data were presented in the form 
of p:/p, and 7 versus M V /6A and U/Usaes. Although the 
theoretical calculation disregards density variation due to Mach 
number variation it is nevertheless perfectly legitimate to start 
with the correct inlet value of V; determined from the relation, 


k k-1 
7,8 
R 2 


According to the objectives of the aerodynamic design of this 
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General multistage performance calculations for the normalized stage characteristic of Fig. 2 (Continved) 


machine the design point and match point should be very nearly 
coincident. This did not turn out to be the case. We were, how- 
ever, fortunate in having the individual stage data from which we 
were able to determine the match point. From reference [5] it 
was possible to relate cach point on the over-all compressor map 
to points on the eight individual stage characteristics. Thus 
®/* (* having previously been determined as that value 
which makes the stall point of each stage approximately coincide 
with the stall point of Fig. 2) was plotted versus stage number 
(or effectively (7'/T,)* as in Fig. 3) for each value of V; and 


Transactions of the ASME 


. 
uf, = 0.8 
+ 
; || t,/T, = 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.6 1.9 2.0 
0.35 o/*, 0.500 0.558 0.601 0.641 0.676 0.706 0.732 +755 0.776 0.793 
1.13 1.209 1.297 1.379 1.459 1.538 1.617 1.696 1.775 1.85% 
: 1.052 1.108 1.156 1.208 1.262 1.316 1.372 1.827 1.466 
0.558 0.608 0.650 0.687 0.717 0.767 0.787 0.804 0.819 
; T/T, 1.097 1.183 1.265 1.345 1.426 1.503 1.582 1.661 1.7% 1.819 ; 
> 1,/T, 1.055 1.110 1.166 1.222 1.260 1.338 1.398 1.457 1.517 1.577 
0.50 0.675 0.717 0.751 0.780 0.803 0.826 0.8bb 0.863 0.882 .898 
a T/T, 1.081 1.160 1.239 1.318 1.397 1.476 1.554 1.631 1.707 1.782 
?,/T, 1.060 1.122 1.185 1.269 1.3168 1.378 1.505 1.567 
0.95 /e, 0.73 0.802 0.828 0.852 0.876 -919 -964 
: ‘ 1.079 1.156 1.237 1.336 1.394 1.670 1.545 1.619 1.691 1.76 
1.066 1.129 1.195 1.261 1.326 1.391 1.516 1.575 1.633 
0.792 826 0.9150. 943 1.005 1.080 1.077 
T/T, 1.079 1.158 1.236 1.312 1.366 1.458 1.527 1.593 1.656 1.715 
?,/T, 1.067 1.135 1.201 1.267 1.331 1.392 1.451 1.507 1.561 1.62 
0.65 e/e, 0.853 0.891 -928 -966 1.007 1.051 1.1 -161 «1.253 1. 
T/T, 1.078 1.156 1.226 1.299 2.365 1.827 1.485 -537 1.578 
T/T, 1.066 1.135 1.200 1.261 1.319 1.373 1.422 1.465 -493 
-7o 0.875 -922 -9T 1.021 1.188 1.253 7. 
1.00 1.075 «1.212 41.272 1.306 1.39 1.343 1.326 1.02: 
1.0 1.06¢ 1.129 1.167 1.2% 1.267 1.316 1.312 -213 
0.75 e/e, 0.938 1.064 1.142 1.26% 2.5% 106.6 
1.000 1.0¢ 1.131 1.187 1.23 1.239 1.1% 53 
7/7, 1.00 1.062 1 1.19 1.184 1.04 
= 1.0 
1.0 1.2 1.3 1.4 1.5 1. 1.7 1.9 2. 
T/T, 1.000 1.153 1.297 1.4348 1.565 1.693 1.62 «62.072 2.32) 
t./T, 1.000 1.085 1.106 1.2% 1.325 1.403 1.400 1.55] 1.033 1.709 1.7 
0.60 e/e, -612 -623 0.654 662 -6T7 -684 
2 T/T, 1.900 1.12 1.255 1.32 1.505 1.634 1.789 1.664 2.0 2.132 2. 
1.00C 1.091 1.182 1.26 1.355 1.%40 1.525 1.609 1.692 1.77% 1.5% 
70 063 69 694 +700 +703 Tot . 
T/T, 1.0K 1.123 1.370 1.493 1.617 1.7% 1.863 1.986 2.109 
T,/T, 1.00 1.099 1.196 1.292 1.364 1.475 1.566 1.655 1.783 1-831 1.9 
T/T, 1.000 1.124 1.2% 1.371 1.495 1.61 1.7&1 1.40* 1.94 2.111 2.23% 
t/t, 1.000 1.1 1.21 1.311 1.4) 1.507 1.602 1.697 1.662 1. 
85 o/e, 850 P22 TT -T62 757 
T/T, 1.00 1.121 1.243 1.307 1.491 1.615 1.7# 1.402 1.98% 2.109 2.232 
T/T" 1. 1.117 1.235 1.47 1.726 1.668 1.971 2.095 2.219 
t/t, 1.104 207 1.617 1.71 1.816 1.914 2.020 
9 9% 935 0.91 872 0.859 838 0.629 «0. a2 
1. 1.097 1.2068 1.308 1.50% 9% 1.793 1.892 1.991 
i. o/s, 1.00 1. 1 1.000, 1.00% 1.00 1.0 1.00% 1. 1.000 
T/T, 1.000 1.10 1. 1. 1.& 1.600 1. 7H 1.800 2.0 
t/t 1.000 1.0% 1.179 1.267 1.355 1.441 1.528 1.614 1.699 1.78% 1.568 
1.025 ofe, 1.024 1.03% 1.085 1.057 1.072 1.0% 1.111 1.285 1.203 1.317 1.631 
t/t, 2.00 1.096 1.190 1.262 1.372 1.460 1.565 1.625 1.695 1.785 1.7% . 
1,/T, 1.00 1.046 1.169 1.250 1.329 1.40% 1.477 1.582 1.598 1.619 1.569 ts 
1.050 1.0% 1.069 1.093 1.128 1.181 1.302 1.689 \ 
t/T, 1.00 1.091 1.179 1.263 1.339 1.395 1.38 1.129 
T,/T, 1.00 1.081 1.199 1.232 1.292 1.327 1.280 0.925 
1.075 1.075 1.105 1.153 1.254 1.569 3.885 
T/T, 1.00 1.087 1.167 1.234 1.252 1.065 1 
1.000 1.077 1.246 1.19% 1.177 0.905 
M 6 Pr } 
‘ 


Table 1 General multistage performance calculations for the normalized stage characteristic of Fig. 2 (concluded) 


1.0 


U/Uaes. From this an axial equilibrium point was established 
corresponding to a constant value of ®/* versus stage number 
and for a certain value of V; and U/Uaes. If the data fortuitously 
had been taken at just the point where ®/@* = 1.00 we would 
have established not only an axial equilibrium point but the match 
point as well. Of course, this is not generally the case, but from 
the axial equilibrium value of ®/*, the criterion for axial 
equilibrium, (U/U*)*%(nV¥/n*¥*) = 1.0 and Fig. 2 it is a simple 
matter to establish the match point.’ The result is that U*/Uaes 
= 0.820 and V,* = 0.378. From the over-all compressor data 
the over-all match point temperature rise was found to be 
(Tx/T,)* = 1.614 and (7T:/T;)* = 1.70 thus completing the 
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specification of the experimental match point. The data were 
then plotted in Fig. 5. 

In general, the calculated results in Table 1 must be inter- 
polated. It is simple and quite accurate to interpolate directly 
from the table with respect to (72/7;)*. However, for values of 
U/U* other than increments of 0.2 the interpolation is best done 


7From the data it was observed that an axial equilibrium point 
corresponded to #,/4:* = const = 0.965 when U/Udes = 0.80 and 
Vi = 0.356. From Fig. 2 we find that 7V/n*¥* = 1.0525. Since the 
locus of equilibrium points is given by (U/U*)*(q¥/n*¥*) = 1.0 we 
find that U/U* = 0.975 and therefore U*/Ua., = 0.80/0.975 = 0.820 
and Vi* = (4,*/4,)(U*/U) Vi = (1/0.965)(1/0.975) (0.356) = 0.378. 
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= 1.2 
| 7,/T, 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 
|| o/e, 0.833 0.733 0.677 -646 -629 0.620 0.616 0.614 -615 0.616 -619 
T/T, 1.000 1.176 1.354 1.533 1.715 1.897 2.080 2.263 2.4b6 2.630 2.423 
1,/T, 1.000 1.152 1.296 1.427 1.554 1.676 1.798 1.909 2.021 2.131 2.2% 
2-10 o/¢, 0.917 0.810 0.732 0.687 -661 0.645 0.636 -631 0.629 0.626 0.629 
1.000 1.167 1.345 1.523 1.701 1.881 2.063 2.427 2.609 2.791 
1/7, 1.000 1.1488 1.298 1.538 1.571 1.699 1.822 1.962 2.059 2.173 2.265 
1.15 e/eg 0-958 0.857 0.771 0.715 0-682 0.662 0.649 0.662 0.637 0.635 0.635 
7/T, 1.000 1.1599 1.334 1.512 1.689 1.868 2.088 2.229 2.411 2.592 2.77% 
T/T, 1.000 1.292 1.437 1.574 1.705 2.832 1.954 2.073 2.190 2.304 
1.20 o/e, 1.000 91 -621 TY -655 -642 
T/T, 1.00 1.149 1.317 1.494 1.672 1.889 2.028 2.208 2.3808 2.569 2.751 
1,/7, 1.000 1.133 1.260 1.429 1.571 1.705 1.635 1.961 2.083 2.203 2.32 
7/T, 1.000 1.138 1.295 1.466 1.664 1.821 1.999 2.177 2.356 2.536 2.716 
1.000 1.124 1.262 1.609 1.556 1.696 1.830 1.960 2.086 2.206 2.329 
1.3 1.083 1.029 .962 -690 0.823 0.768 +731 +705 -688 0.67€ -667 
T/T, 1.000 1.12 -269 «1.826 1.596 1.773 1.951 2.128 2.306 2.663 
T/T, 1.000 2.124 1.238 1.375 16520 1.667 1.608 1.943 2.074 2.201 27321 
1.35 e/e, 1.125 1.117 1.100 1.068 1.029 983 933 83% -793 
T/T, 4,000 1.113 1.229 1.352 1.682 1.622 1.773 1.935 2.106 2.282 
1.000 1.095 1-194 1.300 1.612 1.532 1.658 1.794 1.934 2.075 2.21% 
1.3 o/e, 1.133 1.1% 1.171 1.2% 1.57 6.473 
T/T, 1.0 1.1 1.213 1.304 1.333 1.017 
1.0 1.069 1.173 1.232 1.2i¢ 
. uj, = 1.4 
: ?./?, le 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2. 
1.3 o/e, +964 -656 0.601 0.573 -%1 0.557 0.560 0.56b 0.569 
T/T, 1.000 1.22 1.462 1.709 1.964 2.231 2.503 2.777 3.050 3.322 3.591 
7,/T 1.00 1.195 1.391 1.567 1.730 1.883 2.030 2.170 2.305 2.436 2.56% 
1.! 1.000 0.414 -617 0.564 -%8 0.561 0. 0.565 - 570 
; T/T, 1.000 1.211 1.452 1.697 1.947 2.209 2.478 2.750 3.022 3.293 3.561 
t_/T, 1.000 1.188 1.389 1.569 1.735 1.691 2.080 2.163 2.321 2.85% 2.564 
1.45 o/e, 1.03€ 862 0.636 0.596 0.568 0.56% -564 320.567 0.570 
: T/T, 1.000 1.19 1.436 1.679 1.927 2.182 2.447 2.715 2.985 3.255 3.523 
t/?, 1.00 1.177 1.379 1.565 1.735 1.8695 2.067 2.192 2.333 2.869 2.602 
1.50 1.072 912 755 -663 0.615 -588 0.575 0.569 -567 0.568 -571 
1.00 1.165 1.417 1.656 1.908 2.155 2.614 2.679 2.966 3.216 
T,/T, 1.06 1.165 1.366 1.957 1.732 1.696 2.051 2.200 2.343 2.482 2.617 
1.95 o/e, 1.107 0.700 -639 0.605 586 -5T7 572 571 -57? 
7/7, 1.00 1.171 1.368 1.629 1.872 2.120 2.372 2.632 2.806 3.162 3.h28 
t,/T, 1.000 1.151 1.341 1.580 1.721 1.8669 2.069 2.201 2.348 2.490 2.628 
1.6 1.143 1.066 -935 0.798 -T00 0.686 «(0.615 0.596 5& -578 
T/T, 1.00 1.151 1.336 1.560 1.403 2.045 2.293 2.563 2.797 3.057 3.318 
t./T, 1.000 1.325 1.287 1.479 1.674 1.8652 2.019 2.178 2.330 2.478 2.621 
1.164 1.151 1.114 1.028 -917 0.807 -674 -641 0.621 -607 
T/T, 1.136 1.28 1.660 1.668 2.1) 2.352 2.596 2.8663 3.093 
1. 1.103 1.215 1.352 1.516 1.703 1.892 2.066 2.234 2.393 2.546 
1.632 o/e, 1.166 1.2! 1.135 1.076 -980 «(0.873 -667 -621 
T/T, 1.00 1.135 1.276 1.428 1.607 1.616 2.054 2.296 2.538 2.763 3.0% 
¢/?, 1.000 1.102 2.206 1.332 1.480 1.653 1.861 2.026 2.196 2.359 2.515 
e/ 
1.634 1.167 1.163 1.156 1.142 1.107 1.035 0.857 -T20 0.682 
T/T, 1.00 1.134 1.269 1.409 1.557 1.725 1.916 2.136 2.373 2.615 2.857 
T,/T, 1.00% 1.1 1.20. 1.304 1.427 1.551 1.706 1.580 2.063 2.241 
i 1.63 o/e, 1.16 1.16 1.167 1.377 1.21% 1.359 2.479 13.03 
T/T, 1. 1.133 1.267 1.399 1.525 1.613 1.505 
t./?, 1.000 1. 1.197 2.200 1.372 1.21 
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Fig. 6 Comparison of theory and data for the NACA 10-stage subsonic compressor. The crosses illustrate 
the effect of assuming 25 deg inlet guide vane turning on determining the experimental values of V;/V,". 


with respect to the reduced values (A7,/7,)(U*/U)*, (AT/T;) 
(U*/U)* and (Vi/Vi*)/(U/U*) = ®,/®,* (which of course is also 
the first stage normalized flow coefficient). These variables 
seemed interesting enough to illustrate the results and we have 
reproduced them in Fig. 4. The point is that if the flow was in- 
compressible all of the curves for different values.of U/U* would 
coincide so we are really seeing the direct effect of compressibility 
in Fig. 4. 

By interpolating the curves of Fig. 4 the theoretical results 
were plotted with the data in Fig. 5. Along with a curve for 
Tx./T, (=(p2/pi)*-»"*) we have presented a curve of the actual 
temperature rise T;/7,. The adiabatic efficiency is, of course, 
given by the ratio A7,/AT and the polytropic efficiency by 
In(T2/T,)/In(T:/T,). Further discussion is presented in the 
following. 

NACA 10-Stage Subsonic Compressor. Another comparison be- 
tween theory and data was made using the test results of the 
NACA 10-stage Subsonic Compressor presented in references 
{6 to 10]. The individual stage information was available in 
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reference [9]. The normalized stage data fitted Fig. 2 very well. 
Again, it was possible to establish an axial equilibrium point’ from 
which a match point was determined as previously discussed 
in the foregoing and again this match point differed considerably 
from the stated design point. The results of the match point 
determination were U*/Udges = 0.816, Vi* = 0.366, (T2,/T\)* = 
1.458, (T:/T,)* = 1.520. Since in the present case the match 
point efficiency did not exactly equal the efficiency on which the 
calculations were based all calculated values of AT7'/7', were scaled 
up by the factor 1.025. After construction of an interpolation 
curve similar to Fig. 4 the calculated results are compared with 
the theory in Fig. 6. 

The 10-stage data as shown here differs from the 8-stage data 
with respect to the experimental determination of the exit stagna- 


*In determining the axial equilibrium point from the data ,/%:* 
was not exactly constant. ,/%,* of the first and tenth stage were 
equal but the fifth stage was 8 per cent lower. This may account 
for the lower match point efficiency of the 10-stage compressor but 
should not noticeably affect our theoretical prediction. 
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tion pressure. In the case of the 8-stage compressor the exit 
stagnation pressure was determined as the sum of the exit static 
pressure plus the dynamic pressure based on the exit bulk mean 
axial velocity. This is supposed to approximately charge the 
compressor with losses due to irrecoverable exit tangential veloci- 
ties and due to mixing of the nonuniform exit velocity profile. 
In the case of the 10-stage machine, results based on this method 
and also results based on area averaged stagnation pressure 
measurements were reported. Since the theory does not attempt 
to account for exit losses, it is the area averaged stagnation pres- 
sure which is preferred of the two. It was these data that were 
used in the 10-stage case even though it is not consistant with the 
8-stage data. 

In reference [7] it can be seen that the two sets of data cor- 
responding to the two methods of determining the exit stagnation 
pressure indicate that the exit losses are fairly significant par- 
ticularly in the middle wheel speed ranges and at the low pressure 
end of the speed characteristic. Further exit losses are present 
in both compressors due to the double row of exit stators in- 
corporated in the design. We will refer again to this point in the 
following. 

A further distinction between the two compressors is that the 
10-stage compressor had inlet guide vanes while the 8-stage com- 
pressors did not. 


Discussion of the Theory-Data Comparison 


For such a simple method whereby the compressor characteris- 
ties are related to a predetermined set of tabulated numbers it is 
felt that agreement between theory and data is quite good. 
Nevertheless, we have given some thought to understanding the 
discrepancies that do occur. In this regard, the over-all question 
is how complicated a calculation is necessary to obtain precise 
predictions. As a result of studying the data we have formed 
some fairly definite opinions. They are opinions, however, and 
they are offered with no proof as follows: 


1 We have noticed while examining the individual stage data 
a systematic shift in the stage characteristics as a function of 
wheel speed and this is also seen in integrated form in Figs. 5 and 6 
as a discrepancy between theory and data. Attention is directed 
to the 7;/T; curve. It is felt that what we are really seeing here 
is the effect on the stage characteristics of axial velocity variation. 
This would account for the somewhat high values of 7',/7' above 
the axial equilibrium line in Figs. 5 and 6 where (V2/V:)/(V2/V:)* 
< 1.0 and low values of 7;/7; below the axial equilibrium where 
(V2/Vi)/(V2/Vi)* > 1.0. The fact that this same theory-data 
discrepancy does not appear for the lowest wheel speed is some- 
what disturbing to this hypothesis but may be explained from the 
fact that at the very low speeds the integrated 7;/7, result is 
heavily weighted toward the positive stall end of the stage 
characteristic, Fig. 2, and this part of the stage characteristic was 
in turn largely established from data taken at the low wheel 
speed condition. 

2 At the middle wheel speed region of Fig. 5 the 72/7) data 
fall off more sharply than do the calculated values. In our 
opinion this largely reflects the exit losses previously discussed. 
If the exit stagnation pressure had been determined by the area 
averaged stagnation pressure measurement method it is felt that 
the fall-off would be less severe and if the measurements had not 
included the second row of exit stators it is felt that the theory 
and data would compare even more favorably. Although it is too 
speculative to go into detail, an analytical attempt at finding a 
correction for exit losses relative to the match point exit loss 
(note that near the match point the theory and data are forced to 
agree) indicates that it would largely be proportional to 1 — 
(,/,*)?, A check of the tabulated results of ®./&,* would ap- 
pear to support the present hypothesis. 
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3 Finally, we must discuss the effect of Mach number which 
has never appeared in the theory. In the case of the 8-stage 
characteristic which was equipped with two so-called transonic 
inlet stages the theory holds up well even for the highest wheel 
speed. It is felt that the effect of stagewise Mach number 
variation with its attendant effect on density which, of course, 
would only be felt at the high wheel speeds is overshadowed by 
the strong unstable axial equilibrium effect discussed previously in 
connection with the high wheel speed calculation and illustrated 
in Fig. 3. The reader is again reminded that this latter effect 
is an off-match compressibility effect but not a Mach number 
effect. In this connection it is interesting to note that the vertical 
pressure characteristics for the high wheel speed does not neces- 
sarily have anything to do with ‘“‘choke’’’ in the sense that choke 
implies Mach number effects on the density. 

In the case of the 10-stage compressor the presence of inlet 
guide vanes apparently does introduce a serious discrepancy in 
the prediction of V,/V,* at the high wheel speeds. The experi- 
mental values of V,/V,* were again determined from equation 
(12) and again based on the inlet flow area. The crosses shown 
in Fig. 6 were determined by assuming 25 deg turning in the inlet 
guide vane, this value being an approximate average value as 
seen in reference [10]. The change is entirely due to the effect of 
Mach number on the inlet dexsity. The correction generally im- 
proves things. The improvement is not entirely sufficient, how- 
ever, for the highest wheel speed where by the way the inlet guide 
vane exit flow is very close to choke in the true sense of the word. 


Surge and Rotating Stall. The experimental surge lines shown in 
Figs. 4 and 5 do seem to support the rule of thumb that surge does 
occur at the point of maximum pressure rise on each wheel speed 
characteristic. There seems to be some deviation from this rule 
at the very highest wheel speeds, however. 

In both cases the inception of rotating stall occurred approxi- 
mately at the locus of constant inlet flow coefficient, B,/®,* = 
0.75 (see Fig. 2). 


Application of the Present Method to Future Design. The foregoing 
discussion indicates that some corrections to the present theory 
might be made. However, what is now apparent is that 
such corrections are relatively minor compared to the design 
problem of correctly determining a match point. In the two pre- 
vious cases we were able to determine the match point a posteriori 
from the data. In a new design this information must be deter- 
mined a priori. 

Presuming that the match point can be determined accurately 
Table 1 should allow one to make a reasonably good prediction of 
off-match operation. Of course, a given compressor design may 
have a normalized stage characteristic that differs greatly from 
the one presently considered” and therefore a new calculation 
will be required. However, we suspect that Fig. 2 will approxi- 
mate many designs reasonably well. New calculations will also 
be required for gases where k does not equal 1.4. 

In the preliminary phase of compressor design the present 
method should be quite useful in surveying various com- 
pressor maps. In particular, the method might be used as a de- 
sign aid in deciding one question and that is where on the com- 
pressor map one should place the match point with respect to the 
design point (which we take here to mean some normal operating 
point of the compressor). For example, in the two experimental 


® The valuc of V:/Vi* coricsponding to axial equilibrium is uniquely 
determined since the relation (U/U*)? (7¥/n*¥*) = 1.0 determines 
n¥ /n*¥* for each value of U/U* and from Fig. 2 ®/* is determined. 
Therefore, Vi/Vi* = (U/U*)(#/%*) for the axial equilibrium point. 
Since the pressure characteristic is virtually straight at high wheel 
speeds, this is a large part of the information required 

© In the unstalled region around the match point the slope of ¥/¥* 
versus ®/* is a function almost entirely of ¥*, a fact which may be 
easily verified by consideration of the stage velocity vector diagram. 
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cases cited in the foregoing the match point inadvertently was 
lower than the designated design point. This may be extremely 
desirable in a given application since the low speed operation is 
good and the rotating stall line is pushed down to the very low 
speed ranges. 

Finally, the present results should be useful in the development 
phase since one can see easily the effect on the over-all map of shift- 
ing the match point of a given machine. Working back through 
the match point equations (7) and (8) one can determine the de- 
sirable match point by annulus area changes or by blade angle 
changes which effective change ®*. 
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aspect ratio. 


Friction Drag on Bladed Disks in Housings 
as a Function of Reynolds Number, Axial 

and Radial Clearance, and Blade Aspect 

Ratio and Solidity’ 
Extra losses from partial admission operation of a gas turbine occur both in the nozzle 


flow arc and away from it. 
a rotating disk expressing a dimensionless moment coefficient as a function of Reynolds 


The latter have been related to the theory of fluid flow over 


By direct measurements of drag torque, the moment coefficient has been determined 
over a range of Reynolds number from 2.0 * 10‘ to 4.5 X 10° for several aspect ratios, 
axial and radial shroud clearances, and solidities. 
Small increases from minimum practical clearance have little effect, but 


Losses increase with increasing 


blade pumping losses become severe at radial and axial clearances of the order of half 
the disk radius. 


Introduction 


i high-speed turbo machinery [1]? has found 
greatly expanded application in environments which may vary 
from pressureless space to the depths of the oceans. Unconven- 
tional configurations, such as partial admission and re-entry tur- 
bines, where part of the turbine blading is not continuously im- 
mersed in the active working fluid, are often required to match 
energy source with load. Some systems may call for part-time 
mechanical rotetion of bladed wheels. The need for specific de- 
sign information for these applications has motivated this sys- 
tematic experimental study of the frictional drag of bladed disks 
(2]. 


Previous Investigations 


Previously available information on the subject falls into three 


1 This work was conducted in the Dynamic Analysis and Control 
Laboratory, Department of Mechanical Engineering, M.1.T., and 
was supported in part by the United States Air Force, Office of 
Scientific Research, under contract AF 49(638)289, administered 
by the Division of Sponsored Research of the Massachusetts Institute 
of Technology, Cambridge, Mass. 

2? Numbers in brackets designate References at end of paper. 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division of Tae American Society or Mecuanicat En- 
GINEERS and presented at the ASME-EIC Hydraulic Conference, 
Montreal, Canada, May 7-10, 1961. Manuscript received at ASME 
Headquarters, January 31, 1961. Paper No. 61—Hyd-5. 


Typical changes in solidity have only small effects on losses. 


general categories: (1) completely empirical, (2) routine test re- 
sults for a particular design, and (3) related to theory but re- 
stricted to bladeless disks. 

The best known empirical study is that of Stodola [3], who 
proposed an equation of the form: 


3 
N, = + — (1) 


which has been widely applied to large power and propulsion 
turbines and, in recent years, to a variety of small turbines. The 
usefulness of this relationship is limited by the experimental 
nature of the constants 8; and $2, and the absence of any influence 
of housing geometry. Furthermore, it is inherently restricted 
to narrow operating ranges, since rearrangement of the equation 
will demonstrate it to be independent of Reynolds number. Both 
theoretical considerations and experiments over wide ranges of 
operating conditions show the dependence of drag on Reynolds 
number. 

A considerable number of test data for specific designs are 
available. These data are usually restricted to the particular 


design conditions and have the further disadvantage of being 
based on power absorption tests in which “windage and pumping 
loss” is that which remains after other losses (bearings, couplings, 
etc.) are estimated. 

von Karman [4] was the first to solve the general problem of 
His work has been 


the disk rotating in an infinite sea of fluid. 


Nomenclature 


blading aspect ratio (L/t) = blade height, in. ‘/R = disk thickness to radius ratio 
2M M = torque, ft-lbr u = peripheral speed, ft/sec 
C,, = moment coefficient a N, = power loss, horsepower B;, Bs = constants 
/spu*R p = blade pitch, in. Y = exponent of Reynolds number 
Cn = moment coefficient on unbladed t/p = blade solidity in moment coefficient equation 
disk of zero thickness R = radius of the test wheels (1.99 € = ratio of arc of admission to total 
C,,.* = moment coefficient at Re = 10° in.), in. 
D, = mean blade diameter, in. Re = Reynolds number (2 ) ‘i 
g = gravitational constant, (lbu/ S = axial clearance, in. o = radial clearance, in. 
Ib) (ft/sec?) S/R = axial clearance ratio a/R = radial clearance ratio 
K = constant t = disk thickness, in. w = angular velocity, radians/sec 
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improved, extended, and correlated with experiment by Coch- 


rane [5], Schultz-Grunow [6], and most recently by Daily and 
Nece [7]. 


Theoretical Considerations 


The general procedure for theoretical calculation of windage 
drag has been to define a dimensionless moment coefficient C,, 
of the form 

2M 


1/spw*R® 


where the constant 2 accounts for both sides (but not the edge) 
of a disk. The variation of C,, with a Reynolds number based 
on disk radius is then calculated. Table 1 summarizes these re- 
sults as collected by Schlichting [8]. 


(2) 


Table 1 Theoretical moment coefficients C,, 


Laminar flow Turbulent flow 
Housing geometry 


range range 
Unenclosed (centrifugal circula- 3.87 0.146 
tion) Re'/a Re'/s 
Enclosed, axial clearance 2.67 0.0622 
greater than twice the bound- Re'/: Re'/s 
ary-layer thickness (circula- 
tion with core rotating at one 
half wheel speed) 
Enclosed, axial clearance less 
than twice the boundary-layer "S \Re 


thicknéss (shear flow) 


In contrast to the unbladed disk where only viscous forces im- 
part energy to the circulated fluid; for the bladed disk, momentum 
exchange in the centrifugal field caused by the blades also imparts 
energy to the fluid. As the latter effect predominates one would 
expect the drag to increase in proportion to fluid density. From 
this argument it is possible to draw some conclusions as to the 
probable behavior of the exponent in the moment coefficient equa- 
tion as aspect ratio is increased. 

Rearrangement of the moment coefficient equation of the form 


Ca 


“Ror 95781 (3) 


Fig. 1 


720 / 1961 


Unbladed disk and turbine wheels, aluminun, with a steel hub insert, identical outside dimensions: D = 3.983 
t/R = 0.140. Turbine wheels had 84 buckets. Entrance angle was 39.5 deg. Channel width was 0.067 in. 


7 
2M « ) 
pw 


When 7 equals one, drag is independent of density depending 
only on viscosity. As y decreases, viscosity effects lessen until 
at ‘y equal to zero its influence disappears. Thus, as the effect of 
blading on total moment coefficient increases, we would expect 
the exponent to decrease. Beyond this qualitative argument, 
the analysis of the bladed disk flow is intractable. 


(4) 


Experimental Program 


The unbladed disk and constant thickness turbine wheels used 
are illustrated and described in Fig. 1. The turbine buckets were 
the impulse type commonly used on single stage turbines, sym- 
metric except for a slight correction for boundary-layer growth. 
Each bladed wheel had a solidity of approximately 2, where 
solidity is defined as the ratio of disk thickness to blade pitch. 

Tests were conducted in air on a modified dynamometer as 
shown in Fig. 2, arranged to permit systematic variation of the 
axial and radial clearances. Nominal axial clearances tested were 
0.010, 0.020, 0.050, and 0.100 inch; nominal radial clearances were 
0.003, 0.007, and 0.017 inch. Tests were also conducted with a 
radial clearance of 1'/, inches and axial clearances of */s inch, the 
best simulation of the unenclosed disk compatible with test ap- 
paratus. Fig. 3 describes the speed and pressure ranges over 
which tests were conducted, giving the Reynolds number for air 
at 90 deg F and the disk radius. 


Results for Unbladed Disk 


Published results for losses on unbladed disks usually relate to 
a disk of zero (i.e., tapered to a sharp edge) or negligible thick- 
ness. Since a bladed wheel, of necessity, has a finite thickness, a 
correction factor accounting for edge drag was derived by as- 
suming that the drag on the cylindrical edge was equivalent to the 
drag on annuli on the disk sides whose outer radius equaled the 
disk radius R and whose inner radius was R — 6R. The number 
of these annuli was allowed to increase without limit as 6R 
approached zero in such a way that the total annular area re- 
mained constant and equal to the edge area of the disk. The 
correction equation takes the form 


(5) 


in., ¢ = 0.285 in., 
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Fig. 2 Schematic drawing of modified dynamometer used for experimental work. 


pid 


x 
WwW 
= 
2 
” 
z 
> 


5. 


3040 0 
SPEED - THOUSANDS OF RPM 


Fig. 3 Reynolds number as a function of speed and pressure based on 
air at 90 deg F and disk radius of 1.99 in. 


where C,,, is the moment coefficient for zero thickness and ¢/R is 
the disk thickness to radius ratio. Equation (5) provides a 
standard basis for comparison for varying thickness ratios and 
has been plotted as the solid line of Fig. 4, which also shows test 
results for three unbladed disks. 

Table 2 summarizes a comparison of our results for the un- 
bladed disk with those from three other sources. 

Ribary [9] detected no variation of drag with side clearance. 
He used a relatively thin disk and apparently made no correction 
for edge drag. The corrected value in Table 2 was arrived at 
by assuming that an accompanying drawing was to scale and 
then applying Equation (5). Zumbusch, as reported by Schultz- 
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Increase in moment coefficient for unbladed disks due to edge 
The experimental valve of C,.. is that of Zumbusch. 


Fig. 4 
drag. 


Table 2 Moment coefficient at Re = 10° 


Zumbusch 


Axial clearance S/R 0.025 0.025 0.02 


Uncorrected 


Corrected for disk 
thickness 


0.0067 


0.0050 0.0048 0.0047 


Grunow, used a sharp-edged disk. Daily and Nece have investi- 
gated in detail the flow patterns associated with rotation of a 
smooth plane disk in a housing. They distinguish four regimes of 


Laminar flow, disk and housing boundary layers merged 
Laminar flow, boundary layers »arated 

Turbulent flow, boundary layers 1 erged 

Turbulent flow, boundary layers «-parated 


Only region IV is of primary interest in the work we undertook. 
Daily and Nece corrected for the effect of edge drag before re- 
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Fig. 5 Moment coefficients versus Reynolds number for bladed and unbladed disks at clearance 


ratios S/R = 0.025, 0/R = 0.0085 


Ol 


02 03 04 O05 


AXIAL CLEARANCE RATIO 2 


Fig. 6 Effect of changes in axial clearance ratio on moment coefficient 
at Re = 10° for constant temperature ratio ¢/R = 0.0085 


porting their results. They used a different approach to make 
this correction but they also arrived at a linear dependence on 
thickness ratio. Daily and Nece include a factor (S/R)'/” in the 


moment coefficient equation to account for the effect of varying 
axial clearance. 


Results and Conclusions for the Bladed Disks 


Experimental results are organized and presented in Figs. 5, 6, 
7, and 8. Fig. 5 gives moment coefficient as a function of Reynolds 
number and blading aspect ratio for typical clearances of 0.017 in. 
radially and 0.050 in. axially, presented as clearance ratios based 
on disk outside radius. 

The test program covered a Reynolds number range from 2.5 
to 4.5 10°. Depending on the particular test, transition 
from laminar to turbulent flow occurred between Reynolds num- 
bers of 1.5 & 10° to 3 X 10°. Laminar flow conditions, i.e., low 
rotational speed and/or low fluid density, caused very low meas- 
ured torques. The lower torque accuracy of these data, and its 
relative unimportance as a loss, account for its presentation as a 
region rather than as discrete curves. 

The turbulent-flow moment-coefficient data correlates well 
with the form of Equation (3). Table 3 gives the constants K 


and exponents ‘y determined by curve matching and the method 
of least squares. 
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Fig. 7 Effect of changes in radial clearance ratio on moment coefficient 
at Re = 10° for constant axial clearance ratio $/R = 0.025 
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Fig.8 Comparison of the effect of aspect ratio on moment coefficient for 
moderate and large clearance ratios at Re = 10° 
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Coefficients and exponents in the equation C,, = K(Re)—v7 at differ- 
ent aspect ratios, all at a radial clearance ratio (¢/R) of 0.0085, an axial 
clearance ratio (S/R) of 0.025, and a disk thickness-radius ratio (¢/R) 
of 0.140; Cm* is value of moment coefficient at Reynolds number equal 
to 108. 


Figs. 6 and 7 show the small influence of typical radial and axial 
clearances on moment coefficient for several aspect ratios all at a 
Reynolds number of 10°. These results are representative of all 
data taken and indicate that choice of housing clearances is dic- 
tated by other than frictional loss considerations provided such 
clearances are reasonably small. When clearances become large, 
increasing blade aspect ratio can cause substantial losses as seen 
in Fig. 8. The contribution of momentum exchange in the blades 
to the total loss is indicated by the small influence of housing 
clearance for the bladeless disk. Fig. 8 also cross-plots the data of 
Fig. 4 to show the influence of aspect ratio on moment coeffi- 
cient at Reynolds number equal to 10°. 

To evaluate the influence of blading solidity on losses, every 
other blade in the 0.453 aspect ratio wheel was removed. Tests 
at an axial clearance ratio of 0.0085 and a radial clearance ratio 
of 0.025 indicated a six per cent increase in moment coefficient at 
Reynolds number equal to 10°. Thus typical changes in solidity 
have only small effects on losses. 
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This paper is a useful addition to our knowledge of losses in 
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small turbines. In many cases, extrapolation of the Stodola 
equation leads to extremely pessimistic values for pumping and 
windage losses and it will be helpful to the small turbine designer 
to have information for the geometries of interest to him. In 
view of the strong dependence of moment coefficient on axial 
clearance for large S/R, it would be desirable to have results for 
several values of S/R on one side, with small clearance on the 
other (approximating conditions in a single-stage turbine with 
open exhaust). What happens when S/R is even greater than 
0.31? 


Authors’ Closure 


We thank Dr. Stenning and those who participated in the dis- 
cussion following the paper’s presentation for their pertinent com- 
ments. 

For the case of different clearances on each side of the disk, 
moment coefficient would be the arithmetic mean of the values 
corresponding to the large and small clearances, assuming little 
or no axial flow across the plane of disk symmetry perpendicular 
to the axis of rotation. Of course, here, as in any case where 
working-fluid flow through the turbine occurs, the direct and the 
indirect effects of working fluid flow on the disk friction flow 
must be considered in determining the “over-all effective” fric- 
tion drag on the wheel. 

The maximum clearance ratios were determined by the physical 
limitations of the apparatus. Measurements at larger clearances 
would have involved extensive modifications. 

The following comments are in response to questions posed at 
the presentation of the paper. 

In order to measure axial clearance, two holes were drilled in 
each disk on a circle of radius equal to approximately three tenths 
that of the disk (see Fig. 1). Since C,, varies as the fifth power 
of the radius, one would expect these holes to have little effect 
on the measurements of C,,. This assumption was verified by 
filling the holes in two of the disks with epoxy resin finished flush 
with the disk surface. Upon retesting no significant difference 
in C,, was observed. 

In arriving at the disk thickness correction, no account was 
taken of the influence of variations in radial clearance. For the 
unbladed disk, based on the existence of an inviscid core flow be- 
tween the boundary layers on the disk edge and on the housing, 
one can assume that the thickness of such a core would have little 
effect on the total drag. Experimentally with bladed disks, Fig. 
7 shows little or no change in over-all moment coefficient for more 
than a fourfold increase in radial clearance. 

Figs. 6, 7, and 8 raised some questions of interpretation. They 
are intended to show the individual effects of the parameters 
axial clearance, radial clearance, and aspect ratio. Fig. 6 repre- 
sents a constant radial clearance ratio ¢/R = 0.0085 where each 
of the three curves shows the effect of the turbine disk when S/R 
is varied. Similarly, Fig. 7 shows the effect of varying o/R when 
S/R is held constant at 0.025. On each curve of Fig. 8 the data 
points represent different turbine disks of successively increasing 
aspect ratio all operaied at the same axial and radial clearances. 
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Table 3 
AR K 7 Ca* 
— 0 0.12 0.21 0.0067 
0.122 0.15 0.20 0.0088 
0.192 0.13 0.19 0.0094 
0.453 0.13 0.18 0.0113 
7 0.700 0.10 0.15 0.0124 
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